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An expression is derived which gives the probability of any specified response of a driven linear dissipative 
system. The probability that a system driven by a force V,(¢) will follow an irreversible path taking it 


through the neighborhood of 0: at time ¢ is 


~ - at ~ 
PQut)=PolOx) exp(a f dt’ vient Sul-*)), i ), 
oe Qx(0) 


where Po(Q) is the equilibrium distribution function, and the last factor is the mean value in the equilibrium 
ensemble of dQ;/dt at time t—?’, conditional on Q, at time zero. The path distribution function above is 
the classical (A--0) approximation to the quantum-mechanical distribution, in which 8=1/&T is replaced 
by a somewhat more complicated form. The mean square path deviation is found. 


1. INTRODUCTION 


LINEAR dissipative system, undergoing an 
irreversible process, appears to a gross macro- 
scopic observation to follow a unique path. Finer 
observation indicates that the actual path is random, 
with a distribution function clustered around the macro- 
scopic most-probable path. In this paper we derive the 
form of the distribution function of irreversible paths. 
The distribution function for equilibrium fluctuations 
determines the “noise” in an equilibrium system. It 
also contains the entire content of equilibrium thermo- 
static theory. Similarly the distribution function for 
irreversible paths determines the noise in irreversible 
processes, which generally differs from equilibrium 
“Nyquist” noise. The irreversible path distribution 
function also contains the other known theorems of 
irreversibility, such as the Onsager’ and spectral reci- 
procity theorems? and the fluctuation-dissipation theo- 
rem.’ 

A form of the path distribution function for simple 
Markoffian systems has been suggested by Onsager and 
Machlup.‘ Their result is based on a classical, phe- 
nomenological treatment in which the irreversible noise 

* Supported by the Office of Naval Research. 
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arbitrarily is assumed to be identical to the average 
noise in equilibrium. 

The method we shall use in deriving a path distri- 
bution function is basically the method previously* 
used in deriving the fluctuation-dissipation theorem, 
although we adopt the reformulation given by Kubo.® 
In order to clarify the relationship of the various meth- 
ods and results, we first briefly recapitulate the theory 
of driven dissipative systems. 


2. DRIVEN DISSIPATIVE SYSTEM 


As in equilibrium statistical mechanics, two general 
approaches to irreversible statistical mechanics have 
been developed. These are the methods of the uw space 
and of the I space. In the u-space approach, attention 
focuses on the phase-space distribution functions of 
individual particles, of pairs, or of higher-order com- 
plexes. In the I'-space approach, attention centers on 
an ensemble of equivalent systems, but the internal 
structure of each system is unspecified. 

The y-space method in irreversible statistical me- 
chanics proceeds from the Liouville equation to the 
macroscopic kinetic equations in detail. The route may 
be by way of the Boltzmann equation, as in the work 
of Kirkwood,® or by way of the “master equation,” 


5R. Kubo, J. Phys. Soc. Japan 12, 570 (1957). 
6 J. G. Kirkwood, J. Chem. Phys. 14, 180 (1946); 15, 72 (1947). 
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as in the work of Van Hove.’ The advantage of the 
u-space method is that it is detailed and specific, and 
provides a formal recipe for the calculation of heat 
conductivities, electrical conductivities, or other kinetic 
coefficients. In this respect it is analogous to kinetic 
theory or other u-space theories of equilibrium. 

In contrast, the I'-space method is generalized and 
nonspecific. Its virtue is its simplicity and generality, 
and its power to provide those results which follow 
from underlying symmetry rather than from particular 
forms of interaction. In equilibrium problems, the 
I'-space method determines the form of the distribution 
function of fluctuations and establishes the Maxwell 
relations (which are symmetry relations). In irreversi- 
bility, the ['-space method determines the form of the 
path distribution function, establishes symmetry results 
such as the Onsager reciprocity, and yields other 
results, such as the fluctuation-dissipation theorem. 

A method of treating driven systems in the I'-space 
scheme was introduced by the author and Welton.’ 
In that method the system is considered to be in weak 
interaction with a driving system or “signal generator.” 
The Hamiltonian may then be taken in the simple 
representative form 


H=Hvt+ VO+Hig, (1) 


where Ho is the unperturbed Hamiltonian of the 
system and H,.,. is that of the signal generator. The 
function Q is a function of the coordinates of the 
system, and V is a function of the coordinates of the 
signal generator. The simple product type of interaction 
term is chosen for analytic convenience, under the 
assumption that the response of a driven dissipative 
system does not depend on the specific form of its 
coupling to the signal generator. 

The principal characteristic of the dissipative system 
is that it is a complicated system with an enormous 
number of degrees of freedom and with a quasi-con- 
tinuous eigenenergy spectrum. The principal character- 
istic of the signal generator is that it is a simple system, 
with a small number of degrees of freedom, and in a 
state of high excitation. Because the signal generator 
is in a state of enormously high quantum number it is 
essentially classical. The coordinates of the signal 
generator are simple classical functions of the time, 
and functions such as V in Eq. (1) become simple 
functions of the time. Thus, ignoring H,.,., which does 
not influence the system considered, the Hamiltonian 
of a driven dissipative system becomes 


H=H+V(i0. (2) 


If several types of signal generators interact with the 
system, we have 

H=Hotdi Vilt)Q;, (3) 

where the V;(#) are the “driving forces” and the Q; are 

functions of the coordinates of the dissipative system. 


7L. Van Hove, Physica 21, 517 (1955); 23, 441 (1957). 
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We are interested particularly in the case in which the 
Q; are thermodynamic extensive variables. 

The method which we used? to derive the fluctuation- 
dissipation theorem consisted of a straightforward but 
brute-force perturbation treatment with the Hamil- 
tonian (3). Recently Kubo® has recast our analysis in 
an elegant symbolic form of great simplicity and power. 
We review the essential features of the treatment, 
preparatory to the derivation of the path distribution 
function. The analysis is given in terms of three lemmas. 


3. LEMMA I, ON THE DRIVEN DENSITY MATRIX 
Consider, for simplicity, a single driving force of 
type 7, so that the Hamiltonian is 


H=Hot Vili. (4) 


We assume that V(t) is zero in the distant past, at 
which time the density matrix has its equilibrium 
value, so that 


Vi(—~)=0; (5) 


where p(é) is the density matrix and @ is 1/A7. After 
the force V;(#) is applied, the density matrix satisfies 
the well-known equation 


(d/dt)p(t)=— (i/h) [Hp], 


where the brackets signify a commutator. This differ- 
ential equation can be written in integral equation 
form, as can be checked directly by differentiation : 


p(— ©) =po=eF¥0/trace(eP**), 
(6) 


1 t 
p(=e—— f eB V (1)Q0i,0(0') ] 
h?_. 
x eilt t’)Ho/hd?’. (7) 
The first-order iterative solution of this equation is 
obtained by inserting po in the integrand, giving 


p l — p — : t l p if (t dt (8) 
0 ‘ 4 » PO (0 f 


where Q,(é) is the Heisenberg operator e~ ‘0/0 e*##0/. 


4. LEMMA II, ON DRIVEN RESPONSE AND 
EQUILIBRIUM COMMUTATIONS 
Let AQ; be the deviation of some variable Q; from 
its equilibrium value. In response to the driving force 
V(t), the statistical expectation value of AQ; at time ¢ is 


(AQ;)y = tracelQ;(o— po) ] (9) 


f t'—t), po]Vi(t')dt’ }. (10) 
—= trace( | OsLx polV; ). 


In computing the trace it is permissible to change the 
order of the operators in pairs, so that 


(40,)n=—<srace( f£0,,0.(¢—-0¥.(Pd?). (11) 
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Similarly the operator e‘“°'/* can be permuted through 
po and shifted in position to give 


1 ‘ 
(aQ)ho=—“trace( f° [0,010 Odor hae ). (42) 


In Eqs. (11) and (12) the response of Q; to the driving 
force V; is related to the expectation value in the 
equilibrium ensemble of a commutator involving the 
operators (); and Q;. 

Rather than considering the admittance function 
Y ;;(w), defined in terms of the Fourier components of 
(AQ;)) and V,(t), Kubo obtains a neater formulation 
in terms of the after-effect function ¢;;(t). The after- 
effect function is the response (AQ; to a delta- 
function force, defined by 


t 
(40,)o= f $ji(t—U)Vi(t)dt’, (13) 


whence 


1 
$j:(t) = —5{L0;(,0:)o. (14) 
1 


The notation {_ )» here indicates an expectation value 
in the equilibrium ensemble. 


5. LEMMA III, ON THE RELATIONSHIP OF COM- 
MUTATORS AND ANTICOMMUTATORS 
IN EQUILIBRIUM 


Although the two lemmas above relate the response 
to the equilibrium value of a commutator, only anti- 
commutators have classical significance. In order that 
the relationship obtained may be useful, we therefore 
require a relationship between the expectation values 
of commutators and those of anticommutators. Either 
by direct expansion of each member of the equation in 
energy eigenstates,® or by a function theoretic analysis,® 
it can be shown that 


(C0;(),0:Do=ih f r(t—/)(0.(0)Q,(t’ 
mm +0;(t)Q.(0))odt’, (15) 


2 r|t| 
r'(¢)=— In coth(“). 
26h 


rh 


where 


(16) 


An equivalent restatement follows from the Faltung 
theorem: the Fourier component of the commutator 
on the left is equal to the product of the Fourier 
components of I'(#) and of the anticommutator on the 
right. The Fourier component of I'() is 


hw 


2 hw —} 
f re idt= E-w,T) =| + —| eteT) 
ae 2 efho—] 
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6. FLUCTUATION-DISSIPATION THEOREM AND 
SPECTRAL RECIPROCITY 


The fluctuation-dissipation theorem follows immedi- 
ately from Eqs. (14) and (15), which give 


;i(t)= f Pr (t—1)(0:(0)Q;() +Q,()Q.(0)) edt’. (18) 


The original form of the theorem, expressed in the 
spectral representation, can be obtained from Kubo’s 
form above by again using the Faltung theorem. 

Spectral reciprocity can be shown -by using Eqs. 
(11) and (13) to write 


¢;(i)= —£04(0), 0(-) I), (19) 


and by comparison with Eq. (14), giving 
$5:(t)= —gi;(—2). (20) 


However, time symmetry requires that the commutator 
in Eq. (18) be odd in ¢’, whereas I'(t) is even. Thus 
¢:; is odd in #, giving 


ji (t) =i; (8). 


Again this symmetry relation implies a symmetry of 
each frequency component of the impedance, as previ- 
ously demonstrated,’ extending Onsager’s theorem! for 
relaxation (Markoffian) systems. 


(21) 


7. DISTRIBUTION OPERATOR 


Having reviewed the method of analysis of driven 
dissipative systems, we confront the problem of finding 
the distribution function. We recognize that we could 
merely adopt the above analysis if an appropriate 
operator could be associated with the distribution 
function. That is, if it were possible to define an 
operator, the expectation value of which would give 
the classical distribution function, this operator could 
be identified with Q; above. We now show that such 
an operator can be defined. 

Consider a variable Q,, the tilde indicating that 0, 
is a classical quantity, in contrast to the associated 
quantum-mechanical operator Q,. Let P(Q;,!) be the 
classical distribution function of Q;, at the time 4. 

The characteristic function W(A;,,f) is the Fourier 
transform of the distribution function 


W0ud)= f exp(iixOx)P(Ort)dOn, (22) 


so that W(A;,¢) is the average value of exp(iA.0,), 
W (Az,t) = (exp (idxOx)). 
The quantum-mechanical form of this equation is 


W (Ax,t) = trace{p exp(iA,0x)}. 


(23) 


(24) 
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Inverting Eq. (22), for P(Q;,é), and using Eq. 
gives 
s 1 * ~ n 
P(Oni)=— f exp(tA,Q,) trace{pexp(iA,Qx) }drx, 
2 


rT 


—a 


or 


" 1 ‘ 
PCA) = trace( » f expLidu(Qs~Qi) Ws), 
T —w 


whence 


P(O,,t)=trace{p5(0,—O,)}. (27) 


Equation (27) can be established in an alternate way 
by expanding the trace in the representation in which 
Q, is diagonal. Then the delta function merely projects 
out of the full quantum-mechanical distribution p the 
amplitude appropriate to (,. 

Equation (27) provides us with the operator which 
we seek. That is, the classical distribution function 
P(Q;,t) is the statistical expectation value of the operator 
5(O.—Q,). 

8. DRIVEN DISTRIBUTION FUNCTION 

If a driving force V,(¢) is applied to a system, the 
deviation of P((,,t) from its equilibrium value Po((Q,) is 
P(Ox,t)—Po(Ox) = AP (Qy,t) 

=trace{6(Qi—Ox)(p—po)}, (28) 


which is analogous to Eq. (9). Then, proceeding as in 
Eq. (11), we obtain 


i t 
AP(O;,,t) = me trace( f [6(Q.— Ox), 0.('—1] 
u —x 


XesV (Cit), (29) 


We define an after-effect function p,;(#) by the 
analog of Eq. (13): 


t 
ap(Qus)= f pus(t—')V (t)dt’, (30) 


whence, analogous to Eq. (19), there follows 


i 
pii(t) = —3{(5(Qr— Qn), Q0:(—2) ])o. (31) 
1 


The commutator in the equation above is related to 
a classically significant anticommutator by Lemma III. 
In Eq. (15), we replace the operator Q; by 5(Q:—(Q,), 
obtaining 


x 


([0;(t), 6(Qr— Ox) ])o= in f T'(t—1’')(6(Q,-O,)Q;(?’) 


—2 


+Q;(1)6(Qi—Qx))odt’. (32) 


We now replace ¢ by —¢, #’ by —?’, and recall that I 
is even, whereas the anticommutator is odd in the time. 
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Hence we have 
@ 


([6(Q.—O;,), 0,(—).Du=ih f T(t—t’)(5(Qi- OQ; (0) 


=e 


+0Q;(t')5(O.—O,))odt’, (33) 


and, from Eq. (31), 


pri(t) -f T(t—t’)(5(O.—0,)Q(’) 


~ +Q,(t’)5(O.—Ox))odt’. (34) 


As noted above, the statistical expectation value in 
the integrand has a simple classical interpretation. 
This interpretation can be seen by writing the classical 
expression for the statistical expectation value. Let 
P(Ox',dO,(t’)/dt’) be the joint probability distribution 
for the variables Q,’ and dQ,(¢’)/dé’ in the equilibrium 
ensemble. Then the statistical expectation value of the 
symmetrized product of operators is 


(5(Or.— 0) Q:(U)+Q.(1')8(Or— Onx))o0 


d 

= f fr. e010 Jocor-00 
dt’ 
d 


d 
x—O,(’)dO,'d—O,(’). (35) 
dt’ dt’ 


The joint distribution Po(Q,’,dQ,(#’)/ dt’) is the product 
of the distribution of Q,’ alone, Po(Q,’), and the 
conditional probability Po(dQ,(t')/dt’; Q,'(0)) of 
dQ,(t’)/dt’, contingent on Q,’(0). Thus 


(6(Qr— 01) Q.(0)+O.(7)5(Qe—-Or))o 


d 
=f frcoor. = Out); 0’ Jadu O 
t’ 


d_ nl 
x—0,(t')dO,’'d—O,(t’) (36) 
dt' dt’ 


a é... =. © d 
= Ps(Qs) f = Out): 01) Out d— OU), (37) 
dt’ dt’ dt’ 


where the integration with respect to Q,’ has been 
carried out in Eq. (37). The integral in this equation is 
the statistical expectation value in the equilibrium ensemble 
of dQ,(t')/dt’', contingent on the variable Q, having the 
specific value (), at time zero. That is, 
(6(Qr— On) Qi(') +.Qi(1)6(Qe— Ox))o 

= Po(Ox)(dO,(t')/dt’)ex (0). 


The after-effect function p;;(¢) now becomes 


» d 
pui(t) = Po(Ox) f ri—){— Our) dt’. (39) 
oe dt’ Ox (0) 


(38) 
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This equation gives the response of the classical 
distribution function of a variable Q, in a system driven 
by a delta-function force V 
Using Eqs. (28) and (30), we find the response of 
P(Q,,é) to an arbitrary driving force V;(t): 


Pn) = PaO) 1+ fa V(t) 


ro 


: é.. 
x f ae'r(i—t—0") 7) 
dt” 


x 


wy) } (40) 
Q.(0 


As the equation is valid only to first order in V;,(¢’), 
we can rewrite the equation with equal validity in 
exponential form: 


P(Q,,t) = Pp, (Ox) exp f dt’ V(t’) 


x 


: d 
— dt” 


‘")) ) (41) 


Equation (41) is our fundamental result. It gives the 
probability that a system driven by a force V;(¢) will 
follow an irreversible path taking it through the 
neighborhood of O; at the time /. 


9, CLASSICAL APPROXIMATION TO THE 
PATH DISTRIBUTION 


Consider the form of the function I'(é), defined in 
Eq. (16) and shown in Fig. 1. This function is maximum 
at ‘=0, falling to zero symmetrically for positive and 
negative #. The width of I'(¢) is seen from Eq. (16) to 
be of the order of 
h kT, 


Ai~ ph (42) 


which is very narrow for any reasonable temperature: 
about 10~* second for room temperature. In the classical 
limit (4-0), Af is zero for any temperature. 

The area under I'(¢) is obtained by putting w equal 
to zero in Eq. (17), whence 


x 


f I'(t)dt=8. 


x 


(43) 


To an excellent degree of approximation we can 
therefore write I'(/) as a delta function: 


I'(t)—~B6(7). (44) 
This approximation is equivalent to replacing E(w,7) 
by kT, as is clear from Eq. (17). The corresponding 
approximation in the fluctuation-dissipation theorem 
gives the familiar classical Nyquist equation.* 
Inserting the delta-function approximation for (I's) 


8H. B. Callen and R. F. Greene, Phys. Rev. 86, 702 (1952); 
88, 1387 (1952). 
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Fic. 1. The function I'(¢) = (2/rh 


XIn coth(x|t| /2Bh). 


in Eq. (41) gives 


P(Ox,t) = Po(Ox) 


: d 
xe(s f dt' V;(t’) —0u('-#)) ). (45) 
x al Ox (0) 


10. MOST PROBABLE RESPONSE 


It is of interest to corroborate that our path distri- 
bution function does indeed give the correct most 
probable response. We therefore compute the quantity 


(Onin = J P(QOx,t)Oxd Qi, 46) 


and, from Eq. (40), 


t 
(O; + fad, Py 0030 f dt’ V;(t’) 


—20 


‘, ae 
xf dt” ri-r—0"){— our) 
: dt”’ Qu (0 


x 


or 


t x 


(AQ) ct -f dt’ vat) f dt’ T(t—t’—t”’) 


x =) 


d 
x f dd, Pa.) — our) 
at!’ Ox (0) 
But 


io 
—0i")) 
dt” Q1.(0) 


a... q 
-[P ~~ Out"); Os Ja Q(t’), 
dt” dt”’ 


whence it is easily seen that 


t sa 
aQu)eo= f dt’ vat) f at” T(t—t’'—-t’’) 


5. d 
«{ 01(0)- Qu). (50) - 
at” 0 


(49) 
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Comparison with Eqs. (13) and (18) corroborates 
the correctness of this result. 
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Again introducing Eq. (49) leads to 


t od 
The classical approximation to the average response is (O20 =(Orot f dt’ vat) f dt’ T(t—'—0") 


, d 
(AO;) | dt’ V(t) Qc(0)—Qut-#)) . (51) 
dt 


—x 0 


11. MEAN SQUARE DEVIATION 


The mean square deviation of the irreversible paths 
from the most probable path is measured by the 
quantity 


((A0x)*)) =(Ox2) cy — (Ox)? (52) 


We therefore compute (0,2)n : 


Or ho= f POOR, 


and, from Eq. (40), 


t 
(0,2) »= Ondo fad. PaidsdOv f dt’ V(t’) 


. d 
x f dt” ri-t—1){ 00) ; 
dt”’ Qx (0) 


—m 


or 


t x 
Oi)0= ste f dt’ vat) f dt” T(t—t'—-t’”’) 


z d 
x f a0, PaO) — our") : 
dt”’ Ox (0) 


d 
«{ O(0)— 0.0"). (S6) 
at”’ 0 


In the classical approximation, we have 


(Ox)o = (Qe*)o 


: d 
+3 f dt’ vA){ OO —OUt-1)) . (57) 
—® t 0 


Equations (56) can also be obtained from Eqs. (13) 
and (18) by replacing Q; by Q,°. Thus the correctness 
of the second moments is corroborated. 

The higher moments are similarly given by 


t 3) 
Osrho=(erwts f dt’ vite) f dt’ T(t—t'—t’’) 


d 
x(0."0)= our), (58) 
dt’’ 0 


or, in the classical approximation, 


(Qx")o =(Oe")o 


' 1 
+0 f dt’ V.(0{ Or)—Ost-1)) . (59) 
<i t 0 


The fact that all the moments of the path distri- 
bution function agree with the moments computed 
directly from Eqs. (13) and (18) can be taken as an 
alternate derivation of the distribution function. 

The path distribution function provides a basis for 
the study of noise in irreversible processes. This subject, 
and the relationship to “minimum dissipation” theo- 
rems, are now under study. 
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The effects of the radiation emission on the motion of electrons in high-energy synchrotrons are analyzed. 
The damping rates and quantum excitation of the three principal modes of oscillation are derived for strong 
focusing and constant gradient accelerators. Methods for correcting the radiation effects for strong-focusing 


accelerators are discussed. 





INTRODUCTION 


HE general method of treating the motion of rela- 
tivistic electrons in circular accelerators would 
include the interaction between the electron and radia- 
tion field by the general methods of quantum electro- 
dynamics. For practical electron energies and magnetic 
fields, the nature of the radiation is accurately given 
by a classical calculation. Then the electron motion 
may be analyzed by determining the quantum states of 
the electron in the magnetic guide field and considering 
the classically calculated radiation as a perturbation 
coupling these states. This approach has been used by 
Sokolov and Ternov.' In practical accelerators the time 
associated with the emission of radiation quanta is short 
compared with the periods of the classical modes of 
oscillation of the particles, and the radiation effects may 
be analyzed as a damping and a driving force applied to 
these modes. 


NATURE OF RADIATION LOSS 


The instantaneous power radiated by a relativistic 
electron in a magnetic field has been calculated to be? 


P,=3 (AB? /mc)(E/me)’. (1) 


E is the electron energy, and B is the magnetic field. 
This is obtained by a classical calculation using the 
relation 3(e*a?/c) in the rest system of the electron. 
Quantization of the radiation field would reduce the 
radiated power below this classical value at extremely 
high electron energy. This will occur as the energy of 
the radiated quanta becomes comparable to the total 
electron energy. At this energy direct pair production 
in the magnetic guide field would also become important. 

The spectrum of the radiated energy has been calcu- 
lated classically to be? 


P(e) = (3°?/8m) (P,/e-*) f Kys(n)dn, (2) 


where P(e) is the frequency of emission of photons of 
energy € per unit energy range; the critical energy e, is 
given by 3(hc/r)(E/mc*)’; r is the radius of curvature 

* Supported by the U. S. Atomic Energy Commission. 

1A. A. Sokolov and I. M. Ternov, J. Exptl. Theoret. Phys. 
U.S.S.R. 28, 431 (1955) [translation: Soviet Phys. JETP 1, 
227 (1955) ]. 

2 J. Schwinger, Phys. Rev. 75, 1912 (1949). 


of the electron in the magnetic field; €, is approximately 
the maximum energy photons radiated. For a magnetic 
field of 10 kilogauss, the photon energy becomes com- 
parable to the electron energy at an energy of about 
10 ev. 

The radiation is emitted in a narrow cone about the 
instantaneous direction of motion, with an angular 
width given approximately by mc*/E. 

In order to conserve momentum in the radiation of 
a photon of energy e, the magnetic guide field must take 
up a momentum equal to 


Ap=[(E/c)?— (mc)* ]}!—[(E—)?/c?— (me)* }!— €/t 
= 4(«/c)(me/E)*. (3) 


Then for E>>mc the momentum transferred to the 
magnetic field may be neglected, and the average effect 
of the radiation loss is to produce a force on the electron 
equal to P,/c and directed opposite to the instantaneous 
velocity of the electron. 

The path length associated with the emission of a 
photon is related to the angular width of the direction 
of the radiation. The arc associated with the emission 
of a photon is given approximately by mc*/E. Then for 
E>mc, a photon may be considered to be emitted in 
a time very short compared with the periods of the 
modes of oscillation of an electron, which are compa- 
rable to the period of one revolution. 

The average force P,/c of the radiation loss will pro- 
duce damping effects on the various modes of oscilla- 
tion, and the sudden emission of the individual photons 
will excite the various modes as a driving force. 


DAMPING OF OSCILLATION AMPLITUDES 
BY RADIATION LOSS 


The general method of describing the motion of a 
particle in a circular accelerator is to determine a 
principal orbit, and then analyze small deviations from 
the principal orbit as a linear combination of normal 
modes of oscillation. The principal orbit may be de- 
fined as a particle motion which is repeated identically 
in each complete period of the accelerator. For small 
deviations from the principal orbit, a transfer matrix 
for a complete period may be written relating initial to 
final deviations. This is usually done for radial and 
vertical displacements and velocities, and may be 
extended to a sixth order transfer matrix relating initial 
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to final values of radial and vertical displacements and 
velocities, and also energy variation, and longitudinal 
displacement, from the values of a particle on the prin- 
cipal orbit. For this general transfer matrix, the com- 
plete periods of the accelerator are defined so as to be 
identical in both magnet structure and radio-frequency 
accelerating system. 

The characteristics of the modes of oscillation are de- 
termined by solving for the principal values of the sixth 
order transfer matrix. If the particle motion is stable 
such that the particle oscillates about the ideal positon, 
and since the transfer matrix is real, the principal values 
will be three pairs of complex conjugate numbers, which 
determine the frequencies and damping rates of the 
three principal modes of oscillation. In most accelerators 
there is one mode in the vertical plane corresponding 
to the vertical betatron oscillations, and two modes in 
the radial plane, one having a lower frequency and 
large energy and phase variations called the synchronous 
oscillation, and the other having a higher frequency and 
only small energy and phase variation called the radial 
betatron oscillation. 

Consider an element of the accelerator of infinitesimal 
length. The element may include both a magnetic guide 
field and a radio-frequency accelerating field. Let x, x’, 
y, y’ represent the variation of displacement and angular 
deviation in the radial and vertical planes. x and y are 
measured normal to the principal orbit at that point. 
AE and z represent the variation in energy and azi- 
muthal position from the values of an ideal particle, as 
measured at the time the particle transverses the 
infinitesimal element. The sixth order transfer matrix 
for the infinitesimal element will have infinitesimal non- 
diagonal terms which are first order in the length of the 
element, and the diagonal terms will differ from unity 
by a quantity which is proportional to the infinitesimal 
length of the element. In order to determine damping, 
the determinant of the transfer matrix of the infinitesi- 
mal element is evaluated. The only terms in the de- 
terminant which will be first order in the length of the 
element will be due to the diagonal terms of the matrix, 
and all higher order terms may be neglected. The de- 
terminant of the transfer matrix is given by 1+)0dnn, 
where 6,,, are the differences of the diagonal terms from 
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Fic. 1. Reduction in angular variation due to energy gain. 
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unity. The diagonal terms for x, y, 2 will not have a 
first order difference from unity as changes in x, y are 
only related to x’, y’ and changes in ¢ are related to x 
for relativistic particles. 

The diagonal term for AE may be determined from 
the characteristics of the radiation loss, 


P,« EB? «[1+2(AB/Bo)+2(AE/ Ep) | (4) 


for small variations in E and B from the values for an 
ideal particle. B is only a function of position, then the 
diagonal term for AE due to radiation loss is 1— 26¢,/ Eo, 
with de, the radiation loss for an ideal particle in the 
infinitesimal element. The energy gain from the radio- 
frequency system is not dependent on AE and con- 
tributes no change in the AE diagonal term. 

The difference from unity of the x’ and y’ diagonal 
terms is determined from the energy gain from the 
radio-frequency system and is unaffected by radiation 
loss. The energy increase due to the radio-frequency 
system will add a momentum change parallel to the 
principal orbit, as shown in Fig. 1, and will reduce the 
angular variation. From Fig. 1, 6x’ =— (de2/Eo)x’ and 
the diagonal term for x’ is 1—de2/ Eo, with de. the energy 
gain from the radio-frequency system in the infinitesimal 
element for an ideal particle. Similarly the diagonal 
term for y’ is 1—de2/Eo. Then the determinant for the 
infinitesimal element is 

14+ >0bnn=1—26e1/Eo— 25€2/ Eo. (5) 

The determinant of the transfer matrix for one com- 
plete period is the product of the transfer matrices of 
the infinitesimal elements of that period. Since the 
fractional radiation loss in one period is very small, 
only first order terms need be considered and the de- 
terminant of the transfer matrix for one period is 
given by 

D=1—2€0/ Eo— 2€20/ Eo, (6) 


where €,9 and €99 are the radiation loss and energy gain 
from the radio-frequency system in one period. 

The characteristics of the principal modes of oscilla- 
tion are determined by solving for the principal values 
of the transfer matrix for one complete period. If all 
modes are oscillatory the principal values will be of the 
form e?*’,with the six values of 7,’ being three pairs of 
complex conjugates. 

Then 

[le = D=1—2e10/ Eo— 2€20/ Eo. (7) 


yi =a,/+i8,’, where a,’ is the fractional damping of a 
mode in one period of the accelerator. Then 


exp) 2a,’ =1—2e19 Eo— 2€20 Eo. (8) 
For |a;’|<1, then 
Dai’ = — €10/Eo— €20/ Eo. (9) 


For equilibrium conditions the radiation loss is equal 
to the energy gain from the radio-frequency system for 
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one complete period, €:0=€20=¢€o. Then 


da; = — 2€0/ Eo. (10) 


The sum of the fractional damping of the three modes 
in one period is thus — 2e9/ Eo, with €o the radiation loss 
in one period. The sum of the damping rates of the 
three modes is therefore given by 


Ya;= —2P5o/Es, 


where P, is the average rate of radiation loss, and the 
amplitude of an oscillation varies as e**'. This is a gen- 
eral result for any type of electron accelerator if the 
average electron energy is constant. For a varying 
electron energy, adiabatic damping would be super- 
imposed on the radiation damping. 

For an accelerator in which there is no coupling be- 
tween the radial and vertical planes, the transfer matrix 
will contain no nondiagonal terms between y or y’ and 
the other coordinates «x, x’, AE, z. Then the second order 
matrix for the vertical plane may be diagonalized 
separately, and the product of the principal values will 
be equal to the determinant. The determinant of the 
second order matrix for the vertical plane of an infini- 
tesimal element is given by 1—6e2/Eo, and for the com- 
plete period is 1—€0/Eo. Then 2a,’=—€o/Eo and 
a,’ = — €9/2E». The damping rate for the vertical beta- 
tron oscillations is therefore 


a, = — Po/2Eo, 


(11) 


(12) 


for any electron accelerator with no coupling between 
radial and vertical planes. 

In order to determine the individual damping rates 
of the radial betatron and synchronous oscillations, it 
is convenient to calculate the damping rate of the 
synchronous oscillations and then determine the damp- 
ing rate of the radial betatron oscillations, from the 
total damping rate. 

It is assumed that the frequency of the synchronous 
oscillation is very low compared with the betatron 
frequency, such that a particle undergoing synchronous 
oscillation may be considered to travel on equilibrium 
orbits corresponding to adiabatically changing values 
of energy deviation. 

The equations of synchronous oscillation may be 
written 


dE/dN = €2.— €,= €20+ (deo/dz)z— €;0— (de;/dE)AE. (13) 


It is assumed that the energy gain from the radio- 
frequency system in one complete period (¢€2), is only 
a function of the phase position. The effect of more 
general radio-frequency fields will be considered later. 

Since the particle is assumed to travel on an equi- 
librium orbit corresponding to an energy variation the 
radiation loss in one period is only a function of energy. 

For equilibrium conditions, the radiation loss for a 
particle on the principal orbit is equal to the energy 
gain from the radio-frequency system €10= €20= €0. 
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Also since the particle is assumed to travel on an 
equilibrium orbit, the change in path length A/ is only 
a function of energy. For relativistic electrons the 
change in azimuthal position in one period is equal to 
the change in path length. 

The equations of synchronous oscillation become 


dE/dN = (deé2/dz)z—(de,/dE)AE, 


dz/dN =—(dl/dE)AE. (14) 


The solution of the equations has the form e‘##’+#8:’)N 
and the damping of the synchronous oscillation in one 
period is given by 


a, =—4(de,/dE). (15) 


In the Cambridge type of accelerator, the principal 
orbit is on an isomagnetic line, except for straight 
sections. Then the radiation loss may be expressed as a 
first order expansion about the principal orbit. 


€9 PE B(ro+x) 
lo Ev Boro 


€0 AE AB x 
on" fits +2—+— las, 
l, Eo Bo To 

€:= eg +2e9(AE ‘E) 


€0 €0 xz 
+2-f (ap Bo)ds+— f (—)as. 
lo lo To 


The last term represents the increase in path length. 
The straight sections are excluded from the integral 
and from the path length J) as they do not contribute 
to the radiation loss. 

The equation of motion of an electron in the mag- 
netic guide field may be written 

dx’ /ds = — (1/ro)[AB/Bo+x/ro—AE/Eo]. (17) 


For an equilibrium orbit the total change in x’ in 
one complete period is zero. 


dx’ AB 
S(G)a-0- f (Sas 
ds Bo 
x AE 
+ f (=)a-n(=). (18) 
To Eo 


The straight sections are also excluded from the 
above integrals as they contribute no change in the 
angular variation. 

rhe change in path length in one period is given by 


x 
Al= f (— Jas 
To 
AB AE 
f (= )s=1(—)—ay 
Bo Eo 


Then 
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and 

€:= €9 + 4€0(AE/Eo) — €0(Al/p). (20) 
The fractional increase in path length in the magnet 
is related to the fractional increase in energy (for 
relativistic particles), by a momentum compaction 
factor a. The momentum compaction factor, in this 
derivation, relates the change in path length to the 
fractional momentum change and the total path length 
in the magnets, excluding the straight sections: 


a= (Eo/1o)(Al/AE). 
Then 
de, /dE= (€0/Eo)(4—a), 


a, = — (€9/2Eo)(4—a). (21) 


The damping rate of the synchronous oscillations is 
given by 
a,=— (P40 2E»)(4—a). 


The damping of the radial betatron oscillations in 
one period is given by 


a,’ = (€y, 2Ey)(1—a), (23) 


ay’ = — 2€9/Ey—ay’ — 
and the damping rate is given by 


ar= (P40 '2E)(1—a). (24) 
For an alternating gradient accelerator of the Cam- 
bridge type, a is small compared to unity; then the 
radial betatron oscillations are antidamped by the 
radiation loss and grow exponentially with time. 
For a constant gradient accelerator, a=1/(1—m), we 
have 
ay= — Py0o/ 2E, 
a,=—[(3—4n)/(1—n) ](Py0/2Eo), 


a,=—[n/(1—n) ](Py0/2E). 


These results are valid for a constant gradient ac- 
celerator with straight sections, as the straight sections 
are excluded from the definition of a used in the pre- 
vious derivation. The results for the constant gradient 
accelerator have been derived by several authors.*-* 

In a magnet structure of the FFAG (fixed frequency 
alternating gradient) type,’ the equilibrium orbits 
change in size, but maintain the same shape for differ- 
ent energies. In this type of accelerator at every angular 
position B«E/r for equilibrium orbits of different 
energy. In this case, the momentum compaction factor 
a is defined as Ar/rp=a(AE/E>) ; then for each element 
of the accelerator AB/By=AE/E )—Ar/ro, and the 


2D. Bohm, Phys. Rev. 70, 249 (1946). 

4M. Sands, Phys. Rev. 97, 470 (1955). 

5]. Henry, Phys. Rev. 106, 1057 (1957). 

6A. A. Kolomenskii and A. N. Lebedev, Proceedings of the 
CERN Conference on High-Energy Accelerators, Geneva (European 
Organization of Nuclear Research, Geneva, 1956), Vol. 1, p. 447. 

7K. Symon ef al., Phys. Rev. 103, 1837 (1956). 
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radiation loss in each element is 
€1= €o1+ (4—2a)(AE/Ey)+a(AE/E,) ], 
€:=eoL1+ (4—a)(AE/E) ]. 


Thus the radiation damping rates of the oscillation 
modes in the FFAG accelerator, in terms of a momen- 
tum compaction factor a, are identical to the alternat- 
ing gradient accelerator of the Cambridge type. In 
this case, a relates the change in path length to the 
fractional momentum change, and the total circum- 
ference including straight sections. 


(26) 


OSCILLATION AMPLITUDES DUE TO 
RADIATION EFFECTS 

The amplitude of oscillation of the principal modes 
is determined by the damping rates of the modes, the 
initial amplitudes, and the excitation by the quantum 
emission of radiation. The radiation of a photon of 
energy ¢ by an electron causes a shift in the equilibrium 
orbit by an average amount roa(e/ Eo). The radiation 
of the photon takes place in a time which is short com- 
pared with the period of betatron oscillation. This 
sudden radial shift in equilibrium orbit will cause 
radial betatron oscillation of amplitude approxi- 
mately roa(€/Eo) about the displaced equilibrium orbit; 
also the equilibrium orbit will now oscillate about the 
principal orbit as a synchronous oscillation of amplitude 
roa(e/Eo). 

Each photon will then add an oscillation of amplitude 
roa (€/Eo) to both radial betatron and synchronous oscil- 
lation. The phases of these incremental amplitudes will be 
random, so the increase in mean square amplitude due 
to the radiation of a large number of photons will be 
(row/E)*Ze?. The rate of change of the mean square 
amplitude of betatron oscillations is given by 


d(x*) roa\? f® 
—_—= (=) f €P (ede 
dt Eo 0 


1 sdE 
+2a,(x?) -—(—) (x*). (27) 
EoX\ dt 


The last term is due to adiabatic damping of betatron 
oscillations with increasing particle energy. 
The integral /(* &P(e)de has been evaluated! to be 
(55/283!) Poe. Therefore 
d(x*) /dt = (55/2°3!) (roa/Eo)’P y0€ 
+ (1—a)(Py0/Eo)(x*)— (1/Eo)(dEo/dt)(x*), (28) 


and 
Eo 


E, Py! 
Wate exp| J (1-a)—~a 
Eo Ei Ey’ 


55 /roa\? pr 
+—(=) Eo’ P40’ €¢ 
2338 Eo Ei 


Eo 


xexp| f 
Ey’ 


Pi" 
(1—a)——-4?” Id’. 
; E;’ 
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The first term is due to amplitudes at injection, and 
the last term is due to quantum fluctuations in the 
radiation loss. 

The parameters of the Cambridge accelerator are 
ro= 25.8 m, a=0.042, and E,=20 Mev. The magnet is 
excited with 4} sine wave, and 3 dc bias. At magnet 
frequencies of 15 and 30 cps, the amplitude of radial 
betatron oscillations at 6 Bev are 


(a?) = (7.7x)?+ (14.9 cm)? 
(a?) = (0.67x,)?+ (1.63 cm)? 


at 15 cps, 
at 30 cps. 


It is seen that the antidamping of radial betatron 
oscillations may produce large radial oscillations and 
result in loss of particles at 6-Bev operation. 

The radial amplitude of the synchranous oscillations 
is determined by a similar equation with a, replaced 
by a, The factor a, is negative for the alternating 
gradient accelerator and large compared with the 
reciprocal of the accelerating time. The radial 
amplitude will then approach an equilibrium value due 
to the radiation damping and quantum effects, which 


is given by 


(a2) = (55/283!) (roa)? (€-/ Eo)[1/(4—a) ]. 


(30) 


This mean square radial amplitude is quite small for 
the Cambridge accelerator, but there will be large 
phase oscillations associated with the radial amplitudes, 
which increase the radio-frequency voltage required to 
maintain the particles in a phase stable position. 

The damping rates for the radial betatron and syn- 
chronous oscillations will then not be observed di- 
rectly due to the increase in oscillation amplitudes 
produced by the quantum fluctuations, unless the 
amplitudes are much larger than the increase due to 
quantum fluctuations in one damping or antidamping 
period. 

The vertical betatron oscillations are damped by 
the radiation loss, and not excited by sudden changes 
of energy, and will have a very small amplitude at high 
energy. The radiation will excite very small vertical 
oscillations due to the transverse momentum trans- 
ferred to the electron when a photon is radiated at a 
small angle with the direction of motion. 


CORRECTION OF RADIATION EFFECTS 


In order to achieve optimum performance of an 
alternating gradient electron accelerator, it may be 
necessary to use correcting devices to redistribute the 
total damping rate of 2P,0/Eo among the principal 
modes. In order to minimize the radio-frequency power 
required, which is related to the magnitude of phase 
oscillations, it is desirable to make the damping rate 
of the synchronous oscillation as large as possible, 
while also controlling the damping. rates of the radial 
and vertical betatron oscillations so as to keep the 
electrons within the proper region of the vacuum 
chamber. 
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It is shown in Appendix I that the damping rates of 
the individual modes are independent of the nature 
of the radio-frequency accelerating system, and hence 
cannot be changed by an external electromagnetic 
field, unless the external field is sufficiently strong to 
make an appreciable change in the electron trajectories 
in the magnet structure. 

Radio-frequency fields of this magnitude are usually 
impractical to attain. 

There are two possible methods of correcting the 
damping rates of the individual modes. The first method 
uses correcting devices which utilize a force not due to 
an external electromagnetic field, such as energy-loss 
foils, or radiation loss in a magnetic field. 

The only practical method of this type is to use the 
radiation loss in a magnetic field. The use of foils would 
introduce excessive fluctuations in loss due to brems- 
strahlung radiation. The damping rates were derived 
in terms of the momentum compaction factor a, for a 
magnet structure in which the principal orbit is on an 
isomagnetic line except for straight sections. By chang- 
ing the magnet structure so that the principal orbit is 
not on an isomagnetic line, it is possible to change the 
damping rates without changing a appreciably. This 
could be done by redesigning the magnetic structure 
such as adding quadrupole lenses or making the field 
strength different in focusing and defocusing sectors. 
A correcting device which may be added to the Cam- 
bridge type of magnet structure to reduce the anti- 
damping of the radial betatron oscillations is a magnet 
with a large » value (m’), such that the radiation loss 
decreases with increasing radius. This device is made 
with close-spaced alternations in direction of magnetic 
field such that the phase angle associated with each 
magnet is very small. It will then produce very little 
effect on the electron motion. The radiation loss caused 
by this structure may be written j 

P,' = Po (E/Eo)?(B/ Bo)? 
= Py[1+2(AE Eo) +2(AB By) } 
AB/Bo=—n' (x/ro) =—n'a(AE/E,); 


then 


P,'=Py'[1—2(n'a—1)(AE/Ey)]. (31) 


From Eqs. (15) and (11), the change in damping 
rates of the synchronous and radial betatron oscilla- 
tions are 

Aa, = (n’a—1)(P yo’ Eo), 


32 
Aa, = — (n'a+4) (P40 E)). (82) 


In order to eliminate the anti-damping of the radial 
betatron oscillations by this method requires 


3(Py0 Eo) (1—a) = (n'a+4) (Py, E)). (33) 


The other method of correcting damping rates is to 
use an external field which couples modes of oscillation 
strongly, such that the new principal modes of oscilla- 
tion are radically changed from the original modes, 
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with correspondingly changed damping rates. It is not 
practical to couple the synchronous oscillations strongly 
with the betatron oscillations with a device which is 
small compared with the magnet structure. This is due 
to the different characteristics of the betatron and 
synchronous oscillations. However, if the vertical and 
radial betatron oscillations have nearly identical fre- 
quencies, it will be possible to couple the modes strongly 
with a relatively small device. This has the effect of 
producing new modes of betatron oscillation with 
reduced antidamping and damping rates, and has the 
desirable characteristic of not reducing the damping 
rate of the synchronous oscillation. 

A practical method of achieving this coupling uses 
a magnetic quadrupole lens which is rotated 45° as 
compared with the usual type of quadrupole lens used 
for correction of betatron frequency. 

By proper choice of coordinate system, the transfer 
matrix for radial betatron oscillations for one complete 
revolution is taken to be of the form 

X2 cosé, sinO.\/*1 
() be a) 


(34) 


e“ cos6,—d e* sind, 
}—e™ sind, e™! cosé,—A 

ge~* sind, 0 

ge—™ cosby 0 


By reducing the determinant and substituting 


A=e*9(1+-2), 
6.=8, 
6, =0+A8, 


and retaining terms to second order in ye, a1, AQ, g, 
the result is 


4(y2—a1) (Yota1t1d0)+¢=0. (38) 


By substituting y2=a2+i82 and eliminating 2, one 
obtains 

4a?—4ae+ (a a2)?( Aé)?— (Ae)? = q; (39) 
where a» is the damping and antidamping of the new 
modes of oscillation in one revolution. a; and a will 
probably be very small compared with the difference 
in phase A@ in one revolution. Then 


ae ai=[(¢ Ao)?+1} 3. (40) 

This coupling has the effect of rotating the principal 
planes of oscillation such that they are no longer 
radial and vertical. This coupling could not be used at 
injection as it would rotate the large radial oscillations 
partially into the vertical plane, and would cause loss of 
particles due to the small vertical aperture. The cou- 
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The transfer matrix for radial and vertical betatron 
oscillations, including the effect of radiation damping is 


e™ sind, 0 0 

e*! cosé, 0 0 
e“!cos#, e~* sin6,|’ 

—e-™ sinb, e~™ cos6,) 


e™ cosé, 
—e™ sind, 
0 0 

0 0 


(35) 


where a is the radiation damping in one revolution. 
It is assumed for simplicity that the radial anti-damping 
is equal to the vertical damping. 

The transfer matrix of the rotated quadrupole lens 
will be of the form 


100 0 
0140 
0010 
gq 001 


The damping of the new modes of oscillation are 
determined by solving for the principal values \ of the 
resulting transfer matrix. 

The secular equation is 


ge™ sind, 0 

ge*! cos6z 0 

e~™ cos#y—A 
—e~™ sind, 


e-™ sind, 
é—*! cos#,—X 


pling would be turned on when the oscillation amplitudes 
have been reduced by adiabatic damping. 

The radial and vertical betatron oscillations could 
also be coupled by applying a magnetic field parallel 
to the direction of motion. This method requires the 
frequency difference between the two modes to be very 
much smaller, in order to couple them with a device 
of practical size. 

A combination of the two correcting methods, cou- 
pling of radial and vertical betatron oscillations and the 
magnetic radiation loss device, is probably the best way 
of eliminating the antidamping of the radial betatron 
oscillations, and obtaining maximum damping of the 
synchronous oscillations. 
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APPENDIX I 


We prove here that the damping of the individual 
modes is not changed by a general radio-frequency field. 

A radio-frequency cavity is considered in which 
there may be both radial and azimuthal forces on the 
electrons, which vary with the deviation of the particle 
from the position on the principal orbit. 

The effect of the cavity as observed in the rest 
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system of an electron may be written 


0E,* 0E,* 

FCRRY | ah | a 
Ox* Oz 
0E,* 0E,* 

Ap,*= -a* f( )ate—ece f ( : Jae, (41) 
Ox* Oz 

0E,* ez,* 0B,* 
f —— }dt*— : dt* = — f dt*. 
‘ oz* Ox* ot* 


For a complete transversal of the cavity, / (dB,*/ dt)dt* 
=(). Therefore 


(op.* 02*) = (dp.* Ox*), (42) 


In the laboratory system the effect of the radio- 
frequency cavity is to introduce an angular deviation 
and energy change, relative to an ideal particle, 


xy’ =cp,* M0, e2=cp.*| Eo/ mc?) ; 


then 


(dx,'/dz)=(c Ey) (0p.* Oz) 
= (c/mc*)(Op.*/ d2z*) =(c/mc*)(dp.*/dx*), (43) 
(Oxy'/dz) = (1/ Eo) (de2/ Ox). 

The fourth order transfer matrix of the magnet 
structure for one complete revolution, relating initial 
to final values of radial displacement, radial angular 
variation, energy variation, and azimuthal displace- 
ment, will be of the form: 


wit. “7 Tis 0} 
Ya. Y22 Y23 0} 
0 0 1 0} 


| 
ya. Yar Yas LJ 
The radio-frequency system and radiation loss are 
neglected in this transfer matrix. 
The basic relationships in the magnet structure are 
dx/ds=x’, 
dx’ /ds=(1/r)(AE/Eo)+-xf(s), 


dz/ds= —2/T, 


(45) 


where s is the position on the principal orbit and r is 
the radius of curvature of the principal orbit. 

By writing these relationships in terms of fixed 
initial conditions at one point, the following equations 
are obtained: 


dx/ds=¥1y'xotY12'%0 +713 (AE/Eo) 
=YoXotyoX0 +723(AE/ Eo), 

dz/ds=~a1'XotYa2'X0 +743 (AE/Eo) 
=—(1/r)[yuxotyiete +713(A4E/ Eo) ], 

dx! /ds =~y21'xo+y29' x0 +23’ (AE/Eo) 

= f(s)yuxot f(s)yi2%0 

+Lf(s)yist (1/r)](AE/Ep). 
Since the initial conditions are independent, their 


coefficients must be independently equal for each 
equation. Then the following relationships may be 


(46) 
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derived: 


d 
—(¥11¥22— Y21¥12) =9, 
ds 


d 
(Yo3— Va2Var tb Va1¥ 22) = (Vis— Va2VurtVarv12) f(s), (47) 
as 


d 
; (Y¥13— Va2XVubVarV12) = (Y23— Va2V21 FV 41722). 
ds 


Then the well-known relationship follows 


YuY22—YiwY2=1. 


Also 


Y13— YaYutVay2=9, 
(48) 


Y23— YaoVatvayo2=0. 


To determine the effect of the cavity on the syn- 
chronous oscillation, the change in the equilibrium 
orbit is analyzed. 

The radial displacement at the cavity of an equilibrium 
orbit, for an energy variation AE is given by 


73 = 
1— 22 Eo 
Y2sVuwtVia(l—Yo2) AE 


—. (49) 


) - , 
a= Fu Fa Eo 


Y13 ~via |1 Vi 


1— 22 eal 


The change in length of an equilibrium orbit with an 
angular deflection x,’ at the cavity is given by 


VarVi2t ¥a2(1—y11) 


Al=—As=-— X1. 


2—Yu—Y22 


By using Eq. (48), one obtains 


ee 


Cyesviet7i3(1 — 22) ]=—Lvavetrvea(l—yu) J, 


31 
Ey(x,/ASE)=Al/xy. ' 


For particles traveling on an equilibrium orbit there 
is a linear relation between x;, z, and AE. Therefore z 
and AE may be taken as the independent variables in 
writing the equations of synchronous oscillation : 


dE/dN = (0€2/02)3+ (0@2/0E)AE 
— (de,/02)s—(06,/0E)AE, (52) 
dz/dN = — (0l/0E)AE— (dl/dz)z. 


The damping of the solution is given by 


—}/ (d€,;/0E)— (de2/0E)+ (dl 02) |. 


(53) 


The fields of the generalized radio-frequency cavity 
are assumed to be small compared to the magnetic 
guide fields, such that the equilibrium orbit correspond- 
ing to an energy variation is not appreciably changed by 
the cavity. 
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Then (0¢€,/dE), is equal to the value of de,/dE with- 
out the general radiofrequency cavity. 
Also 
(01/02) g=(01/0x;') 2(0x;'/d2),, 


(d€2/0E).= (de€2/dx;).(0x,/dE),. 
From Eq. (51), one finds 
(A1/ 8x1’) p= Eo(0x1/9E)». 
From Eq. (43), one finds 
(0xy'/0z),= (1/Eo)(O€2/0x);. 
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Therefore 
(dl/ 02) z= (d€2 ‘OE),, 


a,’ = —}3(de 0E),= —}(de, dE). 


Thus, if the fields are not sufficiently strong to 
change the form of the equilibrium orbit appreciably, 
the damping rate of the synchronous oscillation is not 
changed by any form of radio-frequency fields. 

Since the total damping rate is invariant, the damping 
rate of the radial betatron oscillations is also not 
changed by a generalized radio-frequency field. 


NUMBER 2 


Thermal Diffusion Factors from Column Operation*t 


T. I. Morant anp W. W. Watson 
Physics Department, Yale University, New Haven, Connecticut 
(Received Nobember 11, 1957) 


Extending the measurements of Corbett and Watson, the performance of a carefully-constructed, all 
metal, hot-wire thermal diffusion column has been determined for isotope separations in neon, argon, 
krypton, and xenon. The same quantitative agreement with theory for normal argon gas at the low wall- 
temperature ratio of 2 is again found. This is probably fortuitous, for in general there is a discrepancy be- 
tween the calculated and observed separation factors, with a trend in the data indicating that the assumptions 
of the theory that (1) the molecules are Maxwellian and (2) the thermal diffusion factors are constant, 


independent of temperature, are at fault. 


INTRODUCTION 


HE hot-wire thermal diffusion column has proven 

to be of great value in the isotopic enrichment of 
certain gaseous compounds. Many workers have com- 
pared the experimental performance of such columns 
with the theory of Jones and Furry,' finding that the 
agreement is in general only qualitative. Corbett and 
one of the present authors,’ however, using a carefully 
constructed all-metal column, reported very good agree- 
ment between experiment and theory, without the 
inclusion of any parasitic remixing term, when the 
column was operated with normal argon gas at a tem- 
perature ratio of 2 between the hot wire and the 
cold wall. 

This result raises the question as to whether under 
such conditions one can determine thermal diffusion 
factors a from measurements of column performance. 
To investigate this possibility further, we have studied 
the performance of this same column for other noble 
gases. Our results show that, in general, accurate values 


* Part of a dissertation submitted by T. I. Moran in partial ° 


fulfillment of the requirements for the degree of Doctor of Philos- 
ophy at Yale University. 
+ This work was supported in part by the U. S. Atomic Energy 
Commission. 
t Now at the General Electric Company, Hanford, Washington. 
1 R. Clark Jones and W. H. Furry, Revs. Modern Phys. 18, 151 
1946). 
sj. W. Corbett and W. W. Watson, Phys. Rev. 101, 519 (1956). 


of a may not be so determined, and for the reasons dis- 
cussed at the end of this report. 

Although the Jones and Furry theory considers the 
gas as a binary isotopic mixture of Maxwellian molecules 
with a constant thermal diffusion factor to be evaluated 
at the cold-wall temperature, it is easy to generalize to 
the case of a multi-isotopic mixture. According to this 
theory the equilibrium separation factor g;; for two 
isotopes i and j, defined as the ratio c,/c; of the con- 
centrations at the upper end to that at the lower end, 
is given by the expression 


qij= eA iil 
where 
A,;=Hij;/(K-+Ka), 


and / is the length of the column. The thermal diffusion 
factor a;; is contained in the transport factor H;;. A 
reduced thermal diffusion factor a» may be defined from 


a=ao(m;—m;)/m, (3) 


where the m; and m; are the masses of any two isotopes 
in the multicomponent mixture and m is the average 
of the two. To the sum of the two remixing factors K, 
from convection and K, from axial diffusion is usually 
added of necessity a third, K,, from parasitic effects 
originating in nonuniformities of construction, azi- 
muthal temperature asymmetries, etc. Only in our first 
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work with this accurate column, using normal argon and 
a temperature ratio of 2, was it unnecessary to invoke a 
parasitic remixing factor in order to bring the per- 
formance into agreement with the predictions of the 
theory. 


EXPERIMENTAL RESULTS 


To analyze the data on the performance of this 
column for other noble gases, it was first necessary to 
measure the isotopic thermal diffusion factors, especially 
ao for krypton and xenon, as a function of temperature. 
These measurements we have made with a ‘“Trenn- 
schaukel”’ apparatus* for all of the noble gases in the 
temperature range 230°K to 600°K. 

Repeating first the measurements reported in refer- 
ence 2, we assured ourselves that the column was 
mounted properly and that heating the central wire 
with ac did not change the performance. Then, keeping 
the ratio of hot-to-cold wall temperatures at 2, we made 
two sets of measurements of separation factor versus 
gas pressure for each gas, each at a different cold-wall 
temperature 7,. The temperature 7, of the hot wire 
was determined from its extension as measured with a 
cathetometer. The experimental values of 2A corre- 
sponding to all of these measured separation factors, 
as well as the values of 24 calculated from the Jones 
and Furry theory, are summarized in Table I. More 
illuminating, perhaps, are the plots in Fig. 1. 


DISCUSSION 


In general, there is a complete lack of quantitative 
agreement between the theoretical predictions and the 
observed column performance, although qualitatively 
the Furry, Jones, and Onsager theory does describe 
this rather complex situation rather well. Now this 
theory requires (1) that the molecules of the gas be 
Maxwellian insofar as the temperature dependence of 
the elementary gas coefficients is concerned, and (2) 
that the thermal diffusion factor is a constant, inde- 
pendent of temperature, for each gas. Since a molecule 
which is nearly Maxwellian should have a very small 
thermal diffusion factor, xenon should meet the first 
requirement the best and neon least well. Inspection 
of Fig. 1 shows that the column performance with 
neon does indeed display the greatest divergence from 
the theoretical predictions, although there seems to be 
no progressive improvement as we go from neon to 
xenon. The explanation for this may be that for krypton 
and xenon requirement (2) is less adequately met, 
since for these heavier gases the thermal diffusion 
factors are strongly temperature-dependent.‘ 

A noticeable trend in these data is the increasingly 
better agreement between the observed pressure for 
maximum separation factor and that predicted by the 


3K. Clusius and M. Huber, Z. Naturforsch. 10a, 230 (1955). 
‘T. I. Moran and W. W. Watson, Phys. Rev. 109, 1184 (1958). 
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theory in going from neon to xenon. This suggests that 
the assumption that the molecules are Maxwellian is 
primarily responsible for displacing the theoretical 
curve towards higher pressure. This displacement would 
also have the effect of increasing the magnitude of the 


TABLE I. Comparison of experimental and theoretical column 
performance. r;=0.250 inch, r2=0.010 inch; length of column 
=182 cm; 7:/7;=2.0. 


Pressure 2A 2A 
in. of (10-3 cm™) (10-8 cm~) 
Gas Hg-absolute theoretical experimental 


Neon 10 0.63 
T, =298°K 15 1.42 
n= 314 upoise 20 2.48 
D=0.531 cm?/sec A 3.34 
a=2.15X 10? 30 5.07 
35 6.28 
39 7.05 
45 7.88 
50 8.00 


0.87 
1.86 
3.15 
4.00 
4.48 
4.72 
4.66 
3.63 
2.42 


0.78 
1.50 
3.29 
3.81 
5.85 
5.00 


Neon 
8°K iS 
3 upoise 20 


10 0.36 
T,=35 5 0.82 
5 2 

718 cm?/sec 30 

25x 107? 


=3 
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a . 
Argon (normal) 
T,=288°K 
n= 220 upoise 


D=0.171 cm?/sec 
a= (1.32) 107? 
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Fic. 1. Plots of the equilibrium separation coefficient 2A versus gas pressure in the column for neon, argon, krypton, and xenon. 
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calculated maximum separation factor. For xenon there 
is actually good agreement between the observed and 
calculated optimum gas pressures, although the ob- 
served maximum factor is smaller than calculated. Most 
likely this discrepancy arises from the failure of the 
theory to include any temperature variation of ao, which 
for xenon is quite large (ao=0.08 at 350°K and ap- 
proximately 0.16 at 700°K). Requirements (1) and (2) 
then are mutually contradictory; the gases which are 
more nearly Maxwellian also display the greatest 
temperature variation of the thermal diffusion factor, 
while the gases for which a is more nearly constant are 
the least Maxwellian. 

Finally, why does this column performance for normal 
argon at 7,=288°K agree fairly well with that calcu- 
lated from the theory, while there is no comparable 
agreement for the argon analyzing 9.70% A** under 
similar conditions? Since the shape of the calculated 
2A-versus-p curve depends in a sensitive manner on the 
values of D (self-diffusion) and 7 (viscosity), these 
coefficients must be known to say one percent for 
accurate comparison. In calculating the performance 
curve for the argon enriched in A**, we used the coefti- 
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cients given in the literature for normal argon, but 
corrected for the change in the average molecular mass. 
Small but appreciable errors may be present in any or 
all of these coefficients. It is quite possible that the 
good agreement for the case of normal argon is the 
fortuitous consequence of slightly inaccurate gas coeffi- 
cients. Or, of course, argon may represent a compromise 
in satisfying requirements (1) and (2) of the theory. 

The introduction of a remixing factor A, will often 
improve somewhat the fit between the theoretical and 
experimental separation-factor curves, of course, and 
one must admit that there may be small parasitic 
convection currents in any column operation. Examina- 
tion of Fig. 1, however, shows that this cannot be a 
general solution of the problem. 

We conclude that measurements of the performance 
of a thermal diffusion column are not at present a good 
way to determine thermal diffusion factors with any 
accuracy. The next step to be taken, if column per- 
formance data are to be so used, is to extend the theory 
to include other than Maxwellian molecules as well as 
a temperature dependence for the thermal diffusion 
factor. 


NUMBER 2 


Theory of Sputtering by High-Speed Ions 


Davin T. GOLDMAN* AND ALBERT SIMON 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received December 23, 1957) 


The theoretical treatment of ion sputtering at energies above about 50 kev is simplified by the fact that 
the emergent particles originate at depths in the material which are small compared to the range of the 
incident particles. The displacement rate is nearly constant over this region and this enables one to obtain 
relatively simple solutions of the diffusion problem for emission. 

The emission problem is reduced to an effective one-velocity diffusion calculation by an artifice. The 
volume displacement rate is increased by the factor ¥, where 7? is the average number of secondaries, and 
the macroscopic absorption and scattering cross sections are adjusted to make the average number of colli- 
sions of each particle equal to the actual average over the secondaries. The resultant sputtering ratio, R, 
varies with incident energy E, incident angle ¥, and mass ratio u=.M,/M¢ (where !@,=mass of incident 
particle, 1/,= mass of target particle), as R«u(InE/E) secy. 


I. INTRODUCTION 


Mc? of the theoretical treatments of ion sputter- 
ing appear to be limited to the region below a 
few kilovolts.! In this case, the ions have a mean free 
path of only a few atomic layers and the phenomenon 
involves a complicated analysis of surface interactions. 
As the energy of the bombarding ion increases above 
about 50 kev, however, a simplifying feature emerges. 
The range of the incident particle increases greatly 
(10-* cm at 500 kev) while the knock-on particles 

*Now at Department of Physics, University of Maryland, 


College Park, Maryland. 
12—P. E. Harrison, Phys. Rev. 102, 1473 (1956) ; E. B. Henschke, 


Phys. Rev. 106, 737 (1957). 


maintain an approximately constant mean free path 
(1077 cm). Hence, only a small portion of the initial 
track length of the incident particle produces knock-on 
particles which can re-emerge from the surface. The 
displacement rate is nearly constant over this region 
and this enables one to obtain relatively simple solutions 
of the diffusion problem for emission. 

In Sec. II of this report an expression is obtained for 
the volume density of primary particles produced by 
the incident beam. The mean free path for primary 
production is calculated in Sec. III, as well as the 
average energy of the primaries. The average number of 
secondaries is calculated in Sec. IV, the diffusion prob- 
lem for re-emission is solved in Sec. V and the results 
summarized in Sec. V1. 
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II. VOLUME DENSITY OF PRIMARY SOURCES; 
SPUTTERING RATIO 


Consider an initial beam of monoenergetic ions 
incident at an angle y to a solid surface as shown in 
Fig. 1. The particle flux in the beam is denoted by / 
and the cross-sectional area of the beam, measured 
normal to its direction, is denoted by A. The number of 
primaries produced per unit volume in the solid is 
then given by 

g&=ITS(R)/AX,(E), (1) 


where S(R) is a step function which is equal to unity 
from 0 (the surface) down to R (the incident particle’s 
range) and is zero thereafter. The mean free path for 
production of a primary by an ion of energy E is de- 
noted by A,(£) and E is the energy at a given depth r. 
The basic assumption is that the displaced particles 
which emerge originate from a depth which is small 
compared to R. Hence, g is effectively a constant over 
this region with E equal to the incident energy E;. Thus 


g&=1/Ay;(E)). (2) 


Owing to the linear nature of the problem, the current 
density of sputtered atoms leaving the surface will be 
directly proportional to the volume source strength. 
Hence, one may write 

J="74q; (3) 


where J is the emitted current density normal to the 
surface and y is to be determined later. The total 
emitted current is then (see Fig. 1) 


Jor = GAs. (4) 


The sputtering ratio §t, defined as the ratio of total 
current of sputtered atoms to incident current, is ob- 
tained by dividing Eq. (4) by the incident current / 
and substituting from Eq. (2). The result is 


R=7A,/Adi(E;) =yLA( Ey) cosy}. (5) 





Fic, 1. Incident ion beam. 
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The mean free path for primary production, \,, will be 
evaluated in the next section. 


III. MEAN FREE PATH FOR PRIMARY 
PRODUCTION 


Following Seitz and Koehler,’ the differential cross 
section for a Coulomb collision in which an energy 
between T and T+dT is transferred is given by 


rb? dT 
de=—T,.—, (6) 
4 7 


where the maximum energy transferable is denoted 
by T,, and 
Tm=4M \M2E/(M,+M;)’. (7) 


The energy of the incident particle of mass M, is 
denoted by E, Mz is the target particle mass, 6 is the 
classical distance of closest approach defined by 


b=2 20e" 'z., (8) 


and E, is the relative energy in the center-of-mass 
system. We assume that the screening is weak, as it will 
be for energetic ions. The total cross section for produc- 
ing a displacement, oa, is the integral of do between 
Eq and T,, where Eq is the energy which must be 
transmitted to the struck particle to cause it to be 
removed from the lattice structure. Hence 


re? {Tm 
ca=~(—-1) 
Ea 


rb°T 
-—, (9 
4E, 


since Eg (=25 ev) is such smaller than 7,,. Substituting 
in Eq. (9) from Eqs. (7) and (8), one obtains 
M, 2°29"e" 


™— =. (10) 
M, EE, 


oa>= 


The mean free path for primary production is then 


i= (nova), (11) 


where mo is the particle density in the medium. 

For illustration in this and succeeding sections, we 
shall consider the case of a beam of 500-kev deuterons 
striking a copper target. Then 


oa=6.95X10-4/E=1.4X10-" cm’, 

4; =0.86X 10 cm. 
The mean energy transferred to the primary particle 
2 F. Seitz and J. S. Koehler, in Solid State Physics, edited by 


F. Seitz and D. Turnbull (Academic Press, Inc., New York, 
1956), Vol. 2, p. 321. 
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is readily obtained from Eq. (6). The result is 


T=Ealn(T»/Ea), Tn>Ez. 

In our illustrative case, 7.,=195 ev. In fact, owing to 
the slow variation of the logarithm, the mean energy 
transferred is less than 500 ev at all energies of interest. 

Since the incident particle loses only a small portion 
of its kinetic energy, on the average, the direction of the 
primary recoil after the collision will be almost per- 
pendicular to the direction of the incident particle. 
This follows from the relationship between the c.m. 
scattering angle @ and the energy transferred: 


sin?(0/2)= T/T m, 


as well as that of the recoil angle y in the laboratory 
system : 
y= (r—6)/2. 


In our illustrative case, Y= 86.6°. 


IV. AVERAGE NUMBER OF SECONDARIES 
PRODUCED 


Since the primary particles are not very energetic, 
their interaction with the lattice ions reduces to hard- 
sphere collisions. The total cross section is rR®, where R 
is determined from the relationship 


2°e exp(— R/a’) 


R 
and where, after Seitz, 
a! = o/20!, 


with ao being the Bohr radius. The radius R is not a 
very sensitive function of the energy, 2’. In our illus- 
trative case, R&1.35a9=0.7X10-* cm. The corre- 
sponding mean free path in copper is then 7.4X10~* cm. 

The average number of all secondary atoms dis- 
lodged from the lattice by the primary atom may be 
determined by the method described in Seitz and 
Koehler.’ The result is 


Xmt1\ lxnt+1 
j= | 0.885+-0.561 inf )I ‘ 
4 


(13) 
ise 
where 


{=—______ _. (14) 
(Mi+M;)* Ea 


Bes 
For 500-kev deuterons impinging on copper, «»,=2.4 
10° and #=4.5. 


V. DIFFUSION SOLUTION FOR THE 
RETURN CURRENT 


The exact solution of the propagation of knock-on 
particles through the material to the surface involves a 
complex multiplication problem which cannot easily be 


3 Reference 2, p. 380 
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solved by analytic means. Instead, we shall replace the 
correct source term g, of Eq. (2), by an effective source 
bg, where 7 is given by Eq. (13), thus accounting for the 
multiplication process directly at the primary source. 
In addition, the angular distribution of primaries is 
considered to be isotropic instead of peaked at right 
angles to the incident particle’s direction. This artifice 
allows one to deal with an effective one-velocity diffu- 
sion problem. The absorption and scattering mean free 
paths, A, and A,, will be adjusted so that the average 
number of collisions made by the source particles will 
be equal to the average number of collisions suffered by 
all the knock-ons. 

Since the collision of a secondary particle with a 
lattice particle is an isotropic hard-sphere scattering, 
there will be equal probability for all possible energy 
transfers. Hence, the ratio of scattering with displace- 
ment to scattering without displacement will be 
approximately 

R>(E—E,)/E. 


When E is large compared to Eu, there are very few 
scatterings without displacement. On the other hand, 
when E approaches Eg, it takes only one or two colli- 
sions for the particle to become trapped itself and 
effectively absorbed. It seems reasonable to assume 
that the number of scatterings without either displace- 
ment or absorption can be neglected compared to those 
resulting in either a knock-on or absorption. 

The average number of collisions (including absorp- 
tion) of all the knock-ons, N, is equal to the sum of the 
number of scatterings without displacement, .V,, plus 
the number of displacement collisions, Na, plus the 
total number of absorptions, .V,, all divided by the 
mean number of secondaries. Thus 


N=(N.tNatN,)/¥. 


However, by the discussion in the previous paragraph, 
N, may be neglected. In addition 
Na=?--1, 
and 
Na=d. 
Hence 
N =2—(1/5)==2. 


It is quite unlikely that NV can be much larger than this 
value. It will be shown at the end of this section that a 
value of N =3 does not change the numerical results by 
a large factor, _ 

This value of N may now be used to determine the 
ratio of scattering to absorption. It is clear that the 
average number of collisions N, including absorp- 
tions, is 


N _ (2.+2.) Za. 


If N =2, this requires that Y,= , and this is the choice 
that is made in the diffusion calculation which follows. 
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The diffusion equation in plane geometry for a con- 
stant volume source jg is 


— Dd’o/dx’+ ad = iq, 5) 
where ¢ is the particle flux and where the diffusion 
coefficient D is 

D=([32,(1—,) }". (16) 
Here fi is the average cosine of the scattering angle in 
the laboratory system. For isotropic scattering in the 
center-of-mass system, one has 7=2/3A<1 for all but 
the lightest elements. Hence D>(3,)~". 

The solution of Eq. (15) is 

= (9g/2a)+Ce* (17) 
where x=[2,/D]! and the negative solution is thrown 
out by the boundary condition x=—*. The usual 
diffusion-theory boundary condition at a vacuum inter- 
face is the vanishing of the flux at the extrapolated end 
point, «=d, where in our case d=0.712,~-'. Hence 


o=(r9q/Z.)[1-—e*-” ]. (18) 


The surface current density is now 
J=- Ddo dx| r=0- 
Hence 
J =iq(D/2.4)xe~*4 


ig(D/Za)'e~**. 


By use of Eq. (3), one has 
y=0(D/2,)*e—*4. 
Finally, since 2,=2, in our case, 


y=—— exp[ — (0.71)v3] 


V32;5 


=().175/2,. (21) 


It should be noted that if N =3, this result is changed to 
0.347/2, which is larger by a factor of 2. 
VI. SUMMARY 


Upon combining the results in Eqs. (5), (10), (11), 
and (21), the following expression for the sputtering 
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ratio is obtained: 


0.177% no M, 2;°3-7e4 
R= — ——_[ r—-- 

>, coy\ M,. EE, 
The macroscopic scattering cross section for the 
secondaries is hard-sphere scattering and is equal to 

no R? with R given by Eq. (12). Hence, 

0.170M 2;"227e' 
1) — 


K=- ; 
MEER? cosy 


; x+1 x+1 
y=] 0.885+0.561 In ) 
4 x 

( M i+M,)* Fa 
and with R the solution of the transcendental Eq. (12). 
Equation (12) is not very sensitive to the energy E’ 
which should be chosen equal to some value between 
Ea and £, |nx. 


At high energies, x is large compared to unity and 
the general behavior of the sputtering ratio is 


with 


M,\InE 1 
MR « — (23) 


M; E cosy 


In our illustrative case, 500-kev deuterons striking a 
copper target at normal incidence, the numerical value 
of Eq. (22) is 

R=6.5X 10-4. 


Experimental data in this energy range seem unavailable. 
The numerical results obtained from the general 
formula of Eq. (22) are probably trustworthy only in 
their order of magnitude. The dependence on incident 
energy, angle, and mass ratio may be more reliable. 

It should be noted that the possibility of focusing 
effects has been ignored. The validity of this assump- 
tion must await experimental investigation. 

Note added in proof—In a recent paper, E. J. 
Sternglass [Phys. Rev. 108, 1 (1957) ] has used some- 
what similar methods in analyzing secondary electron 
emission by high-speed ions. 


‘R. H. Silsbee, J. Appl. Phys. 28, 1246 (1957). 
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Theory of the Beta Band in Alkali Halide Crystals* 


RONALD Fucusf 
University of Illinois, Urbana, Illinois 
(Received March 31, 1958) 


It is shown that the 8 band in alkali halides with the NaCl lattice consists of six components. Their en- 
ergies are estimated in NaCl. It is suggested that the observed 8 band is the component with the lowest 
energy and that the other components are not easily observed because they lie in the fundamental band. 
The calculated oscillator strength is 0.10, which is probably too small by a factor of 5. The final state for 
the 8-band transition undergoes autoionization with the rate 1.810! sec. The width of the 8 band is 
increased by only 0.012 ev or about 10% by this process 


INTRODUCTION 


N optical absorption band called the 8 band 

appears on the tail of the fundamental band in 
alkali halide crystals which contain F centers. The 
assumption that the 8 band is due to the formation of 
an exciton in the neighborhood of an F center is sup- 
ported by the observation that the intensity of the 8 
band is proportional to the intensity of the F band when 
the concentration of F centers is varied, and by the 
calculation of Bassani and Inchauspé on the separation 
of the 6 band from the first peak of the fundamental 
band.! This combination of an exciton in the vicinity 
of an F center, to which we given the name “8 center,” 
has a total energy which lies in the conduction band. 
That is, an energy of about 6 ev must be added to the 
crystal to create the exciton, whereas only about 3 ev 
is required to ionize the F center. Therefore the 8 center 
can undergo autoionization, the final state being a bare 
negative-ion vacancy and an electron about 3 ev above 
the bottom of the conduction band. Since the finite 
lifetime of the 8 center causes a broadening of the 8 
band, it is of interest to calculate this lifetime in order 
to determine whether the broadening due to this process 
is comparable to the broadening due to the interaction 
with phonons. It will be shown that the model of the 
8 center which we use implies that the 8 band should 
consist of six peaks. Since only one peak is observed, 
we shall make an attempt to explain this discrepancy. 


MODEL OF THE $ CENTER 


We use a model of the 8 center which is an extension 
of that used by Dexter’ in his calculation of the oscilla- 
tor strengths of the a and 8 bands in NaCl. He assumes 
that the transition associated with the 8-band absorp- 
tion involves the excitation of an electron from the filled 
3p shell of one of the twelve Cl- ions which are next 
nearest neighbors to the Cl- vacancy. This electron is 


* Based on a thesis submitted in partial fulfillment of the re- 
quirements for the degree of Doctor of Philosophy at the Uni- 
versity of Illinois, October, 1957. Supported by a National Science 
Foundation Fellowship. 

+ Present address: Institut fiir theoretische und angewandte 
Physik der Technischen Hochschule, Stuttgart, Germany. 

1F, Seitz, Revs. Modern Phys. 26, 7 (1954); F. Bassani and 
N. Inchauspé, Phys. Rev. 105, 819 (1957). 

?D. L. Dexter, Phys. Rev. 83, 1044 (1951). 


then bound to the vacancy together with the F-center 
electron. In other words, the 8 center consists of two 
electrons bound to a Cl vacancy and a hole on the 
next nearest neighbor Cl ions. It is necessary to dis- 
tribute the hole over these Cl- ions in such a way that 
the spatial wave functions of the 8 center belong to the 
irreducible representations of the cubic group of rota- 
tions and reflections about the vacancy site. The initial 
state for the optical transition, which is the ground 
state of the F center, is essentially an S state, and 
belongs to the unit representation I’;. x, y, and 2, the 
components of the electric dipole operator, belong to 
the 3X3 representation I'y’. Therefore the only states 
of the 8 center which can be reached by an optical 
transition are those which belong to ')XI'y’=T'y’. The 
hole state must also belong to I’y’, since the two elec- 
trons bound to the vacancy are in a spatial state which 
belongs to T). 

In the Heitler-London approximation, the wave 
function which represents a hole localized on the uth 
atomic orbital on the ith ion is 


Wig 
Vin=A Tk — or ro, (1) 


tu 


where y¥x¢ is the gth atomic orbital on the &th ion, Pry 
and Wr, are the wave functions of the two electrons 
bound to the vacancy, and A is the antisymmetrization 
operator. [],,, runs over all ions and atomic orbitals 
in the crystal with the exception of the missing ion at 
the origin, the ¥;, in the denominator signifies that 
Yin is left out of []x,,, and the uw and 3} in pr, and Yr, 
are spin indices which signify that these two functions 
have opposite spins and that Yr, has the same spin as 
the missing ¥,;,. With regard to the Cl 3p atomic 
orbitals, we let u=1, 2, 3 represent the x, y, z directed 
atomic orbitals with a given spin, and u=4, 5, 6, the 
corresponding orbitals with opposite spin. Confining 7 
to the next nearest neighbor Cl- ions, the 36 functions 
V;, with a given spin belong to a reducible representa- 
tion of the cubic group which contains I's’ three times. 
Therefore we can form the linear combinations 


“™ 23 Cin, Fi "YP .,, (2) 


te 
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TABLE I. The levels of the 8 center which can be reached by 
optical dipole transitions and the oscillator strengths of these 
transitions. 


Oscillator 
, Energy strength 
State ev f 


— 1.68 
—1.58 
0.69 
0.75 
0.89 
0.94 





0.10 
0.05 
0.25 
0.51 
0.01 
0.02 


E, 
Ey 
Es 
E2 
E; 
E; 


SSS SS 
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which belong to the vth row of T's’ and have the spin 
magnetic quantum number m=+3. o=1, 2, 3 specifies 
the three possible independent linear combinations cor- 
responding to the triply repeated representation Ty’. 
vie", v™, and V,°™ are essentially L=1 functions 
written in the cubic symmetric form. 

Each of the twelve next nearest neighbor Cl 
lies on the midpoint of an edge of a cube with the 
vacancy at the center and with edge length 2a, where a 
is the Na-Cl distance. The distribution of the hole over 
these twelve ions for the functions ¥,°"" can be specified 
by stating the direction of the hole on each ion, since 
an arbitrary linear combination of x-, y-, and z-directed 
holes is equivalent to a single hole in a suitable direc- 
tion. The three trial hole functions which belong to a 
given row of I’y’ have been chosen in such a way that 
they are orthogonal. Taking the z-directed functions 
Vv." as an example, the trial hole functions are: for 
o =1, the four ions in the plane z=a have holes directed 
away from the vacancy, the four ions in the plane z=0 
have no holes, and the ions in the plane s=—a have 
holes directed towards the vacancy; for o=2, the holes 
at z=a are directed towards the point (0,0,2a) and 
the holes at s=—da are directed away from the point 
(0,0, —2a); for c=3, only the ions on the plane z=0 
have holes, and they are all in the +2 direction. 

The total Hamiltonian can be divided into a part 
which contains the kinetic energy and electrostatic 
interaction terms and a part which contains the spin- 
orbit interaction : 


ions 


H=H +H 0. (3) 


If Hz, is neglected, the energy levels of the 8 center 
are found by diagonalizing the 3X3 matrix 


Hy" =(,""| H.|¥,"'™). (4) 


H.*”' is independent of m and vy. Therefore in this 
approximation the @ center has three energy levels, each 
of which is sixfold degenerate. 

The addition of H,.o, splits each of these levels into 
a twofold and a fourfold degenerate level. The ¥,7™ 
transform like L=1, S=4 functions under the opera- 
tions of the cubic group. Therefore it is possible to form 
functions (J,M)* with J=} and J=$ which are eigen- 
functions of J? and J, and which diagonalize H,... 
Since the (J,M)* are degenerate with respect to M, 
we may choose any convenient value of M, such as 
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M=J, in carrying out the calculation. We find 
3)7= — [07 +18, 74 )/v2, 


3 
‘ . (5) 
Beal eine v3. 


3 
2 
1 
2 


The matrix elements of H,... between the foregoing func- 
tions can be written in terms of \=0.11 ev, the spin- 
orbit splitting between the J=} and J =} levels of the 
ground configuration of the Cl atom. We obtain two 
different 3X3 matrices for the two values of J: 


((J,M)*|H| (J,M)°’) 


Hy’-20 











H."'+4r G 
1 


In the calculation of H,%’’, it is assumed that no 
relaxation of the ions surrounding the vacancy takes 
place and that the atomic orbitals on different ions are 
orthogonal. Under these assumptions, an expression for 
H.°"' can be obtained which involves primarily the 
Cl- 3p atomic orbitals y,;, and the wave functions pr, 
and Wr». Léwdin’s analytic expression’ for the Hartree 
Cl atomic orbital with exchange has been used for Wiz. 
The spatial part of Yr, and Wr» is approximated by the 
function Cg(r) exp(—yr) with y=0.3 atomic unit, a 
form which has also been used by Dexter.? C is the 
normalizing constant and g(r) is the wave function for 
an electron at the bottom of the conduction band. Since 
g(r) varies slowly over most of the unit cell, we set 
g(r)=1. We find 
—(0).85 
—0.95| ev. (7) 

0.02 


0.81 
—0.48 
—0.85 


—0.48 
0.82 
—0.95 


H"'= 


The diagonalization of ((J,M)*|H|(J,M)°’) yields the 
energy eigenvalues listed in Table I. Since only the 
terms in H, which contribute to the splitting have been 
kept, the position of these levels with respect to the 
fundamental band is not known. Because of the assump- 
tions made in calculating H.’°’, these energy levels are 
only approximate. It is certain, however, that H, 
causes a splitting into three levels which are relatively 
widely separated, and that H,... causes only a small 
additional splitting. 

The energy levels in bromides and iodides can be 
estimated if we assume that H,’” is the same as in 
chlorides and use only a different spin-orbit splitting 
constant A. For bromine, \=0.46 ev, from which we 
find that the two lowest levels are split by 0.4 ev. In 
iodides the splitting is even greater. 

The 8 band has not yet been observed in chlorides, 
since it lies in the ultraviolet, an inconvenient spectral 
region. In bromides and iodides, the 8 band typically 


3 Per-Olov Léwdin, Phys. Rev. 90, 120 (1953). 
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has a width of 0.1 to 0.2 ev and lies about 0.3 ev on the 
low-energy side of the first peak of the fundamental 
band. If we assume that the observed 8 band is due to 
transitions to the lowest level of the 8 center, the 
appearance of only a single peak is explained, since the 
peaks arising from transitions to the five higher energy 
levels would be masked by the fundamental band. In 
NaCl, we would expect the two lowest levels to con- 
tribute to the 8 band, since they are separated by only 
0.1 ev. If the peak with the lower energy has about the 
same width and position with respect to the funda- 
mental band as in the case of bromides and iodides, it 
may be possible to observe this doublet structure. The 
higher-energy peak may, however, be masked by the 
tail of the fundamental band to such an extent that its 
detection would be difficult. 


OSCILLATOR STRENGTH 


The oscillator strengths of the components of the 
8 band are related to the matrix elements of the electric 
dipole operator between the final states, which are the 
states of the 8 center, that is, the linear combina- 
tions of the W,°™" in Eq. (2) which diagonalize 


((J,M)*|H|(J,M)°’), and the initial state 
Vi=A [Tk, Heche’. (8) 


Wrr? is the wave function for one electron bound to the 
vacancy, and therefore it is different from the corre- 


sponding functions Yr, and Wr» appearing in Eq. (1), 
which apply when two electrons are bound to the 


vacancy. Following Dexter, we take Wrs°=Cog(r) 
Xexp(—vor), with yo=0.445, as the wave function for 
a single electron bound to the vacancy, and as before, 
set g(r)=1. The results are listed in Table I. The ex- 
perimental value of the oscillator strength is uncertain, 
but it appears to lie between f=0.46 and f=0.9. If the 
results which we have obtained for NaCl are typical 
also for salts in which the 8 band is observed, and if we 
interpret the transition to the lowest level as the ob- 
served 6 band, the calculated value is much too small. 
The total oscillator strength to all six levels is 0.94, a 
reasonable value. The small value of f for the lowest 
two levels is accidental, and an improved calculation of 
H,.°*, which would change the linear combinations of 
the o=1, 2,3 functions which make up these levels, 
would probably increase /. Therefore this disagreement 
does not necessarily invalidate our model of the 8 
center. 


AUTOIONIZATION TRANSITION 


The initial state for the autoionization transition is 
the 6 center, namely two electrons bound to a negative- 
ion vacancy and a hole on the next nearest neighbor 
Cl ions; the final state is the vacancy with no elec- 
trons attached and an electron in the conduction band 
moving away from the vacancy. In other words, 
roughly speaking, one of the electrons bound to the 
vacancy jumps into the hole, a process which releases 
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more than enough energy to expel the other electron 
into the conduction band. Wentzel* has shown that the 
autoionization rate W for a two-electron system is given 
by the matrix element of the Coulomb interaction 
energy between the two electrons: 


2r 
W =—|Hrr|*p(E), (9) 
h 
where 


|e | 
Hrt =(Wea(eie) = | Winit (rt) ), ( 10) 


1712] 


and p(£) is the density of final states. The result is the 
same in the problem under consideration, only the 
electrons involved in the transition appearing in the 
matrix element. We find 


Vinit =A (Were ), (11) 
WViinal=A Cie v ™WiwWe), (12) 


where y, is the free electron function, and >>; yCiy, x" "Win 
is the wave function of the electron which has jumped into 
the hole. It can be shown that the matrix element for 
o=1 is greater than that for o=2 and ¢=3 by a factor 
of at least three; this situation arises because the. p 
hole functions on the Cl- ions are directed toward or 
away from the vacancy only for the ¢o=1 function. 
Although the initial state of interest, the state of the 
8 center with the lowest energy, is a mixture of all 
three o functions, a rough upper limit for the auto- 
ionization rate can be found by using ¢=1 in Eq. (12). 

Only the L=1 term in the Legendre polynomial ex- 
pansion of 1/r,2 contributes to the matrix element, and 
y- must then also be an L=1 function. The L=0 part 
of 1/ry2 has in fact already been included in the Hamil- 
tonian H,, since screening is taken into account in 
finding the functions Yr, and Wr». The density of final 
states is found by assuming that the energy of the free 
electron is given by the relation E=#?k?/2m* with 
m*=m,. E is approximately the energy of formation of 
the 8 center minus the ionization energy of the F center. 
For NaCl this is E=7.5 ev—3 ev=4.5 ev. 

We find W=1.8X10" sec, corresponding to a line 
width at half-maximum of 0.012 ev. Since typical ex- 
perimental widths of the 8 band at liquid Nz tempera- 
ture are 0.125 ev® and 0.20 ev,® we conclude that the 
autoionization rate of the 8 center is not an important 
factor in determining the width of the 8 band. 


ACKNOWLEDGMENTS 


The author wishes to express his sincere appreciation 
to Professor F. Seitz for suggesting this problem and for 
his guidance throughout the course of the work. He 
also thanks Dr. R. C. Casella and the members of the 
Institute for many helpful discussions. 

*G. Wentzel, Z. Physik 43, 524 (1927). 

5 Delbecq, Pringsheim, and Yuster, J. Chem. Phys, 19, 574 


(1951); 20, 746 (1952). 
®’W. Martienssen, Z. Physik 131, 488 (1952). 





PHYSICAL REVIEW VOLUME 


1, NUMBER 2 


Second Townsend Coefficient in Oxygen at High Pressures* 


D. J. DeBrretrot Anp L. H. FIsHEr 
Department of Physics, College of Engineering, New York University, New York, New York 
(Received March 24, 1958) 


The existence of the second Townsend ionization coefficient y in oxygen has been demonstrated in the 
presence of electron attachment. The experiment consisted of measurements of de ionization currents in 
uniform electric fields at pressures near half an atmosphere and for electrode separations up to 3 cm. At a 
ratio of field strength to pressure of 35.4 volts (Cm mm Hg)", y was found to be 0.045 for a nickel cathode. 
This is more than an order of magnitude larger than the values previously found for a nickel cathode in 
hydrogen and nitrogen. This large value of y compensates for the loss of electron multiplication due to 
negative-ion formation and results in comparable breakdown potentials for oxygen and nitrogen near 


atmospheric pressure. 


INTRODUCTION 

NTIL recently it was commonly believed that the 

values of the second Townsend ionization coeffi- 
cient (y) for gases like air, nitrogen, and hydrogen are 
negligibly small for pressures above about half an 
atmosphere. In fact, Druyvestyn and Penning! esti- 
mated y<10~" for air at atmospheric pressure. How- 
ever, values of y~10~* have recently been measured in 
uniform fields at pressures up to half an atmosphere in 
air, nitrogen, and hydrogen.>~* In gases which form 
negative ions, it has been shown experimentally (for 
pressures up to a tenth of an atmosphere) that ionization 
currents well below breakdown depend not only on the 
first Townsend coefficient but also on an attachment 
coefficient.’ Geballe and Reeves® have derived an equa- 
tion for ionization currents in uniform fields involving 
not only primary ionization and attachment, but also 
secondary ionization. It was the purpose of the present 
work to demonstrate experimentally the validity of the 
untested Geballe-Reeves equation in oxygen, and to 
derive values of y from it at values of the product of 
pressure and electrode separation of about 900 cm mm 
Hg. It was also hoped that the work would lead to an 
understanding of the fact that air, nitrogen, and oxygen 
break down at about the same voltage, despite the fact 
that oxygen is a strongly electron-attaching gas. 


THEORY OF THE EXPERIMENT 


The conventional equations for current, J, through a 
uniform field gas discharge below breakdown at pressure 


* Supported by the Office of Naval Research. For a preliminary 
report of this work, see D. J. DeBitetto and L. H. Fisher, Bull. 
Am. Phys. Soc. Ser. IT, 2, 86 (1957). 
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p and electrode separation d may be written as 


I=I, exp(pdP), (1) 
and 


I =I, exp(pdF)/[1—y{exp(pdF) — 1} ]. (2) 


Here F is Townsend’s first ionization coefficient divided 
by the pressure and is a function of the ratio of field 
strength to pressure E/p, and /, is the initial photo- 
electric current at the cathode. y is also a function of 
E/p. Equation (1) is effective when either y=0 or pd 
is so small that y{exp(pdF)—1}<1. Geballe and 
Harrison® (and before them Penning’) have given an 
equation for the current in gases forming negative ions 
for small values of pd where the effect of y is unim- 
portant. For negative ion formation by direct attach- 
ment or by dissociative attachment, this equation reads 


1 =Io{F exp[(F—G)pd]—G}/(F—G), (3) 


instead of Eq. (1). Here G is the number of negative ions 
formed per electron per unit length of travel in the field 
direction divided by the pressure. Equation (3) assumes 
that G is a function of Ep. In fact, Geballe and Harrison 
have obtained values of F and G for a number of 
electron-attaching gases by applying Eq. (3) to meas- 
ured ionization currents. They state that their experi- 
ments were restricted to such low values of pd, that 
secondary effects were not important. Geballe and 
Reeves® have derived an equation for currents in 
attaching gases, 


F exp (F—G) pd ]—G 
a 2 nts tel Jt 
(F—G)—yF{exp[(F—G) pd ]—1} 


for the case where secondary processes at the cathode 
are also important. In principle, it should be possible 
with the aid of Eq. (4) to determine /, F, G, and y from 
experimentally determined currents at a constant value 
of E/p, for example from a current-distance curve de- 
termined at constant F and at constant p. However, asa 
practical matter, it is essential to first determine values 
of Io, F, and G from the part of the curve at small values 
of pd for which y is unimportant. This was in general 


7F. M. Penning, Ned. Tijdschr. Natuurk. 5, 33 (1938). 
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SECOND TOWNSEND 
impossible in the ionization chamber used in the present 
work, at least when currents were measured at constant 
p and varying d. (Sidewise ultraviolet illumination of 
the cathode did not allow precise current measurements 
to be made for d<0.5 cm.) However, if there exists a 
value of E/p, namely (£/p)*, for which F=G (F=F* 
=G=G"*), then, as will be seen, the present apparatus 
may be used to evaluate y unambiguously at (E/p)*. 
Thus if F=G, Eqs. (3) and (4) simplify to 


IT=Io(1+pdF*) (5) 
and 
[= Io(1+ pdF*) ‘(1—y*pdF*), (0) 


respectively, where y* is the value of y at (£/p)*. 
Equation (5) allows one to determine the value of 
(E/p)* by looking for a linear relationship at constant 
E/p between (a) current and pd, or (b) current and d 
(at constant p), or (c) current and p (at constant d). 
The slope of the straight line determines F* (and G*) 
and the intercept of the line at pd=0 gives the value of 
To. Having obtained the values of J) and F*, it becomes 
possible to use these values in conjunction with current 
measurements at larger values of pd, but still at (/:/p)*, 
to evaluate y* from Eq. (6). In the present experiment, 
values of y* were obtained only from current-distance 
curves at constant pressure. It is to be noted that Eq. 
(6) predicts an inflection point in the semilogarithmic 
plot of J vs pd at (E/p)* at a value of (pd), given by 


(pd) = (1—y*)/2F*y*. (7) 


Equation (7) was used as an alternative way of evaluating 
y* without the determination of J. 


APPARATUS AND GAS SAMPLE 


Unless otherwise noted, the apparatus is the same as 
described previously.‘ All ionization current data taken 
with varying electrode separation were corrected by 
means of a calibration curve.‘ Tank oxygen was used 
which had been passed over aged liquid air.® 

All pressures have been corrected to 22°C. 


EXPERIMENTAL PROCEDURE AND RESULTS 


The electrodes were conditioned by running a low 
pressure glow discharge in oxygen for several hours. 
After such conditioning, it was found possible to keep 
the ionization currents during a run reproducible to 
within ten percent. 

“D-runs,”’ consisting of measurements of dc ionization 
currents at constant ultraviolet intensity and constant 
pressure at many different values of d, were carried out 
in the following manner. At any particular value of d, 


8 A mass spectrographic analysis of the gas yielded percentage- 
wise O2—99.5, A—0.50, with no other impurity present to 1 part in 
105. Although we cannot be positive, it seems that the argon 
impurity should not seriously affect the results, because of the 
high excitation potential of argon. We are indebted to N. B. 
Hannay and E. E. Francois of the Bell Telephone Laboratories for 
this analysis. 
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Fic. 1. Current vs electrode separation for various values of E/p. 


currents were measured at several values of E/p; d was 
then increased, and currents were again measured at the 
identical values of E/p. This was repeated at larger and 
larger values of d just short of reaching the sparking 
distance. At this point, the values of d were decreased 
to the identical values previously used, and currents 
were remeasured at the identical values of E/p. Corre- 
sponding currents measured during the increasing and 
decreasing legs of the run were then averaged. All data 
for d runs presented in the paper represent such aver- 
ages. Preliminary d runs at p=300 mm Hg indicated 
that (E/p)* is somewhat greater than 35 volts (cm mm 
Hg)~!.2 A d run was then made at p= 300 at E/p values 
of 35.0, 35.5, and 36.0, with results plotted on a linear 
scale in Fig. 1. The curves at 35.0 and 36.0 initially have 
opposite curvatures, while that at 35.5 is initially linear. 
Assuming (E/p)*=35.5, and using Eq. (5), one obtains 
F*=G*=0.024. Current measurements in this d run 
were extended to 3 cm, which (at this pressure) is well 
into the region where y*pdF*~1, resulting in large 
additional current multiplication. The threshold value 
of d for this region is indicated by the upcurving of the 
E/p=35.5 curve above d=1.0 cm in Fig. 1. Using five 
values of the measured currents for d22 cm at E/p 
= 35.5, along with the values of F* (or G*) and J)=4.5 
X10-" amp, one obtains with the aid of Eq. (6) an 
average value of y* of 0.045, with an average deviation 
of ten percent. (The determination of the Jo value will 
be discussed later.) 

Another d run at =300 was then made to try to 
determine (£/p)* more precisely, and the results are 

® Throughout the paper the following units will be used: », mm 
Hg; E/p, volts (cm mm Hg)"'; F and G (cm mm Hg)™"'. 
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Fic. 2. Current vs electrode separation for various values of E/p 


plotted on a linear scale in Fig. 2. Initially, both curves 
at E/p=35.3 and 35.4 are seen to be approximately 
straight. If (E/p)* is taken as 35.3, then one obtains 
F*=G*=0.021. Using this value and a value of /»>=4.0 
X10-" amp, together with six currents measured at 


values of 2.2<d< 3.3 cm, one obtains an average value 
of y* of 0.048 with an average deviation of ten percent. 
If, however, (E/p)* is assumed to be 35.4, then F*=G* 
=0.023. Using this value and /)»>=4.0X10~" amp to- 
gether with currents at E/p=35.4, again at values of 
2.2<d<3.3 cm, one obtains an average value of y* of 
0.045 with an average deviation of about seven percent. 
Figure 3 gives a semilogarithmic plot of the results of 
the above run for E/p=35.4 for the complete range of 
d used. The dashed line in Fig. 3 was calculated from 
Eq. (5) for comparison to show the current that would 
result with the same values of F*, G*, and Jo, but with 
no y mechanism. Thus at d=3.3 cm, the gas multi- 
plication is increased by a factor of 6000 because of the 
y process. Figure 3 shows the value of the inflection 
distance to be 1.6 cm at p=300; (pd); =480, from which 
a value of y* of 0.045 is obtained by means of Eq. (7). 
This value is in good agreement with the value calcu- 
lated above. 

Since the evaluation of * from Eq. (6) requires an 
accurate value of Jo, a remark should be made regarding 
the values of Jo indicated in Figs. 1 and 2 and used in 
the evaluation of *. Since the values of d in this experi- 
ment were restricted to values greater than 0.5 cm, the 
lengthy extrapolation of the (Z/p)* line to d=0 gave a 
large uncertainty to this method of obtaining J. Hence 
it was decided to redetermine J) more precisely by 
another method. Immediately after the above d runs in 
which p, among other things, was held constant while d 
was varied in steps, “‘p runs” were made. These differed 
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from the above d runs only in that d was now held 
constant while » was reduced in steps from its value at 
about half an atmosphere to some small value (~ 10 mm 
Hg).'® The constant value of d was chosen to be small 
enough so that y*/dF* was small compared to unity, 
even for the maximum pressure used. For p runs at 
(E/p)*, we used Eq. (5) which shows that the current 
varies linearly with pressure at constant d. Hence p runs 
at (E/p)* permit a more precise determination of J 
since p can be reduced to a very small value requiring 
only a very small extrapolation to p=0. They also 
permit determinations of F* (and G*). Two p runs were 
made, one with the same gas sample used in the runs of 
Figs. 1 and 2, the other with a different gas sample from 
the same cylinder. The currents measured in the two 
p runs agreed to within ten percent, and the average 
currents for the two runs are plotted against p in Fig. 4. 
It is seen that the curves of £/p=35.0 and 36.0 have 
opposite curvatures, while that of 35.4 is essentially 
linear. This result is not only consistent with the value 
of (E/p)* obtained from the previous d runs, but also 
implies that F and G are in fact functions of E/p from 
half an atmosphere down to a few mm of Hg. The value 
of F* (or G*) obtained from the slope of the E/p= 35.4 
line is 0.026, and is in good agreement with the corre- 
sponding value obtained from Fig. 2. Since no correction 
of the ultraviolet illumination due to varying electrode 
separation was required to keep /o constant at constant 
d, the value of J) obtained by the » runs was a check on 
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Fic. 3. Current vs electrode separation. 


” Actually, changes in / resulted in slight changes in d due to a 
bellows effect on the chamber; hence d had to be readjusted to its 
original value after each change in p.‘ 
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the vacuum calibration curve used in correcting the 
currents to a constant /9 in the d runs. 

The value of J» obtained in the first » run was 
5.0X10-" amp. Comparison of the ionization currents 
obtained in this run at ~=300 with those obtained in 
the previous run of Fig. 2 at d= 1 cm (same value of pd) 
indicated a 25% increase in the photosensitivity of the 
cathode. (An additional increase of 20% also occurred 
between the first and second p runs.) Using these re- 
sults, together with the value of 5.0 10-" amp obtained 
in the prun, a value of J)>=4.0X10-" amp was esti- 
mated for the d run of Fig. 2. A similar comparison of 
the currents of the runs of Figs. 1 and 2 at corresponding 
values of d (and, of course £/p) resulted in an estimated 
value of J» of 4.5 10~"' amp for the runs of Fig. 1. The 
above estimated values of /» are seen to be consistent 
with those obtained from their corresponding d runs. 

Our value of (£/p)* agrees satisfactorily with the 
value obtained by Geballe and Harrison.> However, our 
value of F* and G* is lower than theirs by a factor of 
three. Our value of F* agrees, however, within a few 
percent with the value of F obtained by Masch" at 
E/p=35.4. Since Masch did not take into account 
formation of negative ions, it is not clear what this 
agreement means. Aside from the data of Geballe and 
Harrison, the present work is the only experiment giving 
a nonzero value of G at as large an E/p as 35.4. 


TOWNSEND BREAKDOWN CONDITION 
IN OXYGEN 


The Townsend breakdown condition ina nonattaching 
gas is given by the vanishing of the denominator of 
Eq. (2), 1.e 

y{exp(pdF) —1}=1. (8) 
This equation has been used to predict sparking po- 
tentials successfully in hydrogen and nitrogen up to 
values of pd as high as 800 cm mm Hg.‘ For negative- 
ion-forming gases, Geballe and Reeves® have suggested 
that the breakdown condition should be given by the 
vanishing of the denominator of Eq. (4). For our special 
case, namely, /:/p=(£/p)*, this means the vanishing of 
the denominator of Eq. (6), i.e., 


y*pdF*=1. (9) 


Notice that the exponential no longer appears in the 
breakdown condition, making the breakdown potential 
just as sensitive to changes in the nature of the cathode 
as to changes in the value of the primary ionization 
coefficient. This is in marked contrast to the usual 
situation where the effect of changes in y are masked by 
small changes in the value of F (i.e., small changes in 
voltage). With the same fractional fluctuations in y, one 
would expect breakdown potentials in a negative-ion- 
forming gas in the neighborhood of (£/p)* to be much 
less sharp than for other gases. Our present experiments 


4 K. Masch, Arch. Elektrotech. 26, 587 (1932). 
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Fic. 4. Current vs pressure for various values of E/p. 


were not primarily designed to test the validity of Eq. 
(9) in predicting sparking potentials, but a few sug- 
gestive comments can be made. 

Upon using F*=0.023 and y*=0.045 obtained from 
the data shown in Fig. 3 at E/p=35.4, Eq. (9) predicts 
that sparking will occur at pd=970 cm mm Hg or at 
3.2 cm at a voltage of 34.2 kv. One sees from Fig. 3 that 
this is in good agreement with the distance at which the 
current curve is rising very steeply. One may also 
mention some earlier work in oxygen carried out in this 
laboratory.” In this work it was found that breakdown 
in oxygen (with brass electrodes) is capricious in con- 
trast to breakdown in argon, air, and nitrogen. For 
example, it was found that in oxygen spreads up to a few 
percent in breakdown potential occur with no ultra- 
violet illumination, the breakdown potential depending 
on how long one is willing to wait for the breakdown. It 
was also found that ultraviolet illumination reduces but 
does not eliminate the fluctuations in sparking poten- 
tials of oxygen, and that the average sparking potential 
depends somewhat on the intensity of ultraviolet illumi- 
nation. In addition, the formative time lag of spark 
breakdown in oxygen was found to show a statistical 
spread (attributed at the time to negative ion forma- 
tion). It seems reasonable that these effects are due to 
spontaneous changes in y of only a few percent, giving 
a corresponding change of the sparking potential of a 
few percent. If this interpretation is correct, then 
ultraviolet light would seem to change the value of y 
somewhat for the cathode in oxygen, and to reduce its 
fluctuations. The statistical distribution of formative 
time lags could be accounted for by spontaneous 
changes in y from one measurement to the next, giving 
threshold potentials which fluctuate randomly for an 
apparently constant overvoltage. These effects should all 
be markedly less pronounced (percentagewise) for 
values of E/p far removed from (£/p)*, namely at low 

2G. A. Kachickas, Ph.D. thesis, New York University, 1950 
(unpublished); G. A. Kachickas and L. H. Fisher, Phys. Rev. 82, 
318, 569 (1951). 
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values of pd. At any rate, Kachickas in his thesis gives a 
sparking potential of 35.0 kv for pd=60 cm mm Hg for 
“moderate ultraviolet illumination.’’ Considering that 
Kachickas used a different cathode than we did, this 
agreement seems very consistent with our measurements 
of F*, G*, and y*. 

Thus although a detailed study has not been made, 
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the indications are that the Townsend breakdown condi- 
tion satisfactorily describes the breakdown mechanism 
in electron-attaching gases. 

One may now see why oxygen has a breakdown po- 
tential as low as that of air or nitrogen. While attach- 
ment reduces primary ionization currents, y is so high 
in oxygen as to compensate for the effect of attachment. 
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Model for the Surface Potential Barrier and the Periodic 
Deviations in the Schottky Effect* 


P. H. CuTLert anv J. J. Grpspons 
Department of Physics, The Pennsylvania State University, University Park, Pennsylvania 
(Received March 17, 1958) 


Although most of the features of the observed periodic devia- 
tions in the Schottky effect are in good agreement with predicted 
behavior, there is still disagreement between theory and experi- 
ment in the phase and amplitude of the deviations. It has been 
suggested that a possible origin of this difficulty is the use of the 
simple image force barrier at the surface of the metal. In this 
paper a model for the surface potential barrier is developed which 
is based on the quantum-mechanical calculation made by Bardeen 
on the form of the potential at the surface of a sodium-like metal, 
and the analysis of Sachs and Dexter on the quantum limits of 
the image-force theory. Employing this model, the periodic 
deviations are recalculated using essentially the mathematical 
formalism developed by Juenker and his co-workers. Certain 


I. INTRODUCTION 


HE increase in saturation thermionic emission 
from a metal with applied field strength was 
explained by Schottky as due to the lowering of the 
potential barrier at the surface by the external electric 
field. When careful measurements are taken on the 
variation of the current density, 7, with the applied 
field, F, the plot of logj against F' is not a straight line 
as predicted by the simple Schottky theory, but instead 
one finds small oscillations about a straight line which 
increase in amplitude and period as F is increased. 
Guth and Mullin,’ using the free electron model of a 
metal and a one-dimensional classical image potential, 
accounted for the periodic deviations as due to the 
interference between electron waves reflected from the 
barrier maximum and those reflected from a region of 
steep potential gradient near the surface of the metal. 
The analysis of the experimental data on the Schottky 
deviations was made physically clearer when the theory 
was reformulated in terms of a total transmission co- 


*This paper is based on a dissertation submitted by P. H. 
Cutler in partial fulfillment of the requirements for the degree of 
Doctor of Philosophy in the Department of Physics of The 
Pennsylvania State University. 

t Haloid Fellow in Solid State Physics. 

'E. Guth and C. J. Mullin, Phys. Rev. 59, 575 (1941). 


computational refinements are introduced in the averaging of 
the transmission coefficient. The results are compared with 
previous theory and experiment in terms of two parameters 
which characterize the form of the surface potential; the surface 
reflection coefficient |4| which appears as a factor in the ampli- 
tude, and the phase factor 5. These computed values are 0.6 and 
2.6 respectively, as compared to single mean experimental values 
of 0.4 and 2.2 for the highly refractory metals, and to previous 
theoretical values of 0.2 and 3.7. The surface reflection coefficient 
calculated for the present model is in satisfactory agreement 
with recent experiments on the elastic scattering of slow electrons 
from the surface of a metal. 


efficient defined by Herring and Nichols.2 They ex- 
pressed the transmission coefficient in terms of two 
complex reflection coefficients, one of which, 4, depends 
upon the potential in the region of barrier maximum, 
and yw, which depends upon the form of the potential 
near the emitter surface. Stated in this way, the effect 
of each reflecting region upon such experimentally 
measurable quantities as the period, phase, and 
amplitude of the deviations can be clearly identified. 
The theory has been modified in terms of the revised 
transmission coefficient by Juenker, Colladay, and 
Coomes,* Juenker,‘ and Miller and Good.® Their results 
gave the correct period of the deviations and also 
agreed with the observed variation of the amplitude 
with field and temperature.’ *” However, quantita- 
tively the observed amplitudes and phase of the devia- 
tions did not agree with the theory. A possible source 
of the disagreement might have been the validity of the 
WKB approximation used in both the original Guth- 


?C. Herring and M. H. Nichols, Revs. Modern Phys. 21, 185 
(1949). 

3 Juenker, Colladay, and Coomes, Phys. Rev. 90, 772 (1953). 
This reference will hereafter be referred to as JI. 

4D. W. Juenker, Phys. Rev. 99, 1155 (1955). This reference 
will hereafter be referred to as JII. 

5S. C. Miller and R. H. Good, Phys. Rev. 92, 1367 (1953). 

® Munick, La Berge, and Coomes, Phys. Rev. 80, 887 (1950). 

7 Brock, Houde, and Coomes, Phys. Rev. 89, 851 (1953). 
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Mullin! theory and in JI and JIT. Miller and Good,° 
however, making use of the more exact WKB-type 
approximations’ in recalculating the periodic deviations, 
obtained essentially the same results as in JI and JIL. 
Since they used the same potential model as Juenker 
et al., the agreement removes any uncertainty about 
the mathematical approximations. 

It has been suggested’ that a possible origin of the 
disagreement lies in the use of the simple image-force 
potential in the immediate neighborhood of the surface. 
Herring? has discussed the general behavior of an 
effective one-dimensional potential which an electron 
encounters moving through the surface of a metal. 
The qualitative features of this model are based upon 
general quantum-mechanical considerations and the 
results of Bardeen’s'® Hartree-Fock calculation of the 
charge density in the double layer at the surface of a 
monovalent metal. 

More recently, Sachs and Dexter" have calculated 
an approximate quantum-mechanical correction to the 
classical image-force interaction energy which varies 
inversely with the square of the electron’s distance 
from the surface. Using a correction term of this form, 
and imposing conditions of continuity with the internal 
potential of the metal, we obtain a potential function 
which has qualitative agreement with the Bardeen 
one-dimensional form. Furthermore, the coefficient of 
the correction term chosen in our work is shown to 
have the same sign and order of magnitude as the co- 
efficient computed by the methods of Sachs and Dexter. 
It is here pertinent to observe that the actual three- 
dimensional problem has been reduced to an effective 
one-dimensional model which can only be justified by 
the success of its predictions over a fair range of 
experiments. 

In the present paper the periodic deviations of the 
thermionic Schottky effect are recalculated using the 
new model for the potential barrier and some of the 
mathematical formalism developed by Juenker, Colla- 
day, and Coomes in JI and JII. However, the surface 
reflection coefficient « is here obtained by means of an 
exact solution of the Schrédinger equation for the 
potential region near the surface where the field term 
can be neglected. In addition certain modifications of 
the energy-averaging process employed in JI and JII 
are introduced. The mathematical forms of the devia- 
tion terms are essentially unchanged but the new 
potential model yields better agreement with experi- 
mental results in the phase and amplitudes of the 
deviations. 

The proposed model for the surface potential barrier 
is discussed in Sec. IT. In Sec. III the details for the 
calculation of « are given. The parameter \ and the 


8S. C. Miller and R. H. Good, Phys. Rev. 91, 174 (1953). 

*C. Herring, in Metal Interfaces (American Society for Metals, 
Cleveland, 1952), pp. 1-19. 

0 J. Bardeen, Phys. Rev. 49, 653 (1936). 

"R. G. Sachs and D. L. Dexter, J. Appl. Phys. 21, 1304 (1950). 
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correction to the phase factor 6, defined in JI and JII, 
are derived in Sec. IV. The energy-averaging of the 
transmission coefficient is performed in Sec. V and the 
deviation terms are derived in Sec. VI. A discussion of 
the results is given in Sec. VII. 


II. MODEL FOR THE SURFACE 
POTENTIAL BARRIER 


When an electron is at large distances from the 
surface of a metal, the dominant long-range force 
exerted on it is due to the induced mirror-image charge 
on the metal, but within a distance of a few angstroms 
from the surface the short-range potential fields which 
the electron encounters can no longer be represented 
by the classical image force. Several theoretical at- 
tempts” have been made to determine the charge 
distribution at the surface of a metal, from which one 
could then obtain the form of the short-range potential 
field. Two methods which have been used most fre- 
quently are the Fermi-Thomas statistical model of a 
metal and the more refined wave-mechanical treatment. 
Bardeen" has made the most rigorous quantum treat- 
ment and the qualitative features of his results have 
general application. By including exchange-correlation 
effects Bardeen finds a one-dimensional effective poten- 
tial asymptotic to the image potential at large distances 
outside the surface and approaching a constant value 
inside the metal. The electronic charge density which 
he calculates has a maximum just beneath the surface 
resulting in a corresponding shallow minimum in the 
potential function. Thus the effective potential obtained 
by Bardeen has the correct asymptotic form and the 
properties that (1) it keeps the force on the electron 
finite near the surface, and (2) it exhibits a potential 
minimum in the surface region. The solid curve in Fig. 1 
describes the Bardeen-type potential. 








| 


Fic. 1. Behavior of the electronic potential energy function in 
the neighborhood of a metal surface according to: (i) simple 
classical image-force theory, (ii) the image-force with the Sachs 
Dexter correction term, and (iii) the Bardeen-Herring effective 
potential. 


2 See reference 2, Chap. IV, p. 228 
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Fic. 2. Proposed model for the potential energy barrier of an 
electron near the surface of a metal (not drawn to scale). An 
electron escaping from the metal with total energy W=V (x) +e 
passes through the constant potential region I and into the surface 
reflection region II. Beyond II, the electron moves in the pre- 
dominantly mirror-image nonreflecting potential of region III, 
and then into the region of the barrier maximum, By, where elec 
trons having small energy, ¢, can suffer reflection. As in JI and 
JII, the potential in By, is approximated by the parabolic potential 
V,, shown by the dashed curve. The potential in II is joined to 
—W, and V, at x, and x2 (here, asin JII, x2 is taken equal to x) 


Sachs and Dexter have treated the problem of the 
quantum limits of the electrostatic image force theory. 
They obtain a correction term A,E- which gives the 
order-of-magnitude deviation from the classical image 
formula due to purely quantum-mechanical effects in 
the metal. This first-order correction to the interaction 
energy is of the form xtx~'|W(x)|, where x is the 
distance of the electron from the surface, W(x) is the 
classical image force energy, and x! is a parameter 
depending on the properties of the metal. When «? is 
positive, the resulting potential energy function exhibits 
the correct behavior as it approaches the surface, i.e., 
the force on the electron becomes less than the classical 
image force. The form of the Sachs-Dexter potential is 
given by the dashed curve in Fig. 1. Although Sachs 
and Dexter formally set up an equation which in theory 
would allow one to compute the potential function 
continuously through the surface and into the metal, 
the final expression they obtain is only applicable out- 
side the surface because of the approximations which 
must be used in the derivation. 

These considerations have led to the following choice 
for the effective potential energy function in the region 
outside the metal: 


V (x) = —e? (4x) + ne? (40°) 1— eF x, (1) 


where —e is the value of the electronic charge and F is 
the electric field strength. The parameter 7 in the 
correction term would be expected to depend upon the 
surface properties of the metal. V(x) must be made to 
join the constant electrostatic potential energy —W, 
inside the metal. 

Near the surface the contribution to the potential 
due to the field term can be neglected. The continuity 
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of V(x) and —W, then gives the equation for finding 
the join point: 


%.= 4a {1+[1—4n(x,)}}, (2) 


where x; is e*(4W,)"'. Note that x, as defined here 
would have been the join point of the classical image 
potential and —W,. The resulting model for the 
potential is shown in Fig. 2. 

It is realized that the addition of a simple /2x* term 
will not yield the correct potential in the immediate 
neighborhood of the surface. However, when the nega- 
tive sign is chosen in (2) there are introduced the two 
relevant features of the Bardeen analysis, the finite 
force on the electron and a potential minimum in the 
surface region. 

If we restrict » to positive real values, then from 
Eq. (1) we have 

O<n<in. (3) 


Values of »~0 introduce a physically implausible 
potential and in the limit V(x) reduces to the usual 
image-force model. By choosing nS{«1, the Sachs- 
Dexter type correction term yields a total potential in 
general qualitative agreement with the Bardeen 
potential. 

Moreover, the larger value of 7 is indicated on a 
physical basis by the computation Sachs and Dexter 
make for A,E. Their result for a point-charge inter- 
action is 

A, E=const«!x'| W(x)), (4) 


where «! is evaluated by applying a Fermi-Thomas 
statistical model to the metal electrons. The values of 
[constx! ], which should correspond to n, are computed 
in the Sachs-Dexter approximation to be ~0.41X10~* 
cm for the three metals tungsten, tantalum, and 
molybdenum. However, values as high as this render 
impossible the joining of the external potential to W,. 
The highest allowed values we can choose for » and 
join the potentials are 7S {x1. This makes »~0.09X 10-8 
cm for W, Ta, and Mo. 

There is an additional argument which tends to 
justify the larger value of the parameter 7. The depth 
of the potential well is related to » by the equation 


Vn=—%1(4n) "Wa, (5) 


where V,, is the value of V («) at the potential minimum. 
From the calculations of Bardeen’ or of Juretschke™ 
one can find the approximate value of V,, for a mono- 
valent metal like sodium. For V,, they obtain about 
1.1 Wa, and the corresponding value of » would be 
~j2). Even if the well depth is varied from 1.1 W, to 
1.3 Wa, the value of 7 is very nearly the same. These 
small variations in 7 do not significantly change any 
final results in the computations in this paper. 


13H. J. Juretschke, Phys. Rev. 92, 1140 (1953). 
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III. DISCUSSION OF THE PARAMETER u 
A. Derivation of u 


The calculation of » proceeds from the following 
assignment for the potential in the vicinity of the 
surface (see Fig. 2). The zero of V(x), when F=0, is 
taken at x=. 

I. The potential to the left of the join point x, is a 
constant: 

X< HX. (6) 


V=—-W, for 


II. The potential in the region of the minimum is 
considered to be independent of applied field: 


V (x) — (40)! ne? (407)! for as<a<a. = (7) 


where x2 denotes the beginning of a region in which the 
probability of electron reflection is small. 
III. To the right of x2 the potential is 


V (a) = —e? (4x)! + ne? (40°) 1 — eF x xe<x. (8) 


In region I we take the plane wave solutions of the 
Schrédinger equation to be 


v= e'**-++- ue dai (9) 


for 


with time factor e~‘*'. Since the total energy W of a 
thermal electron taking part in the emission process 
is small compared to W,, the wave number «= 
h[2m(W+W.,) }! is very nearly h-'L2mW, }. 

For the potential in region II, the wave equation 
becomes: 


Py /dx?+ 2mhW +e (4x)—!— ne’ (42°) W=0. (10) 


9 


Setting o?= —2mhW, \*= 2me’h~, and introducing the 
change of variable p= 20x, we now obtain (10) in the 


form 
dy i vv 
; ie cole, auamnions b- . 
dp’ 4 8cp 4p’ 
This equation is identically Whittaker’s equation," 


dy 1 k }—m? 
se feet gee 


dp* SP. K 


(11) 


with k= —\?(8o)! and m=+4[1+nd? }!. The solution 
of (11) is 
vu =b,M, im t+ boM;, my 


where Mi, are the Whittaker confluent hyper- 


geometric functions“ 
Mi. im=p**"e hp 


oe I (142m) (n+$+m—k) . 
fe NL an 
n= (4-+m—k)(n+2+m)0 (n+1) 


To the right of x, and extending to a distance of «(¢) 


4 T.N. Sneddon, Special Functions of Mathematical Physics and 
Chemistry (Interscience Publishers, Inc., New York, 1956), p. 34. 
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to the left of the barrier maximum, the WKB approxi- 
mation is assumed valid. In this region, the general 
solution is a first-order WKB wave 


Yur=ap4 exp f pee] 
z0 
+cop exo] ~i f pee (13) 
z0 
with 
p(x) = {2mh? LW +e (4x)~!— ne? (4a) 1+-eF x J}. 


In the computation for u only the transmitted wave, 
the first term on the right of (13), is used. 

The continuity of the wave functions and their 
derivatives at the join points x, and x2 yield four 
equations for determining the constants y, )j, b2, and ¢;: 


(14) 
(15) 


e's-+-e 1x7s—= b,M,+ boM so, 
ix[ e'**— pe : iste] = b,M1'+).M_’, 


bM3+b.My=caipr } ep(if pat), 


b,M;/+).M,’ 
=ciLips'—3pr"py’ | 


xexp(if pit). (17) 


To facilitate our work we have introduced the simplify- 
ing notation 


(16) 


M.=M,. m at 
M.,=Mi.-» at 


M [= My. Lom and %_= (20) lps, 


M;=Mi.im and X= (20)~'po, 
and p.=p(x2), hereafter written simply as p. The 
prime denotes differentiation with respect to the argu- 
ment of the function, and explicitly the derivatives of 
the M functions are 


M' m= C—43+07 ($m) |Mi smtp P2"e-¥" 
r P(1+2m)C (n+3+m-— k) 


x~>° —_—- mms 
n= °(—3-+m—k)T (n+2+2m)I (n) 


n 


Solving (14)-(17) for u, we obtain 


fe+fe 


ae eee | 
p= erinte “ ‘ 


where 
fi= pel MoM 3— MM, ]—giM1'+g2M2’, 
fo= pLMi'Mi— MM 3 ]+«g2Me—g1M 1], 
£1= pel MoM3— MM, ]+¢iM)'—g2My’, 
f= pl M2'M3— M1'M4]+«g2.M2— 21M], 
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(19¢) 
(19d) 


gi=(p'/2p) Mit My, 
£2>= (p’ 2p)M;3+M;’. 


Following JI, Sec. II, and JII, Sec. II, we shall 
employ two complex transmission coefficients in the 
surface reflection region, where the latter is to be 
treated as an isolated reflector. The arguments of these 
coefficients are necessary for computing the phase 
accumulation of an electron wave making forward and 
backward transits of this region. Referring to (9) and 
(13) for notation, we define a forward transmission 
coefficient 


Tr=c, (c2=0), 


and a reverse transmission coefficient 
Tr= (u/C2). 
From (14)—(17) we readily obtain 
be 2«p'W (Ms3;M4)(fo+ifi) 
7 p=e'*tseri- 7 
fP+f? 


72 
xexr| —i f pte}, (20) 
z0 


where f; and f2 are given by (19a) and (19b) respectively 
and W is the Wronskian, 


W ( M; -M 4) as M;M,'— M.M,’. 





(21) 


Upon using the appropriate wave functions in regions 
I and III and proceeding in similar fashion as for u and 
Tr, the reverse transmission coefficient is found to be 


— 2WE-Y2+i¥i] oo 
Fst gO cinnamon exp| —i f p(eae] 
Y/°+Y-? 


x 
where 
Y,=—kphyst dp tp'yot pty, 
V2= 3p 'p'ys—xp yet pin, 
W=W(M,;M)), 
yi=M;M.'—M1'M,, 
yo=M/M,'—MyMy, 
y= MM .—-MM,, 
ys=M2M;'—M,M 4. 


B. Numerical Evaluation of u 


The rapid convergence of the series solutions in (12) 
and (18) makes the numerical computation of « from 
the Whittaker functions feasible. As a general check, a 
lengthier Runge-Kutta numerical integration of (11) 
was performed to obtain two solutions, say y; and y»2 
and their first derivatives. Then since the M’s are 
linear combinations of the y functions, we have the 
following set of equations to determine the M’s at x if 
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their boundary values are known at x;: 
M (x)=ayi tbo, (22) 
M'(x)=ayr'+by’. (23) 


For a given value of 7 and W,, the series solutions for 
the M’s differed by ~ 1% from those calculated by (22) 
and (23). The “internal” consistency of the solutions 
obtained by both methods was checked by noting that 
the Wronskian for any two independent solutions of 
(11) is a constant. 


IV. CALCULATION OF 2 AND 6 
The discussion in this section will follow the notation 
and formalism of Sec. II, JII. In Sec. IV and all subse- 
quent analysis, we shall use atomic units, i.e., distances 
are in units of the first Bohr radius [a@o= (me?)h? 
=().529 A] and energy in units of the hydrogen ioniza- 
tion potential [W y= (2h?)me'= 13.58 ev ]. 
It has previously been shown? that the transmission 
coefficient for the total potential barrier may be 
written in the following form: 


D=1—R=1—|(A+pm)(1+Au*)|2*Do 
+D,+D., (24a) 

where 

Do=1—|AI?, 

Dy=— |w|?L(1—]A|?)?—2]A]2(1— |A|*) cos2e J, 


Ds=2|u| |d| (1— ||?) cose, 


(24b) 
(24c) 
(24d) 


o=arg\—argut+f, (24e) 


A=Ace*@reTrtareTR) | (25) 


Xo is defined, as in JII, as the reflection coefficient to be 
attributed to the region By considered as an isolated 
reflector. The expansion on D is made with the assump- 
tion that |u/<1. 

To calculate Xo the following model for the potential 
is assumed: In region III, where V(x) is given by (8), 
the WKB approximation, Eq. (13), is used. In the 
neighborhood of the barrier maximum, the parabolic 
approximation to the potential is assumed valid: 


V= V ,(x) =—Xo re (22°) l(x— Xo)", 
a(f)<xK2a(—-f). 
The corresponding wave function, ¥,, is given in JII. 


The formal calculation for \o has been done else- 
where*® so only the final result is given here: 


Ao= (ce ‘¢) = (1+ *8*)-4 


x(f) 
xexp|iTC+in(g) Bet 4e+2 f coder, (26) 


where now, however, 
kp=[e+ (xo—x)?(2x xe?) 


—n(x)~!(ao— x)? (2x ae?) +n (xo— x) (3x02). (27) 
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The expression for o given in Eq. (7a) of JII remains 
unchanged except that xg is given by (27). 

To evaluate the integral term in (26), we proceed, 
as in JII, by first expanding xg about «=0. To terms 
of first-order in € Eq. (26) becomes 


KB—kot €(2ko) 1+ SKop— €p(4ko) ¥ (28) 
where 
p= —n(x)7!+ 2nx x01 (xo— x), 


Ko= Ko(X)= = KR = ==()). 


Then, using the approximations (28) and «<x, 


z(t) 
2f kpdx~y— (8x)!— 
re 


— [4+ 1n(¢?) —Iny—1n12 j8e—4n(8x2) 


+nf[4+1n(¢?)—Iny—In12 ]8e+4nBe. (29) 


In obtaining (29), the quantity «(¢)!, defined in Eq. 
(Sb) of sei has been approximated by 
a (fall 1 — (2x9) 128! (8a?) 778 J. 


Substituting (28) in Eq. (7a) of JII, and letting 
a= |Be , one obtains 

o=o0 +8'a, (30a) 
where 
(30b) 
(30c) 


(30d) 


oo = (y+n/2)—38', 
5’ = A+ (8x2)!+ (6—’) +4n(8x2)4, 
g’=C—(1—n) (4—Iny—1n12)+n[In(@?)+ 4]. 


The quantities ¢ and A are still conveniently found 
from Eqs. (3a) and (3b) of JII. However, ¢’ is now 
determined by the relation 


2 
arg] p+argTr=2+¢'—2A— of kpdx, (31) 
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V. ENERGY AVERAGING OF THE 
TRANSMISSION COEFFICIENT 


The discussion in this section will be restricted to 
the thermionic Schottky deviations. The transmission 
coefficient given in Eq. (24) can be expressed as a 
function of the field and energy by substituting the 
values of Ao and w from Eqs. (26), (19), Eqs. (3) and 
(4) of JII, and (30) into (24). The average transmission 
coefficient (D(F))x is then found by summing D(F,W) 
over a Maxwellian distribution of energies. The 
average of each term, D,, in Eqs. (24a)—(24d) is 
defined, in analogy with Eq. (20) of JI, as 


(Di) w= (f Dux(a)Ns(a)da 


+f D,—(a)N- da) / fv 


+(a)da. 
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—) signs correspond to the quantities 
range e>O and €<0, 


The (+) and ( 
evaluated for the 
respectively. 

After expanding |A| as in JI, Do, Dig(m), Dig(p) 
and D»,, defined in JI, are more conveniently expressed 
by (18a), (18b), (18c), and (18d) of JII, except that 
oy and g’ are given by Eq. (30). The functions V,. are 
the Boltzmann factors 


energy 


NV, (a) =eF?*Ba, (32) 
+ 


where B= (2x8kT)™! 

The result of computing the average of Do is given 
in Eq. (10a) of JI. Assuming the high-temperature 
approximation discussed in JI and discarding all terms 
in (10a) smaller than |u| B or B, one obtains 


(Do)w= 1+ (xB)?/6, (33) 


which differs slightly from Eq. (17b) of JI. The average 
of the periodic term D, is the same as Eq. (17c) of JI. 
In averaging the important periodic term, Ds, certain 
approximations were used by the authors of JI and JII. 
We have carried out the averaging process for D, 
without introducing similar approximations and have 
obtained somewhat different results. Upon inserting 
(32) into (31), replacing the denominator by (27B)"", 
and setting 
I'(n+}) 
Do, =2| pu s (—1)"— - cos(ao' +g’a)e~™*, 
n=) r(3)C(n+1) 


I'(n+3) 
o_=2| p| > (—1)"»—————_ cos(a'— g’a)e™, 
n=) $ (jr (n+1) 
the expression for (D2), becomes 


’ 3 


xo n+ ) 
(D2)w=4rB|y| 3) (—1)"— 


ah te). (30 
n=O I'(n+1)T(3) 


where 


ro | e7%* cos(ao’+g’a)da for e>0, (35) 


Ky= f e~'2 cos(a9’—g’a)da for «<0, (36) 


0 


e>0, (37) 


(38) 


a@,=2r(n+3+B) for 
b,=2r(m+1-—B) for €<0. 


When the integrals are evaluated, (34) becomes 


D(n+3 2) 
(Ds) n= 41 | ulB> (—1)"»— : 
n=0 F (n-+41)P( 2) 
(1+G6,2)7+0,7(14+-J,2) 
J nbn (1+J,2)— singo’ }}. 


X {La 1} cosa’ 
+[Gran 1(1+G,?)7— 
In (34), G, and J, are defined by 


Gr=g'/an, J n=g'/bn. 
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Since the factor g’ is a function of the applied field, 
the summation in (39) must be performed for different 
values of g’ and a relation developed for (D2) of the 
form 
(D2)w= 4a |u| Bhs(y) cosloo’+fs(y) J. (40) 
From (30d) it is seen that g’ varies slowly with ¢. 
Therefore it is adequate to choose a mean value of ¢ for 
all computations. For a characteristic field, say 
F=~10° volt cm™, the parabolic approximation to the 
potential V,, was compared to the true potential V (x). 
The choice of ¢ was determined by finding where V, 
differed from V(x) by 1%. 

If the limiting values of field are 10° volt cm™ to 
2X 10° volt cm™, then g’ lies between 4.47 and 2.82. 
Numerical computations for determining f;(y) and 
fs(y) were made for four g’ values. To facilitate the 
evaluation of (39), the summation was broken up into 
three ranges within which appropriate approximations 
were applied: 

a) N’ nN” oo 


LP Te ee ae 


m= n=O n=N’'+1 n=N''+1 


(41) 


where for the computations V’ and V” were taken to 
be 25 and 45, respectively. For the first V’ terms, the 
only approximation is to neglect B in a, and b, when 
the index n>5. Since B<0.1 for T>1000°K and 
F=10* volt cm™, this results in an error of less than 
1% in each term of the first sum. 

In the range of » covered by the second sum on the 
right of (41), both G, and J, are much less than unity. 
Therefore this sum contributes a value independent 


T'(n+3) 
(—1)"»—————_[a, 1+," ] cosa’. 
l(n+1)r(3) 


The coefficient of singy’ can be neglected with an error 
of less than 1%. 

In the last sum on the right side of (41) the values 
of m are such that a,b, and the Sterling approxima- 
tion to the gamma function, 


T'(n)=(2r)'e-"n* 4, 
is valid. This sum then becomes 


2a tet > 


n=N’/+1 


(—1)"n-. 


The summation in (42) can be rewritten as 


(43) 


E (Ln +2/}4-[nt +1}, 


where is now equal to V”+1. If m is taken large 
enough, then the term in curly brackets can be con- 
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sidered as equal to 


d 
(Pn F2jHY=2fnt-jH. (44) 


dj 


Inserting (44) into (43) and assuming a continuous 
distribution on j, one obtains 


4 f (n+27)-'dj. 


+1 0 


© 
) 
=N’’ 


n 


The contribution of the final term of (41) is, therefore, 


w 


YS Sr tet(N"+1)4. 


n=N''+1 


(45) 


When the summations are carried out it is found that 
the functions f;(y) and f(y) can be represented by the 
equations 
(46a) 


(46b) 


fs (y \=4.4y 0 3 
faly)2Z0.226y", 


Since fs(y) varies by less than 0.1 of a radian over the 
entire range of F, it can be replaced by its average 
value. Upon using (46a) and (f4(y))w, the final average 
for Dz is 


(D2) w2Z17.6ry~°>| w| B cos(ao'+0.4). (47) 


If we let (D(0))y=1— ||? be the zero-field transmis- 
sion coefficient, then the averaged total transmission 
coefficient can be written as 


(D) = (D(0)) w+ (D(B))w, (48) 


where 


(D(B)) w=? (B)?+17.6ry~*| w| B cos(oo’+0.4). (49) 


VI. THERMIONIC SCHOTTKY DEVIATIONS 


To calculate the monotonic and periodic deviation 
terms, Ff; and F2, we substitute (48) into the current 
density formula for Schottky emission: 


j=A(D(F))T? expl—(e—F') (kT) 1], 


where ¢ is the thermionic work function for F=0, and 
A=4rmk’eh-*. Then, letting jo be the zero-field current 
density and taking the logarithm of j/jo, we obtain 


In(j/jo) —mF§=In[ (D(F))w/(D(0)) m0] 
=In{(1— |u|?+§(rB)?+(De)w JLI— [a]? PY 
=F\+F., (50) 
where m= the Schottky slope= (k7)~' and the terms on 
the right side of (50) constitute the deviations from the 
simple Schottky theory. By expanding the denominator 
in (50), retaining only second-order terms and making 
the approximation In(1+«)&x in the resulting ex- 
pression, Eq. (50) becomes 


In(j/jo) —mP*3 (4B)?+(De)w=FitFs. (51) 
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Then, substituting (47) and (30b) into (51), inserting 
numerical values for B, and changing to the common 
logarithm, we obtain the final expressions for the 
deviation terms for the thermionic Schottky effect: 

(52) 


F = 4.0X10T2y-6, 


F.&4.6X10°y337— | uw) cos(yt+3a—6'+0.4). (53) 
The small nonperiodic term F is identical in its 
dependence on field and temperature with the expres- 
sions obtained by Juenker* and Miller and Good® and 
differs only in a numerical factor from their results. 
Since the monotonic deviations have not been con- 
clusively observed, the theory is compared with the 
experimentally observed periodic term F2. For purposes 
of comparison the periodic term F2 found in the previous 
theories are given here: 
(54) 


(F2)7=4.9X 105 im i i ly 3.3 cos(y+4r—5+0.6), 


(Fo) wg=4.6X 10° KM ‘Z ly 3.2 

Xcos(y+3a+argut+é), (55) 
where 6 is a phase factor which varies very slowly with 
the applied field. If the model for calculating u is left 
unspecified, then (53), (54), and (55) are almost 
identical in form. 

The theoretically predicted field-dependent factors in 
the amplitude and period of the periodic deviations 
have very good experimental confirmation. But the 
amplitude and phase are also functions of wu, and when 
the model for the surface potential barrier is specified as 
the conventional image force with discontinuous slope, 
the predicted phase of the deviations differ from the 
observed phase by about 2/4. Moreover, there is lack 
of agreement between theory and experiment in the 
amplitude of the periodic deviations. This is illustrated 
in Fig. 3(a) where (54) and (55), with T=1500°K, 
W.= 10 ev, andy determined by this model, are compared 
with the available experimental data for the refractory 
metals. (The results of the two expressions are practi- 
cally indistinguishable and are plotted as a single 
curve.) By way of comparison, in Fig. 3(b), the present 
theory based on the potential of Fig. 2 and with the 
parameter 7 equal to (;°¢)«1, is compared with the same 
experimental curves. 


VII. DISCUSSION AND CONCLUSIONS 


It has already been noted that the terms |u| and 6 
are determined by the form of the potential at the 
surface of the metal. Since these parameters can be 
empirically determined from the amplitude and the 
location of the maxima and minima of the experiment- 
ally measured deviations, comparison can be made with 
the values of these terms predicted from theory. In 
Table I we have summarized the measured values of 
the parameters, those calculated for the simple image- 
force model, and those given by the present theory. 
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Fic. 3. Comparison of the experimental and theoretical Schottky 
deviations F, as a function of y=357.1 F-? (F in volt cm™). The 
solid lines represent the theoretical curves for T=1500°K and 
W,=10 ev: in Fig. 3(a) according to the simple image-force 
model employed in JI, JII and by Miller and Good; in Fig. 3(b) 
for the model used in the present theory. Smooth curves have 
been drawn through the experimental points. For tungsten, the 
experimental data exhibited a bad patch break in the F!100-300 
region and only the half-cycle curve in Fig. 3 could be used with 
assurance. References: tungsten, A. L. Houde, Ph.D. dissertation, 
University of Notre Dame, 1952 (unpublished); tantalum, 
reference 3, Fig. 3; molybdenum, G. A. Haas and E. A. Goomes, 
Phys. Rev. 100, 640 (1955). 


The data for |) exp and (éx,) are quite similar for 
all three metals and, as may be noted from Fig. 3, 
within experimental error the deviations for the three 
are almost indistinguishable. This is not surprising 
when one considers that tungsten, tantalum, and 
molybdenum are all b.c.c. lattices with similar surface 
structure on corresponding crystal faces and hence 
have about the same electron-emission properties. It is 
then questionable whether, in the framework of existing 
theory, the apparent experimental differences between 
the three are significant enough to be considered at 
present. Moreover, when these parameters are com- 
puted for the box model (see lines 3 and 5, Table I), 
the values obtained using the three different W’,’s are 
practically equal and a single mean value of each of 
the parameters could equally well be used for all three 
emitters (see last column, Table I). This is also true 
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TaBLe I. Summary of the values of the surface parameter | u 
and the phase factor 6 as determined from the experimental 
Schottky deviations and computed for the different surface 
potentials. The experimental values are taken from Table I of 
JI and Table I of JII. The single dagger denotes the theoretical 
calculations for the box model [JI, JIL], and the double dagger 
the values of |u| and 4’ computed from Eqs. (19) and (30a) of 
the present theory. Most probable value of dexp for molybdenum 

is indicated by an asterisk. 


Tungsten Tantalum 


9.3 ev 


Molybdenum 


“10.2 ev 
0.30-0.42 


Mean value 


Wa 10.3 ev 
0.39-0.46 0.39-0.45 
0.22 0.21 0.22 0.22 
2.1 -2.3 1.9 -2.2 2.8 -2.3* 2.2 
3.8 3.7 3.7 
0.61 0.61 0.6 


| tlexp ~0.4 
| | cat 
(Sexp) 

Seat 3.6 
lwlcaitt 0.61 


cai’ tt 2.6 2.6 2.6 


for the present theory where one value of |} ca: and 
5’cai Calculated for W,=10 ev, suffices for all three 
metals. We shall correspondingly take a single mean 
experimental value for |u| and for 6 with which to 
compare the theoretical results. 

The surface potential proposed in the present theory 
yields good agreement in the observed and predicted 
phase term 6. There is also improved agreement 
between theory and experiment in the surface parameter 

u|. The seemingly high values of (uv /.x, found from 
the periodic deviations have always been regarded 
with suspicion because they disagreed with the pre- 
dictions of the Nordheim'®-MacColl'*® and Miller-Good® 
calculations of the reflection coefficients for a one- 
dimensional image-force potential. Juenker* has sug- 
gested that local effects, such as patches, surface 
irregularities, and contaminations, would produce low 
rather than high apparent values of |! exp. On the 
other hand, some recent experimental results on the 


6 T, Nordheim, Proc. Roy. Soc. (London) A121, 626 (1928). 
16 L.A. MacColl, Phys. Rev. 56, 699 (1939). 
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elastic reflection of slow electrons from carefully cleaned 
metals are in marked disagreement with the previously 
mentioned theories. In particular, for electron energies 
of the order of the work function of the metals, the 
values of |u|? for tungsten’? and molybdenum'® were 
found to be $0.25 and 0.18, respectively—values con- 
sistent with results from the periodic deviations. 

Thus the analysis, even if restricted to a one- 
dimensional potential approximation, can yield satis- 
factory agreement with experiment when the simple 
image-force law is modified in a manner suggested by 
quantum mechanical considerations. Certain improve- 
ments in the procedure might suggest themselves, such 
as smoothing the derivative of the potential at the join 
with W, and correcting for the approximation | u|*<1." 
Moreover, it is realized that the shape of our potential 
minimum, selected for mathematical convenience, 
should probably be somewhat broader and shallower. 
However, in the present state of the theory such 
second-order corrections seem to be unwarranted. 
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A classical and quantum mechanical derivation of cyclotron resonance in metals is given. The classical 
result differs slightly from that obtained by Azbel and Kaner. The quantum derivation yields the same result 
as the classical calculation except that in the limit of low quantum numbers or high magnetic fields a de Haas- 
van Alphen type of variation of the surface impedance occurs rather than the resonance behavior. 


I. INTRODUCTION 


IPPARD' has indicated the importance of micro- 

wave surface impedance measurements for obtain- 
ing information concerning the electronic energy band 
structure in metals. When the electron mean free path 
is much greater than the skin depth, the collision term 
can be neglected in the transport calculation, and 
measurements can be interpreted directly in terms of 
the anisotropy of the Fermi surface. By measuring 
anisotropies in the surface impedance in the anomalous 
skin effect region, Pippard' has given a detailed picture 
of the Fermi surface in copper. Azbel and Kaner? 
suggested that the application of a dc magnetic field 
parallel to the surface of the metal and to the ac electric 
field should yield a periodic variation of the surface 
impedance, 7(0), from which one can determine an 
average effective mass for electrons at the Fermi sur- 
face. The derivation of the Azbel and Kaner result in 
terms of Pippard’s ‘‘ineffectiveness” concept has been 
given by Heine.’ An effect like that which Azbel and 
Kaner predicted was first observed by Fawcett‘ in 
samples of tin and copper, and later in tin by Kip ef al.® 
with better resolution of the resonance lines. 

Past theoretical treatments of the skin effect in a 
magnetic field are not quite satisfactory for the follow- 
ing reasons. One might suspect that a periodicity of 
Z(0) should occur in any metal showing a de Haas- 
van Alphen effect, as electronic transport processes like 
the Hall effect and the magnetoresistance are affected 
by the quantization of the electronic levels and show de 
Haas-van Alphen periods in high magnetic fields. The 
quantum transport treatment enables one to show that 
at high magnetic fields, i.e., at fields where de Haas- 


* This research was sponsored by the Office of Ordnance Re- 
search, United States Army. It is based in part upon material in a 
dissertation submitted by D.M. in partial fulfillment of the re- 
quirements for the Ph.D. degree at the University of Illinois. 
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1A. B. Pippard, Trans. Roy. Soc. (London) A250, 325 (1957). 

2M. Ia. Azbel and E. A. Kaner, J. Exptl. Theoret. Phys. 

J.8.S.R.) 30, 811 (1956) [translation: Soviet Phys. JETP 3, 

2 (1956) ]. 

3 V. Heine, Phys. Rev. 107, 431 (1957). 

4E. Fawcett; Phys. Rev. 103, 1582 (1956). 

5 Kip, Langenberg, Rosenblum, and Wagoner, Phys. Rev. 108, 
494 (1957). 


van Alphen periods are observed in the susceptibility, 
the cyclotron resonance data are not easily inter- 
pretable, as the de Haas-van Alphen periods dominate. 
Secondly, Azbel and Kaner solve a Boltzmann equa- 
tion, the validity of which is questionable at high mag- 
netic fields, i.e., fields such that w.7>1 where w.= eH o/ 
mc and 7 if the relaxation time. Argyres® has shown that 
one predicts appreciably different results for the mag- 
netoresistance in the region w,.7>1 by a quantum- 
mechanical calculation as opposed to a solution of the 
Boltzmann transport equation. 

Section II of this paper contains the solution to the 
Boltzmann equation for a simple parabolic energy band 
and the assumption that a relaxation time exists. This 
case can be solved exactly. The result differs slightly 
from that obtained by Azbel and Kaner. In Sec. III 
the quantum mechanical problem is formulated and in 
Sec. IV application is made to anomalous skin effect 
problems. The result for the skin effect without applied 
magnetic fields is precisely the same as that obtained by 
the solution of the Boltzmann equation. A detailed 
quantum mechanical treatment of anomalous skin 
effects with applications to superconductors will be 
given in a paper by Mattis and Bardeen.’ Section IV also 
makes the application of the results obtained in Sec. III 
to the longitudinal and transverse cyclotron resonance 
problem. The resonance result is the same as that ob- 
tained in Sec. II for the longitudinal case, provided 
hiw~hw <r, where Sp is the Fermi energy of the 
metal and w the applied rf field angular velocity. The 
case, hw<tw.~ &» shows a de Haas-van Alphen type of 
periodicity. The case tw~hw.~ &r is quite complex, 
and in this region one must be quite cautious in inter- 
preting the resonance data. 


II. CLASSICAL TREATMENT OF LONGITUDINAL 
CYCLOTRON RESONANCE 


The problem is solved first by means of the Boltz- 
mann equation, which serves to introduce the means 
of handling the specular reflection boundary condition 


6 P. N. Argyres, Phys. Rev. 109, 1115 (1958). 
7D. Mattis and J. Bardeen, Phys. Rev. 111, 412 (1958), follow- 
ing paper. 
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Fic. 1. Coordinate system and configuration of electric and 
magnetic fields for longitudinal cyclotron resonance. The xy plane 
is the surface of the metal which occupies the space for z>0. 


calculation will assume. The diffuse reflection case, 
though favored by experimental results, does not seem 
to give appreciably different results from the case 
treated here, and the mathematical simplicity obtained 
for specular reflection is considerable. 

The field configuration and coordinate system are as 
shown in Fig. 1. The Boltzmann equation is 


0 0 
(1+iw7)df+ur sind sing—df+w.r—#éf 
02 


0¢ 
= —efy'rE(z)v cosd, (1) 


where 2, 6, ¢ are the polar coordinates in velocity space, 
the distribution function f=fot+éfe'', fo’ = 0/0/06, r is 
the relaxation time, £(z)e‘*‘ is the rf electric field which 
damps out in the metal, and w.=eHo/mc. In terms of 


3 N&E, ryt 
I,=- ——l1-ew()| J cos’ sind 
4r me, WT 0 





AND 


GS DRESSELHAUS 


the Fourier transforms 


ai 
.-(-) f e'%*6fdz, 
T 0 
} ea) 
) f eezcous 
0 


0 
| sige sind sing-+ot—[if,~ —efy'E,v7 cos, (3) 


d¢ 


Eq. (1) becomes 


where 
#=17/(1+iwr). 


Equation (3) has the solution 
a) 
df, =efo'v cosEw f dy’ exp{ (w.T) 
¢ 
XC(¢’— ¢)+iv7q sin6(cosy’—cos¢) }}. (4) 
The constant of integration has been determined by the 


boundary condition 6f,(¢+27)=6f,(¢). The Fourier 
transform of the x component of the current is given by 


I ,=2em*h fo, v'dv cosé sin6déd ¢. (S) 


The integration over the velocity is accomplished by 
use of the relation 


® fo 3 f2rh\*? 
f —v'g(v)dv= — ( ) Ng(vr), (6) 
0 ov Sr \ m 


where vy is the velocity at the Fermi surface and N is 
the electron concentration. Substituting (4) into (5) 
and making use of (6), one obtains 


2x gtir 
xf ae f dy’ exp{ (w.7)“[(¢’— ¢) +ivetq sin6(cosy’—cos¢) ]}. (7) 
0 


The change of variable 


a=3(¢'—¢), 


enables one to write (7) as 


3 N&E, ae\ 7" 7* c 0 
1,=—— 1 -ew(—)| f cos’é sin6dé f da f 
2r mw, WT 0 0 


which upon integration gives 


ook, 
I ,=?——K, (ivr74q), 
1+iwr 


B=3(¢'+¢) 


+29 
d8 exp{2(w.t)[a—ivrtq sind sing sina]}, (8) 


where oo= Ne*r/m, b=w.7, and 


- gen n 
K,( 5) =4 3 


Il -. (10) 
n=0 (2n+3)(2n+1) »=0 1+ 7b? 
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In the limit of high magnetic fields, w.7r>wr and 
w-T>1, only the n=0 term of the series is important 
and one obtains Ohm’s law 


fafee/ (1dr IE. (11) 


The case of zero magnetic field can also be handled 
easily. In this case the summation yields 


fs-onnn() 


which gives, for small s (vpgr&)1+iwr) or X/6 
“\|1+iwr|; \ is the mean free path and 6 the skin 
depth), 


' 
Ky(s) = 


K,(0)=$ (13) 


resulting once again in Ohm’s law for the current. In 
the extreme anomalous limit (vegr>>| 1+-iwr}), one has 
the asymptotic expansion 


(14) 


Kol S\~Z— ltr s, 
which yields the current 


(15) 


mv rg 


independent of the relaxation time. The asymptotic 
expansion of (10) for large sb~! (vrg/w.>1 or 7./6>1; 
r. is the cyclotron radius) is 


Ky(s)%—i(r/s) coth(r/d), (16) 


giving the current 
NéE, 1+iwr 
I,=i9 coth( x ~ ), 
MU rq WT 


which for wr>>1 shows periodic oscillations. 

Following a method outlined by Serber,® one can use 
expressions (11), (15), and (17) to obtain the surface 
impedance for the case of specular reflection in a rather 
simple manner. Maxwell’s equations give 


(17) 


@E «? 4rriw 


d? rr é 


(18) 


’ 


the Fourier transform of which is 


[—@+ (w*/c*) JEg= (4riw/c)I,. 


(19) 
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An electron which is specularly reflected from the sur- 
face will follow a trajectory after reflection which is just 
the mirror image of the trajectory which it would have 
followed if it had been allowed to cross over into the 
other half-plane. When magnetic fields are present the 
dc magnetic field must be reversed in the upper half- 
plane, as a magnetic field is an axial vector which 
reverses sign upon reflection. The problem may now be 
considered in an infinite medium if the following exten- 


sions are made: 


E(-—2)=E(z), E-qg=E,, I-¢(—we)=Iq(we). (20) 


The latter is true in (17) by virtue of the reversal of 
sign of w, for plus and minus gq. In addition, the solution 
of E vs z must show a discontinuity in the first deriva- 
tive at z=0. This is accomplished by adding the term 
2E’(0)6(z) to the right-hand side of (18) or (2/m)*E’(0) 
to the right-hand side of (19), where /’(0) = (dE/dz).—0. 
The equation relating the Fourier coefficients in which 
the boundary conditions are already contained is 


nr} 
( ) £0. (21) 
T 


This procedure is equivalent to introducing a current 
sheet on the z=0 plane of the infinite medium. The 
medium has been made infinite to account for the 
specular reflection of the electrons from the surfaces, 
after which a current sheet must be introduced at 
z=( to produce the correct boundary conditions for the 
electric field. 
The surface impedance is defined as 


4iriw 


4r E,(0) 
Z(0)=R+iX=—- “— 
Cc a (( )) Cc 


4riw E(0) 


——. (22) 
E’(0) 


The quantity (sz) is given by the inverse Fourier 
transform 


D 


E(s) = (2) ; E,e~‘%dq, 
q { 


4) 


(23) 


where E£, is obtained from (21) and the expression for 
I, obtained by a solution of the transport equation. 
The high field limit, r<<6, gives, using (11), (21), 
and (23), 


“=( oo )} —1 
& \itiors] qe. 


4rriway 
; (25) 


and the sign of the square root is such that the real part of q, is positive. This is identical to the skin effect problem 


§R. Serber (unpublished). The authors are indebted to M. H. Cohen for calling this work to their attention. 
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in the absence of a magnetic field with E(z) following the exponential law e~%*. The low-field limit, r.>>6, is ob- 
tained in a similar manner using the current expression (17). The ratio E(0)/E’(0) is 


E(0) 2 ” w 3rwoo 7 1 
=— f al 2 one | coth( — ) ; 
E'(0) rv c Curr WT 


which integrates to yield (neglecting the displacement current) 


E(0) 1 3romw\—! T 
—— = — (1- - \(- - ) tanh (tier) 
E’(0) v3 Cpt WeT 


The power absorption is proportional to the real part of the surface impedance, R, which is given by 


16rw cos[}(a+zm)] [sinh®(x/w.7) cosh®(r/w,7)+sin?(rw/w.) cos?(mw/w,) ' 
__ pasinnigreth oie esse aaneeanres aaa —__—— — —— ; (28) 
332 (39a qw/cvpr)! [cos*(aw/w-) cosh?(r/w.r)+sin®(mw/w,) sinh?(r/w,7) |! 
where tana=sin(2mw/w,)[sinh(27/w-r) |". A plot of The general considerations are given briefly in this 
R for several values of the relaxation time is shown in _ section followed by an application to the anomalous 
Fig. 2. Harmonic absorption occurs and leads to de- skin effect problem in Sec. IV. 
creases in the value of R whenever w/w, is an integer. The Hamiltonian for the system will be written 


III. QUANTUM TRANSPORT 


The use of density matrix techniques in transport 
calculations has recently been reviewed by Nakajima.’ where io is time independent with eigenfunctions, ¢,, 
and eigenvalues, &,=fw,, and €5, is a time-dependent 


r= Kot €5C ly ( 29) 





ead | perturbation. The solution to the time-dependent 
problem, 
KV a= ihdV ./ dt, (30) 





is then expanded in terms of the eigenfunctions of Ho, 
namely 
Va=Din Ga(m,t) ene *n', (31) 








The a,’s satisfy the differential equation 


Gq(n,t)= (th) > aa(n’,t) (m| | n’)e~*ten'—om) (32) 


n 


or the integral equation 





a_(n,t)=da(n, — ©) 


t 
+ (ih) >a | da(n' tenn (U’)dt’, (33) 




















C2 me 





5 0 L5 20 25 
fe —___—_-» where 


Fic. 2. R’=R(16rw/3'c?) 4 (32 aqw/c*vpr)! vs w/w for wr =1 and £nn(t) = (| €5C1 (1) n’) exp[it(wn—wn’) J. (34) 
10. The first five harmonics are indicated by arrows. The funda- 
mental and first harmonic are appreciably shifted toward lower : : , 
magnetic fields. This shift remains even for longer relaxation times. By iteration of (33), one obtains 


t 
da(n,t)=da(n, —%)+(ih)" > aa(n’, —~) f £nn’(t')dt’ 


t g” 
+(ih)? > a(n”, —) f gonial f gninr(t dt’ +--+. (35) 


n’,n’! 


a 
The matrix element of the current operator is given by 


e e 
inn= -| ont(v- Ae. exp{it(wm—wn)}+C.¢. . (36) 
Cc 


2m 


*S. Nakajima, in Advances In Physics, edited by N. F. Mott (Taylor and Francis Ltd., London, 1955), Vol. 4, p. 363. 
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The total current being given by 
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[= Tr(pi) — pa m Pe 


where p is the density matrix whose matrix elements are 


1 
Pnm(t)=— Dia da(n,t)aa*(m,t). 
N 


Substitution of the perturbation expansion (35) into (38) enables one to express pnm(t) as 


t t 
Pnm(t)=pnam(— ©)+ (th) DY parm(— ©) f Zan‘ (t’)dt’— (th) > pan (— ©) f Zn'm(t’)dl’+---. (39) 


If one assumes that at ‘= — © the perturbation is turned on adiabatically and that the density matrix is diagonal, 


then 


Pam(— ©) =Snmfol Em), 


(40) 


where fo(&,,) is the Fermi function. The matrix elements of the density matrix at time ¢ are 


Pnm\ t) =6n mfo(Em)+ (th)[ fol Em) —fo( En) ] f £nm (t')dt’/+ see, 


The evaluation of the trace in (37) results in 


é e 
—— E folSs)ent( pA) eat Gt)” DX Lfo( Sn) —fo( Sm) ] 
c 


2m\ n 


n,m 


—® 


: e 
xf gon(t)dl ont p—<A) expLil(wm—wn) J+:+++e¢.c.¢. (42) 
? 


4 


It is convenient to deal with the Fourier transform of (42) which is given by 


Hq) =(2n) f eT (r)dr 


—2 


e —- 
= (2r)-i—} D> fol 8.) (nen (w p~“A'n) 
c | 


2m \ n,n’ 


+ (th) 


n,n’ n'! 


IV. QUANTUM MECHANICAL TREATMENT OF 
ANOMALOUS SKIN EFFECTS 


As a first application of the quantum mechanical 
treatment of a skin effect problem, the anomalous skin 
effect in the absence of a magnetic field is now given. 
The result is identical to that obtained by Reuter and 
Sondheimer” for the classical case provided the skin 
depth 6 is much greater than the de Broglie wavelength 
of an electron at the Fermi surface, i.e., dkr>>1, a 
condition which is satisfied for all metals in the skin 
effect region. 

The one-electron Hamiltonian for a free-electron 


1G. Reuter and E. Sondheimer, Proc, Roy. Soc. (London) 
A195, 336 (1949), 


t 
D~ Lfol( Sn ~fol6.)) f gnin(t)dt’ (n| et | n’’) 


e 
4 ("paw exp[it(wa—wn’) J+-+-+e.c.}. (43) 
c 


Ho= p?/2m. (44) 


An rf electric field in the « direction is represented by 
the vector potential 
A, = (ie*'c/2w) (e**t— e-**) E(z)i, (45) 
where i is a unit vector in the « direction; this vector 
potential builds up exponentially from ‘=— © and 
gives rise to the perturbation 
6H = (— ei /2wm)e*'(e'—e-")E(s)p,, (46) 
where the xy plane is the surface of the metal and the 
electric field is dependent on z, the depth into the metal. 
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The unperturbed problem has plane wave eigenfunctions 


x= (27) igtk-r 


and energy eigenvalues 


Ek,=hwk,=h*k2/2m. 


&y =ho,y=h*?k?/2m, 
The matrix elements required to perform the summation (43) are 


(k| e*t|k”) =3(—k+q+k”), 


| e | el 
(e" p—“A k’) =7k(k—W")~i ~ e (ete! — e—*#*)5(k,’— ky’ )5( ky’ — ky E(k,’ —k,”), 
| ¢ | 


2w(2z)! 


é 
gurx(t) =—— 


mw( 27)? 


- exp{ it (wy — wx —7a)} : (e*'—e-*")hk.5(k,—k,')b(ky— ky )E(k.—k,’). 


24 
Substitution into (43) yields 


T,(q)=1,(q)=0, 
‘+ + é ih 
1-(@)=—2(—) hin 6(q2)6(qy) E(q:)e** i(e*'—e¢ —_ > fo( 6x) +— k2[ fo( Sk —a2) —fo( x) J 
k 


2rJ 4mw m k 


X [eit (wth Sk. -a2— hE — 1a) — € "( —w +h Ek, -~¢.—h & — ia) He tee], (52) 


where a factor of two is inserted to account for the sum over electron spin. If one assumes ¢.<kr, i.e., d>>de Broglie 
wavelength of an electron at the Fermi surface, then the integration over & results in 


Ne 
(53) 


; : t — ™ UFqz Urqz 
I ,(q) = 2%6(qz)5(qy)3t—E (q.)e**} § e**'Ko| ——— }—e “KA - ) . 
mw w—ta wtia 


where N is the electron concentration, vr is the Fermi velocity, and Ko(s) is given by Eq. (12). To obtain the 
conductivity, recall that the electric field is given by 


1 0A, w—1a wtia 
= --— =serx(9| (- ‘Jews (“ ‘)e “i 
c Ot w w 


(54) 


If one assumes a time dependence e*“‘, then (53) and 
(54) imply a complex conductivity 


Urqz 
w—ta 


which is identical to (9) for zero magnetic field where 
the relaxation time r is identified with a. 

Thus, provided 6k->>1, the quantum calculation gives 
precisely the same result as the solution of the Boltz- 
mann equation for the skin effect in the absence of a 
magnetic field. 

The skin effect problem for a dc magnetic field, Ho, 
parallel to the surface which has been treated classically 
in Sec. II can be solved quantum mechanically by 
using the expressions developed in Sec. III. The quan- 


Né 
o=j— 
m1(w—12a) 


tum problem gives the same results as the classical 
calculation; however, one now sees clearly the limits 
of validity for the expressions developed and hence 


under what conditions the interpretation of the experi- 


mental results by means of the Boltzmann equation is 
in question, 

The vector potential for the dc magnetic field is 
chosen as 


Ay=yHo(0,0,1), (56) 


and the unperturbed Hamiltonian 


e 2 
aco ( p- Av) / 2m, 
5 


which has eigenvalues 
En kr=hw.(n+3)+h?k,2/2m, 
and eigenfunctions 


On, kzke = (2m) - exp{ i(kX+k,2)}bn(y+*k,), (59) 
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where 
\?=h/mw, 


and ¢,(y) is the normalized harmonic oscillator wave 
function. The perturbation caused by the rf field is 
“YVE(S) pay 


€3C; = — (e1/2wm)e*'(e'*'—e (60) 


I,(q) =/-(q) =0, 


9 


e 
T,(q)=— 

8ar?mw 

h A 

— 


im n,n’ ke’ ke 


6(gz)E(q:)e" L(e' ; Zz 


J 
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where a= «x or y for longitudinal or transverse cyclotron 
resonance, respectively. An evaluation of matrix ele- 
ments in the expression for the Fourier transform of the 
x component of the current in the longitudinal cyclotron 


resonance case, gives 


J ant (QysR2y R2— Ge) I nin(O, Ra— Qe, Re) fol Enk;) 


k27[ fo( Enkz)— fo(En’ks) Inn (Gye, R2— Gz) J n'n(O, Re— Qe, Re) 


t 


‘ \ . - ! / \ bd ' 
X {e'*'[w—w.(n’—n) —ia |'— ec '_—wte,(n —n)—ia}"}+--- 


where 


x 


F an‘ eRe) - | e'wgd,*(y+A?kz on: (y+A7k,’)dy, 


DX 


and 


J nn’ (Qyy Rey Re— Gz) =exp(— igyA7kz)J nn’ (Gy, 9, — Gz). 


The sum over k, results in a delta function in g,; hence 


9 


e 
T,(q)= 

4armwnr 

h - 

+— 2 


im n,n’ ke 


e'6(q.)1G)ELG){ ile*t—e wt) 


n,n’ ke 


[fo { &) k 


fol Enkz)J nn’ (0, 0, = 9s) J arn(O, —@z, 0) 


ee fol En’kz) lRe7J nn’ (0, 0, — s)J an (0, — 


X {e''[w—iat+w.(n’—n) -'—e-'[—w—ia+u,(n’—n) }}+--- 


For transverse cyclotron resonance, one obtains 
9 
e 


T,(q) - 


XJ nn(O, — 2, 0)+ (ihm)! 


” ke 


XI an (0, 0, — Gz) (Py) nr 


[ fo( Snes) — 


e*'6(q.)8(4,) Eq.) i(e*t—e**t) SY fg Enkz)J nn’ (0, 0, — 2) 
4rmw? | n,n’ kz 


fol En’k mh Jn’ n’ (QO, —qzy 0) Py) nin 


n'{e[w—iat+w.(n’—n) }-'—e-'[ —w—iatw,(n’—n) Y+--- 


where the momentum matrix element between the harmonic oscillator states is 


htgnv} n+1\! 
(Py) n''n= ( ) Cutt -( ) | 
iAL \2 2 


The integrals (62) are orthogonal for the special case 


} J nn (0,0,q) J nen (09,0) =Oa'ny 


and are related by 


JT an’* (Qy)ReyRe’) = J nin (Gye phe) 


(66) 


(67) 


One can once again use Eq. (54) for the electric field and obtain the complex conductivity for longitudinal 


cyclotron resonance: 


ei | Tet hw, 
0 long — a « ‘ > 
23?d?m(w— id) bn. 


m 


Xki?(n'—n) | nrn(O, — Gz, 0) |*L(w—ia)?—we?(n’—n)? 1}, 


L fo Enkz) ie 
a! ke 


fol En ’k,) ] 


(68) 
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and for transverse cyclotron resonance: 


ei 
ae ee 3 folé Enk _— y2 [ fol Enkz) = fol En’k:) | 
23*d?2m (w- ia) n kz hm n,n’ kz 


X (n’—n) | (J (0, —Gz, 0) Py) nn! ?L(w—ta)?@—w.?(n’— nn)? }, 


where J(0, —q., 0), is a matrix product and the operator J(0,0,¢)=J(0, —g, 0) =expLih“d’gp, }. 
A Taylor’s series expansion of the Fermi function and integration by parts simplifies (68) to 


V2e*i (w—ia) we x | Jas al — Gey ( )) |? 
iong= ——— >= (mr—n)} x meee i 


muw?rr? n=0 n’ Fame we PP — (n’ —n)? 


where 


Np= Er (hw,) oo i. 


After integration over k, the conductivity for the transverse resonance can be written 
2v2e%1 np a | Pu) ; (n'—m) 


al 2 ee > 4 paneer ore -|[J (0, — gz, 0) py Inn | 


r* 2m (o— ia) A? n=O n=O n’—n [(w—ia)/w, |?—(n’—n)?* 


where the f-sum rule has been used in the manipulation of the first term in the bracket. 
The two-center harmonic oscillator integrals (62) can be evaluated" to give 


J an’ (0,9,0) =exp[— (Ag/2)?](m !/n’ !)4(—Ag/V2)""—"L,.""—"(A2q?/2),  n’ 20, 
where L ,*(x) is the associated Laguerre polynonial 
da” 


Ln2(x) = (n !)—1e7x-°—_(e-7x"* 2), 


dx” 


For large values of m one can use the asymptotic expansion 
*(n+ta+1) 


L.*(x) = e7!2x—2!/2@— J ((2x(2n+a+1) }!)+0(n2/?-*), (74) 
n I ( 2n-+a-+1) 2}* 


where J,.(x) is the Bessel function of order a. Thus for large m and n <n’ one obtains from (72), (74), and the asymp- 
totic expansion for the I function 


J nn’ (0,q2,0) = (—1)”’—"J win (AgeLn-+n’+1 }}). (75) 
The limit of infinite skin depth, Ag.—0, reduces the two-center integral (62) to 
Tun’ (0,9,0) = Sun’, 
which when substituted into (70) and (71) yield the classical result” 
a0 


ae ae 


i+ier 


Lier 
Otran = oo — —_—_— =} 
(1+-tw7)? heats 


where the relaxation time 7 is identified with a“. 
The argument of the Bessel function in (75) is approximately r,/6, which is large in metals at the magnetic fields 
in question. Hence one can use the asymptotic expansion for the Bessel function and obtain 


J nn’ (0,92,0) = 25[a|dg.| (n-+-n’+1)*}-* cos(rg.[n+n’+1]}), (78) 


1 See A. Erdelyi et al., Higher Transcendental Functions (McGraw-Hill Book Company, Inc., New York, 1953), Vol. 2, p. 292. 
12 See Kittel, Introduction to Solid State Physics, (John Wiley and Sons, Inc., New York, 1956), second edition, p. 372. 
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and 


[J (0,q2,0) Py Inn’ = ~ 


DN Tr | 


Substitution of (78) into (70) and (79) into (71) and replacing the square of the sine and cosine by 3 


longitudinal conductivity 
nF 


vle"ip 
T long > 


mw 14g, n=0 
and for the transverse conductivity 

v2e1 x 
> (ne—n) > 


Otran — ‘ : é 
m(w—1a)mA4g, n=0 a=—n 


where p= (w—id)/we. 


The summations in (80) and (81) may be evaluated 
with the aid of the integral 


1 f(z) 
f rT COLTS 
dri Jo pP—? 


over the contour shown in Fig. 3. The integral over the 
contour vanishes provided f(z) diverges slower than 2’. 
If f(z) has no singularities inside the contour, one 
obtains 


(82) 


f(a) T 
—=—(cotrp)[f(p)+/(— p) ]. 
on P-—e¢ 2p 


(83) 


The summation is carried out under the assumption 
that p<nr; i.e., a Taylor’s series expansion is used for 
f(p). The final summation over m is replaced by an 








Fic. 3. The contour used to evaluate summation (83). 


EFFECT 


ja 
Aqz| 


> (ne—n)! 
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(79) 


j 
sin(Ag.[n+n’+1 }}). 


} gives for the 


x 


ee 
mn 2°— O° 


[2n+a+1 }-, (80) 


[p?+a?+2a(2n+1) |[2n+a+1}}, 


oe 


integration, an approximation which is very good for 
large ne. With these approximations both (80) and (81) 
reduce to the classical expression (17). 

In very high magnetic fields where hw<hw.~ &r, 
the asymptotic expansion for the associated Laguerre 
polynomial is no longer valid, and one must use the 
exact expression for the two-center harmonic oscillator 
integral (72). This limit gives a de Haas-van Alphen 
type of oscillations of the surface impedance, which 
results from the fact that as the magnetic field decreases 
from infinite fields where only the =O state is occu- 
pied, additional quantum states become occupied and 
these quantum states for small values of m have ap- 
preciably different g. dependence from the asymptotic 
expansion used for large ». Hence the surface impedance 
changes in a discontinuous fashion as each new oscillator 
state begins to be occupied. New terms enter into the 
summation (70) and (71) when 


Ep/hw.= (2m+1)/2, (84) 


where m is an integer, and thus a discontinuous change 
in Z(0) will be observed when (84) is satisfied.t 
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Theory of the Anomalous Skin Effect in Normal and Superconducting Metals* 
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Chambers’ expression for the current density in a normal metal in which the electric field varies over a 
mean free path is derived from a quantum approach in which use is made of the density matrix in the pres 
ence of scattering centers but in the absence of the field. An approximate expression used for the latter is 
shown to reduce to one derived by Kohn and Luttinger for the case of weak scattering. A general space 
and time-varying electromagnetic interaction is treated by first-order perturbation theory. The method is 
applied to superconductors, and a general expression derived for the kernel of the Pippard integral for fields 
of arbitrary frequency. The expressions derived can also be used to discuss absorption of electromagnetic 


radiation in thin superconducting films. 


1. INTRODUCTION 


OR calculations of the anomalous skin effect in 
metals and for related problems, one is interested 
in the response of conduction electrons to high-fre- 
quency fields which vary in amplitude over a mean free 
path, so that the usual expression for current density 
in terms of bulk conductivity is invalid. A convenient 
method, which has been successfully applied to several 
problems, is to start with an infinite medium, so that 
boundary effects do not come in. Sources of the field 
are introduced into the interior, and the response of 
the electrons to the field is calculated by time-dependent 
perturbation theory. The total field acting on the elec- 
trons, the sum of the external field and that due to the 
electrons themselves, is taken to be self-consistent.'” 
Most earlier calculations of the anomalous skin 
effect in normal metals have been based on the Boltz- 
mann equation. A particularly simple and elegant 
derivation is that due to Chambers.* A quantum-me- 
chanical derivation similar to the present one has been 
given by Mattis and Dresselhaus‘ who obtain exactly 
Chambers’ result. Our treatment differs in the way in 
which scattering of the electrons is introduced but also 
leads to the same result. A main purpose is to formulate 
the theory in a way that can readily be extended to 
superconductors. In the low-frequency limit and in the 
absence of scattering, our method reduces to the deriva- 
tion of the Meissner effect as given by Bardeen, Cooper, 
and Schrieffer.® 
While in general there are difficulties involved in 


* This work was supported in part by the Office of Ordnance 
Research, U. S. Army. The paper is based in large part on a 
thesis submitted by D. C. Mattis in partial fulfillment of the 
requirements for a Ph.D. degree in Physics, University of Illinois, 
September, 1957. 
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10. Klein, Arkiv Mat. Astron. Fysik, Ser. A 31, No. 12 (1944); 
M. R. Schafroth, Helv. Phys. Acta 24, 645 (1951). 

2 J. Bardeen, Encyclopedia of Physics (Springer-Verlag, Berlin, 
1956), Vol. 15, p. 274. 

3 See A. B. Pippard, in Advances in Electronics, edited L. Marton 
(Academic Press, Inc., New York, 1954), Vol. 6, p. 1. 

4D. C. Mattis and G. Dresselhaus, Phys. Rev. 111, 403 (1958) 
preceding paper. M. J. Buckingham (unpublished) was the first 
to give a quantum derivation of Chambers’ expression. 

5 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 


applying a solution derived for an infinite medium to a 
finite body of arbitrary shape, there is no problem for 
the case of most practical importance, that of a plane 
boundary. Such a solution may also be used to discuss 
conduction and absorption of radiation in thin films. 

There has been considerable interest recently in 
quantum derivations of conductivity from the density 
matrix formalism. Kubo‘ has given a formal] solution in 
which it is assumed that scattering is present in the 
zero-order Hamiltonian. Kohn and Luttinger’ and also 
Nakano® have treated both scattering and the external 
field as perturbations, and have shown how Boltzmann’s 
equation appears in a certain approximation. The 
connection between the quantum formulation and 
Boltzmann’s equation has also been discussed by Lax.’ 

Our treatment follows Kubo and Lax in that we 
assume that scattering occurs in zero order. We do not 
use the density matrix formulation directly, but expand 
to first order in perturbation theory the wave functions 
appropriate to an applied external field, in terms of 
those in the absence of the field. This requires some 
knowledge about the solutions of the wave equation, 
¥x(r), in the presence of the scattering centers but in 
zero field. What is required for the current is the density 
matrix for an energy shell; that is, (xu*(r)px(r’)) 
averaged over states of the same energy, ¢, and over 
random distributions of scattering centers. We do not 
derive an expression for this quantity, but assume a 
form based on plausible arguments. A similar method 
was used by one of the authors? in a discussion of the 
effect of a finite mean free path from elastic scattering 
on the superconducting penetration depth. 

We start with the time-dependent 
equation, 


Schrédinger 


Hyb+H ..&= ihd’/dt, (1.1) 


in which Ho is the Hamiltonian in the absence of ex- 
ternal fields, but including any scattering which may 


®R. Kubo, Can. J. Phys. 34, 1274 (1956), J. Phys. Soc. Japan 
12, 570 (1957). 

7W. Kohn and J. M. Luttinger, Phys. Rev. 108, 590 (1957). 

§H. Nakano, Progr. Theoret. Phys. (Japan) 15, 77 (1956). 

9M. Lax, Phys. Rev. 109, 1921 (1958). 
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be present, and H,, is the total electromagnetic 
interaction. 

If H.x is expanded in a Fourier series in time, an 
arbitrary function of space and time may be expressed 
in the form 

Hex=e"t He (ret. (1.2) 


WJ 


The sum over 7 is over all electrons. Reality requires 
that H_.=H_,,*. The introduction of s, a small positive 
parameter to be set equal to zero in the final expres- 
sions, insures that the field started from zero in the 
remote past and sets the direction of time for irreversible 
phenomena. Mathematically, s determines how the 
integration over energy denominators is to be carried 
out. 

It is most convenient to choose a gauge such that the 
vector potential alone represents the applied electro- 
magnetic fields. The portion of the interaction Hamil- 
tonian which is linear in the fields is then 


‘ 
> A(r;,t)- pi, (1.3) 


mc i 


Aex= + 


(we shall consistently neglect terms quadratic in the 
fields), where A is subject to the gauge condition 


v-A=0, (1.4) 
which expresses mathematically the physical condition 
that no external charges be introduced into the sample 
and that electrical neutrality be maintained throughout. 
The fields are as usual the derivatives 


10A 


H=yv XA. (1.5) 


and 
c él 


We are concerned in the anomalous skin effect only 
with transverse fields. For these, in the gauge ¥- A=0, 
we need to introduce in the perturbation-theory ex- 
pansion only particle-like excitations of the super- 
conductor. In an arbitrary gauge, collective excitations 
would have to be included. Further, the expression for 
the density matrix required for both normal and super- 
conducting metals appears to be simpler in this gauge. 

The procedure is to expand ® in a series of the time- 
independent eigenstates, ¢;, of Ho: 


Hog;=W3¢;, (1.6) 


so that if the unperturbed state is go, then 


=exp(—iWol h) go+>d. a;(d) exp(—iW,t/h)¢g;. (1.7) 


770 
The expression for the expansion coefficient is 


(j| H.,\0) exp[i(w—is)t ] 
a;(t)=- um 


Wo-W,—4(w—is) 
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The wave function ® is then used to calculate the cur- 
rent density. 


2. ANOMALOUS SKIN EFFECT IN 
NORMAL METALS 


We take a simple model for which the single-particle 
states in the absence of scattering are plane waves 
designated by the wave vector k and normalized to 
unit volume. It is assumed that the electrons move 
independently and the exclusion principle is taken into 
account only in the statistics. The exact one-particle 
wave functions, Y,(r), in the presence of elastic scatter- 
ing are made up in large part of linear combinations of 
plane waves of approximately the same energy. Here k 
is a quantum number which designates the common 
energy, «=7’k’/2m, but is without significance as a 
wave vector. If the scattering is not too strong, the 
energy of the states will not be changed much by the 
presence of the scattering centers. The probability of 
occupancy of a state yy of energy «& is given, in the 
absence of an external field, by the Fermi-Dirac func- 
tion f(€). 

Wave functions, Yy, in the presence of an external 
field may be expanded in a series of the unperturbed 
wave functions ¥,. To the first order in H,, 


WV, (r,t) = (Yu (D)+ Dod (Ove (r)} 


Xexp(—text/h), (2.1) 

where the coefficients are 

(k’| H.,| k)e'*! 

dx’ (1) =e% Dd - —— : (2.2a) 
w €x— € —2(w—is) 


(k’| H,.| ke 


Oxy: * (t) = — e** aaa 


=— -.  (2.2b) 
o €x— € +2 (w—is) 


In the latter we have made use of H,,*=H_.,. 
The expression for the current density is 


eh 
i(1,) = —— D fc OV —V VV") 


2mi k 


+3 fA(t,t) | V;, ( r,t) 2 
mc k 


—e¢ 
=— LD fc Va* Wr dent dun Pe * Vr) 
2mi k,k 
ne 
—comp. conj.——A(r,), 
mc 


(2.3) 


where f, is the probability that k is occupied and 
n=)  fedx*Yx is the density of electrons, assumed 
constant. We have included in (2.3) only terms to the 
first order in applied fields and have supposed (as must 
be true in thermal equilibrium) that the current van- 
ishes in the absence of the field. 

A typical term in the expression for the current 
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density contains products of the form yy*(r)Vyx-(r) 
Xvur*(r')V u(r’) multiplied by factors dependent on 
the energies « and «. If we first sum over terms for 
fixed ¢ and &, we need the average over an energy 
shell of 


pe= (Wa* (ru (8’) mv. (2.4) 


For plane waves, we average over the directions of the 
wave vector k and find 


pe= (sinkR)/RR, 


where R= /r—r’! and k=|k). 
For a particular set of scattering centers, p, is a 
complicated function of both r and r’. What we want 
is an average of p, over random distributions of scatter- 
ing centers, which would be expected to depend only 
on the distance R between r and r’. This amounts to 
the neglect of off-diagonal components of p, in the 
momentum representation, which are zero only on the 
average. Arguments given in reference 2 suggest that 
the appropriate average for elastic scattering describ- 
able by a mean free path /(e) is" 
sinkR 
inane a at 


kR 


In a metal, the significant values of k and / are those 
for the Fermi surface, k= kr. 

Some remarks should be made concerning the limita- 
tions of (2.6): (1) It may be expected to be valid only 
if the mean free path is large compared with the inter- 
atomic distance, or if ky/>>1. (2) It should be used only 
when the charge density is uniform, as would not be 
the case for an electrostatic potential varying in space. 
(3) It is not gauge invariant. A change of gauge 
would multiply the individual wave functions by 
explieg(r)/hc] and p. by expfieLg(r’)—¢(r) /Ac} ; 
which in general is not a function of R alone. (4) The 
expression is an average over a random distribution of 
scattering centers and so is not a solution of Schréd- 
inger’s equation as a true density matrix must be. 
(5) Isotropic scattering is implied. (6) When it is used 
to evaluate (2.3), the additional assumption is made 
that the average of the product of two p,’s for different 
energies is the product of the averages. 

From the above discussion, we expect (2.6) to be 
valid only when the gauge is chosen so that divA=0. 
It can be shown (Appendix A) to be correct in the limit 
of a low density of weak scattering centers, for which / 
can be computed by conventional scattering theory. It 
is a simple form which has the right general features to 
describe scattering for more general cases which would 
be difficult to treat accurately. A further advantage is 


(2.5) 


p(R)= (2.6) 


10 Since the above was written, we have been informed of a 
derivation by P. R. Weiss and E. Abrahams [Phys. Rev. (to be 
published) ], who show that (2.6) follows approximately from a 
perturbation expansion. It has also been called to our attention 
by M. Lax that (2.6) follows from the optical model for treatment 
of multiple scattering [see M. Lax, Revs. Modern Phys. 23, 287 
(1951), Eqs. (6.35) and (5 .29)]. 
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that it can be used to discuss superconducting as well 
as normal metals. A more complete mathematical 
derivation and justification from first principles would, 
of course, be highly desirable. 
With p, defined by (2.3), 
the current density becomes 


j(r,)=lim Yet 
30 e 
ne en (4x ? 
x} ——A,(r)+— — Cf ave f aw k”? 
mc (27) 6 


xf [A.(r’)- ee R) Cr) 
R ) OR 


| f(€)—-f(e (e)—f( 
x|- - “|\ 
e—e tS lhleg ig) €—e€ dh (ois) |" 


the expression (1.11) for 


(2.7) 


The evaluation of (2.7) for the limit w—0 has been 
given by one of the authors? who found that it leads 
to Landau’s expression for the diamagnetism of free 
electrons. Small corrections which appear, of order 
(krl)~*, are of doubtful validity because of the limita- 
tions on (2.6). The conclusion is that, except for possible 
corrections of this order, scattering does not affect the 
diamagnetic properties of normal metals. 

The integration in (2.7) can be carried out most 
readily by first performing that with f(e) over k’ and 
that with f(e’) over k. We need the derivative with 
respect to R of 


= 1 1 
n= f | peers — Jere ma 
e—e€ ia e— €'—h(w—is) 


T (=) Cc 
= — —{ — } exp(—R/2l){exp[iR(R—2%-'mw)! 
ie w)*] 
+exp[—iR(k?+2h-'mw)}}, (2.8) 


provided that #7k?/2m>hw. Since most of the con- 
tribution from the integral over & is for h?k?/2m>hw, 
we may expand the square roots and keep terms linear 
in w as follows: 


De dl, 
"dk 
OR 


2mr kr 
=— aa | dk exp(—iwmR/hk) 
WR’ 0 


[ twmk 1 1 
x{— cos?(&R) +H( ~+— ) cos(2kR) 
ee R 2 


1yi 1 
+44 sin(24R)|1-—(—-+—) 
AR a 


wm 1 1 
x (F++ 
hk R 2 


I} 
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The first term in curly brackets, which gives the 
part in phase with the electric field and thus the re- 
sistive contribution, will be discussed later. The other 
terms, together with the gauge current proportional to 
A, give the diamagnetic contribution. Since these terms 
have cos(2kR) or sin(2kR) as factors, they are rapidly 
oscillating for kR>1, and so are important only for R 
very small, of the order of the interatomic distance. 
For such small R, we may expand A,(r’) in a series 
about r 


A. (r’)=A.(r)+R- VA, (r) 


+4(R-V)?A.(r)+-+-. (2.10) 


When the integration over R is carried out, which may 
be done before the final integration over k, it is found 
that the constant term, proportional to A,(r), exactly 
cancels the gauge current, — (ne?/mc)A,(r). The second 
term averages to zero and the third gives the Landau 
diamagnetic contribution to the current density.” 

A different method! is more convenient for evalua- 
tion of the resistive contribution. If in place of the 
gauge current we subtract from the integrand in (2.7) 
the corresponding expression for w=0, we get as a 
factor 


sLf(e’) 


1 


| 
(€ 
Ss Noy ls hileotn) 


1 2 | 
+ rent (290) 


, 
e— e' —h(w—is) od) 


which is appreciable only for energies within ~fw or 
~kT of the Fermi surface. Further, because of the 
antisymmetry of {---} in e« and ¢’, we may replace 
f(e’)—f(e) by —2f(e) if we are careful to treat ¢ and 
e’ symmetrically in the evaluation of semiconvergent 
integrals. For this purpose, it is convenient to let € be 
the energy measured from the Fermi surface, to intro- 


duce the convergence factor 

a 
a , (2.12) 
e+e?+0° 


and then take the limit as a— «. 
Near the Fermi surface, we may approximate the 
factors from the density matrices as follows: 


Op. Ope e Ril R 
aerial {er coskR— (142) sine 
OR aR ~ RR Rs 2! 


R 
| #R cosk’R— (142) sint'R 


e Ril e Ril 
~— coal (k-#)R]=—— cosfa(e—e’)], (2.13) 
2R? 2R? 


1 This is similar to that used for the calculation of the Meissner 
effect (reference 5). 
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where a= (dk/de)rR. We have omitted rapidly oscillat- 
ing terms and neglected terms of order (1/k-R)? or 
(1/krl)?. Further, we replace integrations over k by 
integrations over ¢ as follows: 


R’dk=2r'N (O)de, (2.14) 


where \V(0) is the density of states of one spin in 
energy at the Fermi surface: 


2r°N (0) = kr? (dk ‘de) F 


We then need to evaluate the integral 


2=— in f f° 7“ i it 


e+ ¢+-@? 


1 1 
| ded 


— (2.16) 
e— € —h(w—is) 


x) Met OO ES 

e—€' +h(w—1s) 

The integration over ¢’ can be carried out by con- 

tour integration. The contribution from poles at ¢’ 
=+i(e+a’)! vanish in the limit Poles at 
=eth(w—is) give 


a> a, 


I,=— lim nf f(©) exp(—tahw) 


a-x 


a a 
bo 4 | ee es la 
lat e+ (e+e)? a +e + (e—he)? | 


a’ Li )— f(et+hw) | 


rE sae ee 


=—-ri lim exp(—iaha) nantes 
Pet eo O+E+ (e+ hus)? 


= — rihwe Re!lro, 


(2.17) 


(2.18) 


where we have introduced the velocity at the Fermi 
surface, v=! (de/dk). The third term, 2/(e—e’), in 
(2.11) gives a vanishing contribution for finite R, but 
serves to cancel the 6 function at R=O from the first 
two terms. 

We thus arrive at Chambers’ expression’ for the 
current density: 


239 


es en R(R- A)e~* let Rw vo 
i(1,t)= ——— 2 N(0)? (ihe) f = dr’ 
R4 


mc « 





_eN (0): 
—Rilg,! 


(2.19) 


4 


oes €(r',(—R/ad)) 
R 


On 


Note that the electric field, &, is evaluated at the re- 
tarded time, ‘— R/vo. When the field is constant over a 
mean free path, (2.19) reduces to Ohm’s law, with 
conductivity o given by 


o=3eN (O)vel. (2.20) 


In the earlier derivation,‘ scattering was introduced 
by use of a phenomenological relaxation time, r. In- 
stead of taking the limit s—>0, one sets s=1/r and 
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uses the plane wave expression (2.5) for the density 
matrix. This procedure also gives (2.19) with J=vor. 


3. ANOMALOUS SKIN EFFECT IN SUPERCONDUCTORS 


Expressions for the current density in superconduc- 
tors which apply at microwave or infrared frequencies 
may be obtained by extensions of the method used in 
Secs. 1 and 2 and of the method used in the low-fre- 
quency limit (o=0) by Bardeen, Cooper, and Schrieffer® 
to discuss the Meissner effect. We find that L(e,e’) used 
in (5.15) of BCS® is to be replaced by 


1 ee +e" 
L(w,¢,€) = (1+ ) 
4 EE’ 


tiene J rj 
corey ) 
E-E'—it(w—is) E-E'+h(w—is) 


1 ee te" 
+ ( ‘Pas ) 
4 EE’ 


i—f—f’ 
x( 


), (3.1) 
which may also be written in the form 
( E+h(w—is) +L (eo? + ee’) E] 
| RP [E+A(w—is)P 
E—h(w—is) +[(e?+ ee’) E}) 
E?—[E—h(w—is) y 


L(w,¢,e’) = —3(1—2/) 
(3.2) 


in which use has been made of the symmetry in ¢« and 
e’. The second form is most convenient for subsequent 
integration over e’. We have followed the convention 
of BCS to take E=+(é+e?)! and define f=/(£), 
f’=f(E’), where f is the usual Fermi-Dirac function. 
Note that (2.11) of Sec. 2 corresponds to the difference 
L(w,e,e)—L(0,¢,e.) for normal metals (e9=0). The 
apparent difference in form arises from the fact that 
takes on both positive and negative values, while E is 
always positive. 

Scattering can be introduced as in Sec. 2. If yy is a 
given wave function in the presence of scattering, 
another wave function of the same energy is ¥_.=yx*. 
Unless yx is real (except for a possible constant phase 
factor), these can be chosen to be orthogonal. If the 
paired states are (kt, —kj), as for plane waves, the 
same density matrix over an energy shell, (2.4), is 
required for evaluation of superconducting as for normal 
metals. The net effect of scattering is then to introduce 
an extra factor, e~*/', into the kernel of the integral for 
the current density. 

The integration for the current density can be carried 
out as in Sec. 2 by introduction of the convergence 
factor (2.12) and contour integration. The expression 
for the kernel in the Pippard expression for the current 
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density, 
e’N(0)v0 
i(r,)=> 
o 2rhe 
RUR- A, (r’) JJ (@,R,T)e-*!'dr’ 
a a 
Rs 


is 
: *| f(o—fle) | 
1(a,R,T)= f f ) L(w,e,€/) — 
- e é'—€ 


Xcosla(e—e’) |dede’, 


(3.3) 


, 


(3.4) 


where a is again R/fvp. The integral in the limit s — 9 is 


1(a,R,1)=—ni f [1—2f(E+%w) ] 
9 —hw 


X[g(E) cos(ae2)—i sin (ae) Je'*dE 
-rif ([1—2f(E+hw) ] 
€0 


X[g(E) cos(ae2) —7 sin (ae) Jee? —[1—2f(£) ] 
X[g(E) cos(ae1) +i sin(ae,) Je~'**} dE, 


where ¢,; and €2 are the Bloch energies corresponding to 
E and E+tw, respectively : 


eo=[(E+hw)*— 7 }}; 


(3.5) 


a= (2—«?)!, (3.6) 


and 


g(E)= (F2+ e°?+hwk) l €x€2. (3.7) 


For a negative argument, —x, (—x)'=7«}. The negative 
sign of the square root is to be taken when tw— E> ep. 
The expression reduces to the appropriate value for 
the normal state, —zihwe~‘**/", in the limit €) — 0. 

In the extreme anomalous limit, for which the pene- 
tration of field is small compared with the coherence 
distance §)>~10/7e0(0), we may set a= R/hvy=0. It is 
then convenient to introduce, following Glover and 
Tinkham,'* a complex conductivity ¢=0,—i02 for the 
superconducting state. We then have, for the ratio of 
the superconducting to normal conductivity, 
I (w,0,T) 


o\1—10% 


(3.8) 


Expressions for o; and a2 are 


eel 2 5 
ted f [f(E)— f(E+tw) ]g(E)dE 
ON hu €0 : 


1 
+-- [1—2f(E+hw) ]g(E)dE, (3.9) 
thy «0 — hwo 
o 1 f° [1—2f(E+hw) ](E°+ «?+hwk) 


ON hw €) —hw, — «0 (eo? — E2)4[ (E+-fheo)?— e?]}! 
aaital (3.10) 


122R. E. Glover, II], and M. Tinkham, Phys. Rev. 108, 243 
(1957). 
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Note that (3.9) is the same as the expression for the 
ratio of absorption for superconducting to normal 
metals for an interaction which follows case II of 
BCS.® The second term of (3.9) does not appear unless 
hw > 2eo, in which case the lower limit of the integral 
in (3.10) is —e instead of e9>—%w. Signs of the square 
roots are such that g(£) is positive in both integrals 
of (3.9). 

Numerical integration is required for T>0, but the 
integrals can be carried out explicitly in terms of com- 
plete elliptic integrals for 7=0. When we set f(£)=0, 
the first integral of (3.9) vanishes. There is absorption 
only for Aw> 2¢€o, in which case 


o1 2€0 2€0 
“= (14+) 2@)-2(=) xe, (hw >2eo). (3.11) 
oN Iw hw 


An expression for o valid for all w is 


02 IY 2€o 2€ | 
—=- ("+1 )20+(--1) xa ; 
ov 2\\hw hes | 


where the arguments of the elliptic integrals F and K are 


k= |2eo—hw|/|2eothw|, k’=(1—F)4. (3.13) 


(3.12) 


The ratio of the surface impedance in the extreme 
anomalous limit in the superconducting state, Z,., to 
that in the normal state, Z,,n, is given by 


Due (=) 

Zeon oN 
These expressions should be useful not only for 
interpretation of measurements on the anomalous skin 
effect, but also for absorption in thin superconducting 
films. Comparisons which have been made with data of 
Glover and Tinkham” on absorption of microwave and 


far-infrared, radiation in thin superconducting films 
show good agreement between theory and experiment.” 


(3.14) 


APPENDIX A 


We wish to show here the connection between the 
expression we have used for the density matrix over an 
energy shell and a corresponding expression derived 
by Kohn and Luttinger’ by a perturbation theory 
expansion. If the probability of occupancy of a state 
of energy ¢’ is &(e’), the over-all density matrix is 


sin(k’R) 
2. ie) ™, (A.1) 
, k’R 
where in general the mean free path / may be a func- 
tion of e’. 

In the perturbation expansion, it is assumed that the 
unperturbed states are plane waves and the density 
matrix is expressed in the momentum representation. 
When averaged over random positions of the scattering 


13 See A. T. Forrester, Phys. Rev. 110, 769 (1958); M. Tinkham 
and R. E. Glover, IIT, Phys. Rev. 110, 771 (1958). 
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centers, the density matrix is diagonal. The expansion 
(C.1) of KL gives to terms of second order 


per=f(O+LX (| Aux’ |?) 
“e 
f(e)—f(l)+(e—€’) (df/de) 


eum : 7 ; ( 

(€ —€)* 
where (| H,x-|?) is an average of the scattering matrix 
element over random distributions. The mean free 
path, /, is given in terms of the relaxation time, 7, by 


ée'—~e, (A.3) 


v/l=1/r=2x(dk de)(| Hux: 2\N(e), for 


where .V(e) is the density of states in energy. 

The expression (A.1) is diagonal in the momentum 
representation and the diagonal component is given by 
the Fourier transform of (A.1): 


pik= Dd, fe’) (4a ee) f sinkR sink’R e~®/2'dR 
k’ 0 


he 


1 1 | 
of ee 
k’ kk’ 


—-—— —j. (A.4) 
4/\9 9 4\9 \ 9 

(k—R')2+(2)-2  (R+R’)2+(21)2) 

If we change variables from & and k’ to e and e’ and the 

sum over k’ to an integral over «’=/7k”/2m, we find 

after some reduction 


fe’) (h/27')de’ 


1 

pix= f = (aa) 
rd [e—e' + (h?/8mP*) P+ (h/27')? 

where 1/=/0’=ml/hk’. 

We may neglect (#?/8m/*) in comparison with e in 
the denominator, since we are assuming that &/>>1. For 
weak scattering, #/r is likewise small, so that the major 
contribution to the integral is for e’ close to e. The 
singularity at e=e’ gives just f(e). If we add terms to 


f(é) to eliminate this singularity and write f(e) as a 


separate term, we find, with neglect of small terms in 
the denominator, 


h ef(e)—fle+(e—e') (dt/de) de’ 
pir= f(e)+- Deen kr Tt « oh: - rey 
2r 


(e—’)? 7 
The equivalence to the perturbation-theory result 
follows when 1/7’ is replaced by (A.3). 
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A method for solving the Fermi-Thomas and Fermi-Thomas-Dirac equations for crystals is presented. 
The results of computing the electronic density of copper by this method are given together with those at- 
tained from the application of the spherical approximation to the Wigner-Seitz cell. Also presented are the 
results of cohesive energy calculations for copper, which with the inclusion of the correlation effect predict 
stability but only about one-third of the observed value. 


I. INTRODUCTION 


NUMBER of uses of the Fermi-Thomas and 

Fermi-Thomas-Dirac statistical models in the 
study of crystals have been previously suggested, e.g., 
in providing approximations of the potential field for 
Schrédinger’s equation in the one-electron scheme for 
deriving crystalline properties, if not in a direct determi- 
nation of such properties as the cohesive energy, and in 
giving approximations of the electronic density for 
comparison with that obtained from x-ray diffraction 
measurements. The feasibility of this, however, has not 
been fully explored, presumably because of the diffi- 
culty with the corresponding nonlinear differential 
equations of finding solutions with lattice symmetry. 

Slater and Krutter' have obtained radial solutions ap- 
plicable to metals, for which the Wigner-Seitz cell is 
approximated by a sphere of equal volume. Their 
results indicated that in this approximation the crystals 
would be unstable, considering the binding energy as 
the sum of the changes in the Coulomb, Fermi, and 
exchange energies accompanying the transition from 
the crystal to a gas of the free atoms. However, March? 
has pointed out that the Fermi-Thomas-Dirac model in 
the spherical approximation does yield a minimum in 
the curve of energy vs lattice spacing, although in the 
case of copper, which was investigated by Slater and 
Krutter, the minimum occurs for a lattice spacing 
beyond the range of their calculations and, therefore, 
considerably greater than the observed lattice spacing. 
This he interpreted as affording some explanation of 
metallic cohesion. For the alkali metals, March showed 
that this model predicts lattice spacings in fair agree- 
ment with observation. 

This paper presents a method, which may be applied 
to polyatomic crystals, for obtaining solutions with 
lattice symmetry to the Fermi-Thomas and Fermi- 
Thomas-Dirac equations. The method depends on suc- 
cessive approximations, for whose rapid convergence to 
the solution an argument is given. 

In the case of copper, for which the method was 
tested, this rapid convergence was borne out. The solu- 
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tion did not require undue computational labor. The 
resulting electronic distribution is given, together 
with that derived from the spherical approximation for 
comparison. The cohesive energy, computed from the 
Coulomb, Fermi, exchange, and correlation energies, 
turns out to be correct in sign but about one-third 
the measured value. Without the correlation correction 
the cohesive energy and its components are essentially 
the same as predicted from the figures provided by 
Slater and Krutter. 


II. MATHEMATICAL DEVELOPMENT 
A. Solution of the Fermi-Thomas Equation 


Let Vz° represent the solution for the free atom of the 
element with atomic number Z to the Fermi-Thomas 
equation 

VV =aV}, (1) 
where 
a=32ne(2me)!/3h', 


and V(r) is the potential from the electronic and nuclear 
charges, plus a constant whose value is not of present 
concern. The Vz°, tables of which are readily available,* 
are radial functions satisfying the boundary conditions 


r—0, 


7? oO, 


rV2°(r)—>Z as 
V2"(r)0 as 
rendering 


V2(r)>0 for r<o., (2) 


Then, with V;(r) representing the ith approximation to 
the solution of Eq. (1) for a crystal, the first approxima- 
tion may be written 


Nz 
Vidrth=D LD V2%(|r—4mz}), (3) 


Z mz=l 


where rmz is the center of the mzth of the Nz atoms 
with atomic number Z in the crystal. Since the Vz° are 
solutions of Eq. (1), one has 


Nz 


VVi=a)>, _ [V2°(|r—rmz|) J}. (4) 
Z mz=i 


3 V. Bush and S. H. Caldwell, Phys. Rev. 38, 1898 (1931). 
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With a function q;(r) defined by 
gi=aV'—VV;,, 
let v,(r) be the solution of the equation 
—V*0,+-3aV ;40,;= qi (6) 


that is finite at the nuclear positions and possesses the 
symmetry of the lattice. Such a solution exists if Vi, 
and therefore from Eq. (5) g:, has such symmetry. 
Defining V; for i=2, 3, --- by 

Vi=Vin-v-1 (7) 


gives it this symmetry if V;_, has it. Since V; possesses 
lattice symmetry, by induction it follows that this must 
be true of V; for all values of 7. 

From Eqs. (5) and (6) one obtains 


V?(V ;—2,;) =aV 3(V ;— 82,). (8) 
Now assume that for a particular 7, the relations 
VV (rn) >0, (9a) 


V.(r)>0 (9b) 


hold. Then from the relations (8) and (9a), and, as a 
consequence of the lattice periodicity of 2;, the equality 


f V*v,dr=0, 


ti 


(10) 


where the integration is over a unit cell, it must follow 


that 
o<f VV dr af VA(Vi—30,)dr, 


r 


which requires that 

14,<3V; (11) 
over at least a portion of the unit cell. Now if there 
were a region 7, throughout which 7;>3V, and over 
whose surface S, v;=?V,, the integration of both sides 
of Eq. (8) over this region and the application of 
Gauss’s theorem would give 


if vVdr+4 f V.(Vi—31 


=a f V §A(V;—30,)dr, 


a 


where the second integral on the left would be over this 
surface S,. The integrand, the outwardly directed com- 
ponent normal to S, of the gradient of V;— }v,, would 
have to be non-negative. This and inequality (9a) 
would make the sum of integrals on the left positive. 
Since the integral on the right would be nonpositive, 
T, cannot exist, i.e., relation (11) must hold for all 
values of r. This means that under the provisions of 
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Eqs. (7) and (8), the relations (9a) and (9b) must 
apply also for i+1. 

Now these relations are valid for i=1, as is evident 
from inequality (2) and Eqs. (3) and (4). Therefore, 
by induction one establishes that relations (9a), (9b), 
and (11) hold for all values of 7. 

Next assume that for a particular 7 one has 


gi>Y, 


from which with Eqs. (6) and (10) one obtains 


o<f i dr=tu f V v,dr, 


indicating that 


(13) 


v,>0 (14) 


within at least a portion of the unit cell. Now if there 
were a region 7, throughout which v;<0 and over whose 
surface S, v;=0, the integration of both sides of Eq. (6) 
over this region and the application of Gauss’s theorem 
would yield 


f vands=— f (193 — 3aV ,0,)dr. 


The integrand on the left, the outwardly directed com- 
ponent normal to S, of the gradient of v;, would have 
to be non-negative. Since the quantity on the right 
would be negative, the region 7, cannot exist. Thus, 
inequality (14) holds for condition (12). 

Now from Eas. (5), (6), and (7), there follows 


gis1 =a (Vi—2,)?— VI+3V 40, ], (15) 
from which it may be inferred that under conditions 
(11) and (14) gi41>0. Inequality (12) applies for 7=1, 
as may be seen from relations (2), (3), (4), and (5) 
and the fact that 


(a+b+ ---)?>a?+b?+--- 
for 
and 


a,b, --->0 p>. 


Therefore, by induction one proves inequality (12), and 
as a consequence inequality (14), for all values of 7. 
One deduces from relations (7) and (9b) that 


Vy+o+ aie -+ay< Vi, 


i.e., the series of positive functions on the left is bounded 
for all values of 7. Consequently, the series converges. 
Also, from Eq. (15) it follows that g;—0 as i since 
v0 as i. Therefore, the sequence V;, V2, --- con- 
verges to the solution of Eq. (1). 

As an indication of the rapidity of convergence, one 
may obtain the expression 


f igizil}dr<(1 3) f gi\dr 
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from the relations (11), (13), and 
gist) <(34/4)a(v2/V i), 


which follows from expressions (11), (14), and (15) and 


the fact that 
(3$/4)e> (1—u)!—1+(3/2)u>0 for O0<u<2/3. 
Thus the solution with lattice symmetry to the 
Fermi-Thomas equation may be developed from the 
function V;, which results from the superposition of 
the potentials from the atoms of the crystal treated as 


free, by solving the linear Eq. (6). 


B. Solution of the Fermi-Thomas-Dirac Equation 
A similar method is proposed for solving for a crystal 
the Fermi-Thomas-Dirac equation 
VV =al (V+6")'+8 }*, 
where 8 = (2me*/h?)*. Again, for the ith approximation 
one has 


where V,+(? may be set equal to the solution of the 
Fermi-Thomas equation discussed above, and 2, is the 
solution with lattice symmetry and finiteness at the 
nuclear positions to the equation 
—V,+30{[(Vi+6)!+-8P/ (Vite)! }2, 
= —VV ital ( V.+6")'+6). 

However, an argument for convergence, analogous to 
that given in Part A, breaks down at the ith approxi- 
mation if for some value of r one finds V;< 36”. 


III. APPLICATION OF THE FERMI-THOMAS 
METHOD TO COPPER 


The condition of lattice periodicity on the solution to 
Eq. (6) suggests its expression as a Fourier series: 


v¥j=>. a exp(2rik-r), 
k 


3 
k=> nbi, 
=! 


where the b; are fundamental translational vectors of 
the reciprocal lattice and the ; are integers. Application 
of the additional condition on 2;, that it transform into 
itself under the symmetry operations of the point group 
of the crystal, permits a modification of this expression 
with a decrease in the number of coefficients to be 
determined from Eq. (6). For copper, with the Car- 
tesian coordinate axes parallel to the edges of a face- 
centered cube of the lattice and the origin at the posi- 
tion of one of the nuclei, the center of the Wigner-Seitz 
cell mentioned below, this expression becomes 


a 2 © 6 


~ DY DY Gam DL P; cos(2rnx/a) 


n=m m=l l=() i=l 


Xcos(2rmy/a) cos(2x/z/a), 


HERBERT 


PAYNE 


where a is the lattice constant, the operator P; effects 
the ith of the six permutations on n, m, and /, and 
Qnmi vanishes if m, m, and / are neither all even nor 
all odd. 

However, as exemplified by copper, g; and V,! vary 
gradually over the Wigner-Seitz cell except near the 
nucleus, where they behave according to 


gi=(b/ri)+c+---, 
"= Ze[ (1/1) + (128Z/9n)*(B/ay) +--+], 


where ay is the radius of the first Bohr orbit for hydrogen 
and the constant B is altered from the free atomic 
value’ By = —1.589. These circumstances recommended 
the determination of v, in two parts, letting 2;=2)/+9,. 

For the first part, 2,’ was represented by the above 
series with the coefficients other than doo’, di11, dao0"”, 
220", Asi, and do" set equal to zero. The values 
for these six coefficients that make 2,’ an approximate 
solution of Eq. (6), i.e., the values that make the corre- 
sponding six terms of the Fourier expansion of one side 
the same as those of the other, were computed. The 
function g,’, defined by 


0 ‘ ' 
—V"1 ‘+ sah j’t “a = qi, 


proved to be a close approximation to g; except near 
the nucleus. 

For the second part, 2°" 
function which, under the boundary conditions that it 
r=() and vanish as satisfies the 


was obtained as the radial 
be finite at 10, 
equation 

— V0, 


3 y te (r) — 
+3al r’Uy =r; 


where V, represents the spherically symmetric approxi- 
mation of V;—although to the three significant figures 
of the computation, V,; was radial in the region where 
2° was found to be appreciable—and g, is equal to 
the spherically symmetric part of gi—qi’ in the neigh- 
borhood of the nucleus and is zero beyond. The success 
of this procedure rests upon the fact that 2,‘ became 
negligibly small while yet well within the Wigner- 
Seitz cell. 

The expression for g2(r) was accordingly altered from 
Eq. (15) to 


go=al_( V1—2,)?- V '+3V 0, 
+3(VA—Vj4)o J+ (qi— qi’ — qr). 


Since the calculated g2/V*V2 nowhere exceeded 1.2%, 
the second approximation was considered adequate. 
The corresponding electronic density , which from 
Poisson’s equation is equal to (1/47e)V°V» for r #0, 
and V, given as (V°V2/a)! rather than V2 since it is 
supposed that in a succeeding approximation the latter 
would undergo the larger percent correction, are pre- 
sented in Table I. Also given, for comparison, is the 
spherically approximate electronic density m, together 
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with the related quantity V,, the solution to the Fermi- Taste I. The electronic distribution and potential in copper 
Thomas equation applicable to copper according to the ee en 

method of Slater and Krutter. In the neighborhood of 

the nucleus, 2 and m, as well as V and V, become indis- ors. gong 
tinguishable. For V2 and V, the value of the constant d Reino i . Bain ok - 
B is By+0.00022. points symmetry symmetry symmetry symmetry 

The table gives the values of these quantities at : a i 
selected points designated by (V,M,L) in a coordinate 
system in which the fundamental translation vectors 
appear as (20,20,0), (20,0,20), and (0,20,20). The 
point (0,0,0) is occupied by a nucleus. The collection 
of points into which these selected points transform 
under the operations of the point group of the crystal 
constitutes a miniature simple cubic lattice that covers 
the Wigner-Seitz cell. 

The numerical integrations over the Wigner-Seitz 
cell implicit in the formation of the six linear equations 
in the dam for determining 2,’ were performed by 
multiplying the value of the integrand at each of the 
selected points by a weighting factor and summing the 
products. The weighting factor is proportional to the 
number of points into which the given selected point 
is transformed under the operations of the point group. 

The contributions to V; and V?V, from the free atom 
centered at (0,0,0) and from its nearest neighbors were 
caiculated for each of the selected points. For the next 
66 atoms nearest the origin, however, the contributions 
were computed only at the origin and at points of 
symmetry, where such computations require less labor, 
and from these data there were constructed power series 
approximations in .V, M, and L. The remaining atomic 
centers were treated as though they were distributed 
continuously with a density of 4/a* over the remaining 
volume of the crystal. This permitted the formation of 
expressions in V’+M°+L’* for the contributions of 
these atoms to V; and V°V, by integrating (4/a*)Vz° 
and a(4/a*)(Vz°)!, where Vz° is assumed to be centered 
at (V,M,L), over this volume. 


170 169 1122 1117 
29.5 29.4 349 348 
FA Tae 138 138 
2.54 2.54 68.0 68.0 
1.13 1.13 39.6 39.6 
0.621 0.644 26.6 27:2 
0.413 0.438 20.3 21,3 
0.325 0.377 17.3 19.1 
0.288 15.9 
0.272 15.3 

12.9 12.8 201 200 
4.81 4.79 104 104 
2.00 1.99 58.0 57.7 
0.979 0.977 36.0 36.0 
0.579 0.580 25.4 25.4 
0.405 0.422 20.0 20.6 
0.331 0.375 7.5 19.0 
0.299 16.3 
2.54 : 68.0 68.0 
ae 3 44.5 44 
0.775 763 30.8 30 
0.516 507 23.5 23 
0.399 : 19.8 19 
0.350 18.1 
0.873 857 33.4 
0.605 5 26.1 
0.466 438 22.0 
0.408 3 20.1 
0.497 d 22.9 
0.453 : 21.5 
7.37 32 138 
3.40 3.38 82.6 
1.62 50.3 
0.864 8: 33.1 
0.541 5 24.2 
0.396 A 19.7 
0.334 37: 17.6 
0.309 16.7 
2.00 58.0 
1.14 8 39.8 
0.700 28.8 
0.488 7 22.6 
0.389 3 19.5 
0.350 18.1 
0.779 30.9 
0.559 5 24.8 
0.445 21.3 
0.397 19.7 
0.469 22.0 
0.431 20.8 
1.35 3: 44.5 
0.868 33.2 
0.592 25.8 
0.445 21.3 
0.379 19.1 
0.357 18.4 
0.640 27.1 
0.493 22.8 
0.413 20.3 
0.381 19.2 
0.427 20.7 
0.401 19.9 
0.517 23.5 
0.427 20.7 
0.383 19.3 
0.374 19.0 
0.385 19.3 
0.373 18.9 
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IV. COHESIVE ENERGY OF COPPER 


The Fermi and Coulomb, exchange, and correlation 
contributions to the cohesive energy were calculated 
from 


Ze 
Eyc=— lim [V2"(r)— V2(r) J 


2 r-() 
m ‘ 
+ | free f Var] 
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where r=0 designates the position of a nucleus, and 
and the integrations involving mo, the free atomic 
electronic density obtained from Vz°, are over all of 
space. The Fermi part of Ec is derived with the aid of 
Eq. (1 
average kinetic energy 


) from the expression (3/?/10m) (3/8)! for the 
of the electrons comprising a 
Fermi-Dirac gas of density n at absolute zero tempera- 
ture. The formula for Ex is derived from the expression* 
— (3e?/4)(3n/)! for the mean exchange energy of such 
a group of electrons; the formula for Eo, from the 
Wigner relation® —0.44e?/[ (3/42n)'+-7.8a,] for 


correlation energy per electron. 


the 


The results in Rydberg units are 


‘F. Seitz, The Modern Theory of Solids 
Company, Inc., New York, 1940), p. 341. 

5D. Pines, in Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 375. 


(McGraw-Hill Book 
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Erc=—1.63 
E.x=1.62, 
Ecor=0.088, 


Sum = cohesive energy = 0.08. 


Thus with both the exchange and correlation effects 
considered, the cohesive energy based on charge dis- 
tributions determined from Fermi-Thomas models for 
both metallic and isolated atoms falls quite short of the 
observed value for copper, 0.26 Rydberg unit. On the 
other hand, March,’ using for the metallic atom the 
minimum energy obtainable from the Fermi-Thomas- 
Dirac model in the spherical approximation (which 
does not correspond to the observed lattice spacing), 
and for the isolated atom the energy, including ex- 
change, derived from a modification of the Fermi- 
Thomas charge distribution, has computed a value for 
the cohesive energy of copper that, even with the ex- 
clusion of the correlation energy, is too large. 
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Superfiuid Helium inside Neutron-Irradiated Silicon* 


P. H. Kersom anp G. SEMEL 
Purdue University, Lafayette, Indiana 
(Received March 17, 1958) 


The specific heat of a boron-doped silicon crystal, which was first irradiated with thermal neutrons and 
then annealed, showed a pronounced peak at the normal \ temperature of liquid helium. The anomaly is 
due to the existence of helium inside the ingot, this helium being created by the boron-neutron reaction 
B’-+-n'—He‘+Li’. On annealing, sufficient helium collected in macroscopic defects within the crystal to 


liquefy and produce the observed specific heat. 


INTRODUCTION 


Se dab the specific heat of several impure 
silicon samples has been measured in the liquid 
helium temperature region. From the electronic con- 
tribution to the specific heat information can be 
obtained concerning the effective mass of the carriers 
and the energy band structure of the crystal. While we 
hope to present the results of these measurements in 
the near future, a very pronounced anomaly was ob- 
served in the specific heat of one sample, the explanation 
of which appears worthwhile to communicate here. 


EXPERIMENT 


The specific heat of a 92-gram single crystal of silicon 
containing 0.1% boron has been measured between 
1.2°K and 4.2°K using the normal isothermal method 
(1) when the crystal was in its original state as grown, 
(2) after irradiation with a flux of 8.5X10'* neutrons/ 
cm’, and (3) after subsequent annealing in vacuum at 
930°C for 24 hours. 


* This work was supported by a Signal Corps contract. 


Representative results are shown in Fig. 1, where 
C/T is plotted against T*. The specific heat of pure 
silicon is similar to that of insulators since at low tem- 
peratures only a lattice contribution proportional to T* 
is present. However, being heavily doped with boron, 
this ingot contained a high carrier concentration 
(holes) before bombardment. Thus, an additional con- 
tribution due to the free carriers was found in the 
specific heat. This contribution, proportional to 7, is 
indicated by the intercept on the C/T coordinate. 
Irradiation reduced the electronic specific heat practi- 
cally to zero as most of the free carriers were removed 
by trapping. 

On the basis of the results of Hall coefficient measure- 
ments annealing was expected to restore the original 
hole concentration and, therefore, the original electronic 
specific heat. This appears to have occurred, but in 
addition a pronounced peak just at the normal ) point 
of liquid helium was observed. This temperature coinci- 
dence suggested very strongly that liquid helium was 
responsible for the anomaly. Other possibilities, how- 
ever, have been investigated. 





SUPERFLUID He INSIDE 

(1) Since a superconductor at its transition tempera- 
ture also has an anomalous specific heat, the presence 
of a superconductive impurity was looked for by deter- 
mining the susceptibility of the sample. The silicon 
ingot was placed inside a set of coils and the mutual 
inductance measured. No change in the susceptibility 
was found, whereas 10-° mole of a superconductive 
impurity would have produced an observable jump at 
the transition temperature. To explain the magnitude 
of the peak, 10~* mole is necessary ; thus, this possibility 
is excluded. 

(2) Normally He‘ is used as an exchange gas to cool 
the sample to low temperatures. To remove the possi- 
bility that He* was adsorbed on the surface of the 
crystal and gave rise to the peculiar specific heat, He’ 
was used instead. Certainly adsorbed He’* should not 
produce this anomaly in the specific heat. However, 
the peak was still observed under these conditions. 

(3) A small plate was cut from the sample and the 
resistivity and Hall voltages were measured. No elec- 
trical peculiarities were found. 

(4) Two different thermometers were used, a carbon 
composition 10-ohm Allen-Bradley resistor and a phos- 
phor-bronze wire. Both gave the same results. 

(5) To remove a heavy oxide layer, the sample was 
etched. Since this left the specific heat unchanged, 
surface effects do not appear to be of importance. 


DISCUSSION 

After eliminating these various possibilities, only one 
obvious explanation remained: at low temperature 
liquid helium existed inside the crystal. This helium 
could not possibly have been able to move to the surface 
as in such a case it would have been pumped away 
when a high vacuum surrounded the ingot during the 
heat capacity measurements. 

The origin of this helium was the boron-neutron 


reaction 
B+ n'—Hei+ Li’. 


B' (natural abundance of 20%) has the very high 
cross section for thermal neutrons of 4000 barns. The 
ingot received an integrated neutron flux of 8.5X10!* 
cm’, the cadmium ratio being approximately 1 to 3. 
Since this sample contained 5X10" boron atoms/cm‘, 
2X10"? helium atoms/cm* were produced. The a par- 
ticles resulting from this reaction have an energy such 
that their range in silicon is in the order of 10 microns. 
Thus the helium being created inside the crystal could 
not escape. 

These helium atoms remained randomly distributed 
throughout the sample because at room temperature 
they were not free to move. Van Wieringen and 
Warmoltz! found the activation energy of diffusion for 
helium in silicon to be 29 kilocalories/mole which 
results in a very small diffusion coefficient of the order 
of 10-" cm?/sec at room temperature. In addition to 


A. Van Wieringen and N. Warmoltz, Physica 22, 849 (1956). 
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being randomly distributed, the helium atoms were 
localized in the silicon lattice and in such a state did 
not contribute to the specific heat in a noticeable way. 
This explains why the presence of helium was not 
detected from the specific heat measured directly after 
irradiation. 

But at 930°C, at which temperature the sample was 
annealed, the diffusion coefficient is 710-7 cm*/sec, 
and hence the helium could move through the lattice 
much more easily. Because of this relatively large 
diffusion coefficient some of the helium diffused out of 
the crystal during the 24 hours of annealing in vacuum. 
However, calculations show that at most 20% escaped. 
The calorimetric measurements indicate that the helium 
remaining in the silicon did not stay localized within 
the lattice but collected in large groups. Otherwise the 
cooperative 4 phenomenon would not have been ob- 
served. 

Optical microscope observations indicate the presence 
of macroscopic defects in which the helium could have 
collected. Before annealing, but after irradiation, the 
single crystal had a very fine subgrain structure, the 
subgrain boundaries being brought out only weakly by 
an etch. On the other hand, the subgrains were much 
larger after annealing; also the boundaries upon etching 
were more pronounced, indicating a larger defect con- 
centration. Apparently, then, at elevated temperatures 
the helium atoms, being reasonably mobile, diffused 
either directly to the subgrain boundaries or first to 
defects within the lattice and then migrated with the 
defects to the boundaries. 

To estimate the amount of helium which was present 
the total heat capacity measured before bombardment 
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Fic. 2. The solid curve is the difference in heat capacity of 
boron-doped silicon before irradiation, and after irradiation and 
annealing. The dotted curve is the heat capacity of 3k 10~ gram 
of liquid helium under its own vapor pressure. 


was subtracted from that found after irradiation and 
annealing and plotted in Fig. 2. To ascribe this differ- 
ence in heat capacity only to helium presupposes that 
the specific heat after annealing would have been re- 
stored to the original value before irradiation had the 
helium not been present. However, the difference may 
have been due partly to factors other than helium. But 
in spite of this uncertainty there can be no doubt as to 
the presence of the characteristic \ anomaly at (2.15 
+0.03)°K. 

Plotted on the same graph is the heat capacity of 
3X10-* gram of liquid helium, an amount which if 
dispersed throughout the silicon would have a density 
of 1.210"? atoms/cm*. This quantity was chosen so 
that the two curves would be coincident at 2.5°K. 
The agreement of the two curves over the whole tem- 
perature range is remarkable in view of the possible 
errors, one of which is that the experimental graph is 
obtained from two quantities whose magnitudes are 
much larger than their difference. In any event, a large 
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fraction of the 2X10"" helium atoms/cm* produced by 
the nuclear reaction collected inside defects of the 
crystal during annealing and gave rise to the anomaly 
in the specific heat. 

It is interesting to note that the pressure of the 
helium gas inside the defects must have been quite high 
during annealing, or the helium would not have liquefied 
at low temperatures and produced the observed specific 
heat. Because of the agreement between the two curves 
in Fig. 2, no large fraction of the liquid could have 
evaporated during the heat capacity measurements. 
Otherwise, the difference curve would have risen much 
more rapidly than the curve for bulk helium above the 
\ point. Thus, it is surmised that the defects were com- 
pletely filled with liquid helium, or at least nearly so. 
Also, as the temperature at which the anomaly in the 
specific heat occurs is, to the accuracy of measurement, 
the normal \ temperature, the helium could not have 
been under much more than its own vapor pressure at 
2.2°K. To satisfy the above conditions the pressure of 
the helium gas inside the defects must have been in the 
order of 2000 atmospheres at the temperature of 
annealing. The occurrence of such a high pressure is not 
unreasonable since Van Wieringen and Warmoltz found 
that under one atmosphere at 1000°C only 3X10" 
helium atoms/cm* dissolve in silicon. As the density 
produced by the irradiation was approximately 10* 
times larger, the pressure in the defects could easily 
have been built up to thousands of atmospheres. 
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The effect of conduction electron transport on the propagation of acoustic waves in normal metals is 
investigated at all frequencies. For the attenuation, comparison is made with the kinetic analysis of Pippard 
and with the measurements of Bommel. The fractional shift in the velocity of sound is found to be positive 


and very small. 


1. INTRODUCTION 


INCE Bémmel first reported a difference of ultra- 

sonic attenuation in normal and superconducting 
phases, it has become apparent that the attenuation in 
metals at the lowest temperatures is due primarily to 
direct dissipation to the conduction electrons. By esti- 
mating the electronic time of relaxation from electrical 
conductivity data, Mason has shown that the static 
shear viscosity of the conduction electrons could account 
for the order of magnitude and the temperature de- 
pendence of the attenuation in normal metals at low 
frequencies.? This has been confirmed by a calculation of 
the time of relaxation for the electronic coefficient of 
shear viscosity.’ 

However, underlying the netion of static viscous 
attenuation is the assumption that the electrons are not 
accelerated between collisions. This cannot, of course, 
be reconciled with the motion of the lattice, to which 
the electrons are coupled. Pippard has clarified matters 
by pointing out that the acoustic distortion of the lattice 
must introduce a macroscopic internal electric field 
(inductive for transverse waves and electrostatic for 
longitudinal waves).’ Using kinetic methods, Pippard 
computed the coefficient of attenuation for normal 
metals. His differ 
viscous analysis at finite frequencies, and are in rather 


results from those of the static 


good agreement with experiment.® 

It is desirable, however, to determine the transport 
from the Boltzmann equation, in order to correct the 
minor errors of magnitude of which kinetic methods are 
susceptible, and so as to be able to incorporate the 
effects of applied magnetic field and finite specimen 
size in a straightforward manner. (These effects will 
be discussed in future publications.) It is also desirable 
to investigate the shift in the velocity of sound occa- 
sioned by the dissipation. The attenuation and the 


1H. E. Bommel, Phys. Rev. 96, 200 (1954). 

2 W. P. Mason, Phys. Rev. 97, 557 (1955). 

3M. S. Steinberg, Phys. Rev. 109, 1486 (1958). Actually, one 
may speak only of an effective time of relaxation. At the lowest 
temperatures the rate at which interaction with the thermal 
lattice vibrations restores thermal equilibrium to the electron 
distribution is not independent of the initial distribution; thus a 
true time of relaxation does not exist. 

4A. B. Pippard, Phil. Mag. 46, 1104 (1955). 

5 W. P. Mason and H. E. Bommel, J. Acoust. Soc. Am. 28, 930 
(1956). This reference contains a review of the experimental 
situation to date. 


dispersion are intimately related, and will be treated 
together. 

We shall, with Pippard, utilize the free-electron 
model of a metal and shall assume knowledge of an 
effective time of relaxation 7. The central approxima- 
tion, within this framework, will be that of small depar- 
ture from thermal equilibrium. It is not necessary, for 
consistency, to assume small fractional attenuation per 
wavelength, though the attenuation will turn out to 
be of this character under all practical circumstances. 


2. THEORY 


Consider an acoustic disturbance in a conductor of 
density p having .V conduction electrons (effective mass 
m, charge e) and lattice ions per unit volume. The 
motion of the lattice implies a departure of the electron 
distribution from thermal equilibrium and, conse- 
quently, a nonequilibrium kinetic stress—or (negative) 
momentum current density—T in addition to the elastic 
stress associated with the lattice strain. The impedance 
to the lattice motion offered by TF results in the dissi- 
pation of acoustic energy to the conduction electrons, 
and in a shift of the velocity of sound 2, from the value 
c, determined by the static elastic constants. 

For either transverse or longitudinal waves the 
lattice displacements s are governed by the equation 
of motion: 

Os 
p—=pc7V’stV TF. 
oF 


(2.1) 


When the lattice velocity u=0s/0/ is small enough 
so that the electron distribution remains close to thermal 
equilibrium, the momentum current of the electrons 
will be linearly related to the local lattice displacement. 
One may then write 


V-T=—ipc2kZ(w)s, 


for a plane-wave acoustic disturbance of angular fre- 
quency w=2,k. The function Z(w), which is to be de- 
termined from transport considerations, is the dimen- 
sionless acoustic impedance associated with Tf. 

Let a@ be the attenuation 
per unit length for a plane wave. Then s varies as 
exp[i(wi—q-r) ], where g=k—}ia, and the equation of 


coefficient of energy 
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motion requires that 


w/ce—g—ik*Z(w) =0. (2.3) 
In terms of the acoustic resistance R(w) and reactance 
X(w) defined by Z=R+7X, the real and imaginary 
parts of Eq. (2.3) yield the attenuation 


a=kR(w), (2.4) 


and the dynamical velocity of sound 


V.=Cs_1—X (w) —}R*(w) J}. (2.5) 

All quantities associated with the acoustic wave may 
be considered to vary as s. The internal electric field E, 
the electron current density J and the nonequilibrium 
electron number density » are thus related to the local 
lattice velocity through Maxwell’s equations by 


(d/dt)(J— Neu) =(2/4r)9 XV XE (2.6) 


and through the equation of continuity by 


Vv -J+(0/dt) (ne) =0. (2.7) 
The three auxiliary quantities are fixed by these two 
relations plus the appropriate transport expression for 
the current density. 

At thermal equilibrium the electron velocity distribu- 
tion f(v) is the Fermi distribution, 


fo(v) = {exp[4m(e?—2.2)/KT]+1}-, 


where v= (h/m)[ (3/8) (N-+n) }! is the velocity at the 
Fermi surface, and kK is Boltzmann’s constant. When 
the lattice is in motion, collisions relax f(v) toward 
local equilibrium in the frame of the moving lattice, 
that is, toward fo(;v—u! ). It is assumed that the relaxa- 
tion occurs exponentially, with time constant 7. The 
relaxation process is then governed by the transport 
equation: 


(2.8) 


f- fol 7-8 ) 


af e 
—+(v-¥) f+—(E- ¥.) f= -——— (2.9) 
ot m 


T 


We shall assume small departure from thermal 
equilibrium, namely, (f—fo)<<fo, uo, nN, and 
(E-¥.)(f—fo)<K(E-¥,.) fo. When the acoustic wave is 
taken to travel in the z direction, the transport equa- 
tion is then solved approximately by 


f= fo(|v—u|)—Y(v) afo/ dr, (2.10) 


with 


1+iwr—igr, 


UV NV? 
-(- +—). (2.11) 
v 3Nv 


The quantities E, J, and m may now be determined in 
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terms of u by computing the current density 


2em 
-(- -) foe 
h* 


3Ne 
=vart( —) fvarivaaa (2.12) 
Arvo 


Finally, the nonequilibrium momentum current density 


2m‘ 
-2-(- =) fevts00)— fo v—u)) |d*v 
h* 
3Nm 
~( 2 ) f vovarewoaa, (2.13) 
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together with the definition (2.2), yields the impedance: 
iq: T-u* 


pc,’0, 'k| u\? 


Z(w)= (2.14) 


The foregoing discussion is incomplete in one respect. 
It has not allowed for a temperature gradient and conse- 
quent heat conduction. In the appendix it is shown that 
heat conduction can have no effect on the impedance for 
transverse waves and only a negligible effect, at ultra- 
sonic frequencies, on that for longitudinal waves. 

In addition, the force density due to the internal 
electric field ought, in principle, be added to Eq. (2.1) 
on the right. This will be the product of E and the total 
nonequilibrium charge density—n for the electrons and 
Ne(¥ -s) for the lattice. However, the term will be of 
second order in s and may, in the approximation of 
small departure from thermal equilibrium, be neglected. 


3. TRANSVERSE WAVES 
There will be no density changes associated with trans- 
verse displacements. Therefore, »=0. In the absence of 
an appreciable magnetic field, the electric field will take 
the direction of the lattice displacements. If these are in 
the x direction, with 7,=v cos, 1,=2 sin@ cos, then the 
nonequilibrium electron distribution is 


eEr/m+u 


= - — «| sin8 cosd. (3.1) 
1+iw7—igl cos6 


Here, /(v)=v7(v) is the mean free path for electron col- 
lisions. Setting cos#=x, d2= —dx dg, the transport of 
charge and of transverse momentum are given by 


J=Neut+iNe 
i eEr/m+u\ a 
ieee 
anil 1—iax ql 
and 


— T= —T12=i Nm 


17 /eEr/m+u\ a 
x f | (— a u| (1—27)xdx, 
ca 1—iax / ql 
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where a=ql/(1+iwr), and /(v) and 7(vo) have been 


written simply as / and 7. Since v,°«c?, the displacement 
current may be neglected, and Eq. (2.6) reads 


eEr/m= — (ko’/q*)(J/Ne—u), (3.4) 


where ky?= 4riwNe?r/me’. 

These relations fix the quantities of interest, which 
may be expressed in terms of Pippard’s functions 
F=1—a"tan"a and G=3[1—(1+a~)F]. Setting 
G’=Ga/ql, one finds: 


Nmvg | 1 [|| 


(3.5) 
kl Gke+¢ 


Z(w)= : 
pc,70, 
At frequencies presently available to ultrasonic tech- 
nique, the approximations wr1, (ko?|>>/q?/, and 
G’ko?| >>| q?| are usually valid. Under these conditions 
two frequency regimes are distinguishable. 

When k7/*<<1, the acoustic impedance is approximately 


Nmvlw a @ a 
Z(w) =— =| (ter - .)-i(C+er) | (3.6) 
Spc,” k 4k? k 


By Eq. (2.4), the coefficient of attenuation is found from 


a Nmvrlw a @ 
_ = —— (er -—), 
Rk Spc? k 4k? 


The term (NVmiolw/5pc,”) may be written in the form 
£(m/M)(v9?/c.2)wt, where M is the mass of a lattice 
ion. This term is generally of order wr or smaller, al- 
though it may be somewhat larger in the lighter metals. 
Therefore, the attenuation per wavelength is small 
}a<<k) and one has, approximately, 


(3:7) 


Nmovola” 


a 


(3.8) 


5pc.7. 


By Eq. (2.5), the velocity of sound is then approxi- 


mately 
3a? 20Mc,?\ 7} 
nmol 1+—(1+ : ‘)]. 
4k? 3m" 
The shift (v,—c,) is positive, and is extremely small 


percentagewise. 
When &/> 1, the acoustic impedance is approximately 


4Nmvo a 
Z(w) =— (= ), 
3mpc,?0, 2k 


from which one obtains 


(3.9) 


(3.10) 


4N miu 
a=— ; 
3rpce 


a \} 
naa(i+—) 
4k? 


AND 
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The attenuation now rises linearly rather than quad- 
ratically with frequency. The ratio a/2k is at its maxi- 
mum, but does not surpass the order 10~? even in the 
lightest metals. Remarkably, a depends only upon the 
equilibrium parameters of the conductor. The shift of 
the velocity of sound is positive and is still very small. 

At the highest frequencies, such that |q?|>>|Ro?| and 
wr>>1, the impedance falls approximately to 


3m, 
fo i”), 
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The attenuation falls to the limiting value 


(3.13) 
prc. 


Nm 


and the velocity of sound becomes 


3rv,a\ 3 
uao(1+ ). 
4duok 


The shift (v,—c,) remains positive and small as the 
frequency is increased without limit. 


(3.15) 


4. LONGITUDINAL WAVES 


When the displacements are longitudinal, the non- 
equilibrium electron distribution is 


[ (eEr/m+u) cosd+nv?/3No ] 


NV? 
— (« cos#-+-—— ) (4.1) 
3Nv 


Accordingly, the electron current density and non- 
equilibrium kinetic compressional stress are given by 


1+iw7—igl cosé 


J=Neut+ 3Ne 


; |= m+u)x+nv9/3.N ) a 
x f | 
- 1—tax ql 


NVo , 
- (ut ~) txdx, (4.2) 
3N/ | 
and 
T3= <a 3Nmvo 


f [== m+u)x+nry al 
xa i, a > = 
at” | 1—iax gl 


NVo 
(w+) dx. 
3n/ | 


Provided w is many orders of magnitude lower than the 
plasma frequency, wp=(4rNe?/m)}, as it is for all 
metals at ultrasonic frequencies, the displacement 


(4.3) 
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current is much smaller than the lattice ion current, 
and the electrodynamic relation (2.6) reads 


J=Neu. (4.4) 


Together with Eq. (2.7), this determines the nonequi- 
librium electron density, 
n=Nu/2,. (4.5) 


From these relations one calculates: 


Nmvo aysi-F 
sopetoceel {= (: )- |} 
pls, 1| ka 3 F 


When w7<X1, one again distinguishes two frequency 
regimes. 

At the lowest frequencies (k*/*<<1), the acoustic 
impedance approaches 


4Nmvlw a @ a 
Z(w) =—— | (1-e —- -)-i( ter) | (4.7) 
15pc,? k 4k? k 


Except for the numerical coefficient, Z(w) is the same 
as for transverse waves, so that one has, approximately, 


(4.6) 


4N mi (ler* 
a= —_ oa” 


15pc,?0, 


(4.8) 


(4.9) 


3a? 5Mc.2\ }3 
emo] 1+ (14 )]. 
4k? \ mv" 


0 


with the same qualitative behavior for both quantities 
as for the case of transverse waves. 
When &/> 1, the acoustic impedance is approximately 


rN mr a 
Z(w) =- (1-1 ). 
6pc,2,! 2k 


aNmiw 
a=>— a 


(4.10) 
Then 


(4.11) 


9 


ao yi 
una(1+—) F 


Again, the qualitative behavior of a and », is the same 
as for the case of transverse waves. 

The difference between transverse and longitudinal 
waves is, however, evident in the limit of very high 
frequencies. When w7>>1, one still arrives at the result 
(4.10) and its consequences (4.11) and (4.12). 


(4.12) 


5. DISCUSSION 


Apart from small corrections of order a/k and 
(v.—cs)/¢s, Pippard’s results for the attenuation appear 
to be identical with those obtained here.‘ His 7, how- 
ever, is the time constant for velocity relaxation rather 
than for relaxation of the electron distribution, which 
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relaxes with the energy or at twice the rate of the 
velocity. This was taken into account in computing the 
coefficient Nmvo/7 in Pippard’s formulas (14) and (23). 
But the substitution 727 and /-2/ must be made in 
his functions F and G (his notation is f and g) for 
purposes of comparison. Pippard’s a is then seen to be 
correct when k7/*<1, but too small by a factor of 2 
when &/>1. For transverse waves, it is too small by a 
factor of 4 in the high-frequency limit. 

Mason and Bommel have compared the observed 
coefficient of attenuation in normal tin with Pippard’s 
formulas. They took the time of relaxation from elec- 
trical conductivity data according to the formula 
o=Ne’r/m and computed the mean free path l= 7d 
from the mean electron velocity 3. They found that the 
ratio a2/a; (where a; is a when k7/*K1, and az is a when 
klI>1 and wr<1) is actually somewhat larger than 
predicted, by a factor 1.3 to 1.7 for transverse waves 
and 2.5 to 7.5 for longitudinal waves. Since the mean 
velocity 3 is (3/5)! times the Fermi velocity %%, their 
1 is (3/5)! times our / and 3(3/5)! times Pippard’s /. 
Since a2/a; varies as 1/k/, this ratio is actually (5/3)! 
= 1.3 times still larger than our prediction and 2(5/3)! 
= 2.6 times still larger than that indicated by Pippard’s 
formulas. While tin is far from the ideal metal on which 
the present theory is based, it may still be of value to 
point out how the correspondence between theory and 
experiment might be improved. 

For transverse waves, the internal induction field 
vanishes sufficiently rapidly in the static limit so that 
the time of relaxation calculated in reference 3 is cor- 
rect at zero frequency. Specifically, e&r/mu—{k'l*. 
Since the term (v-¥)fo in the transport equation 
varies as w and the term (E-¥,) fo varies as w’, it is 
permissible to ignore the electric field in this limit. 
Assuming that 7 itself will not depend sensibly upon 
frequency, then at low temperatures the “‘ideal”’ inter- 
action of the electrons with termal phonons and the 
“residual” interaction with crystal inhomogeneities of 
atomic dimensions results in a relaxation time given by 


S &\9 
=—+ —, 


i Ti Tr 


In the neighborhood of absolute zero the ideal time of 
relaxation 7; is 4 as large for the viscosity as for the con- 
ductivity of ideal metals. The residual time constant 7, 
is independent of the temperature for both transport 
coefficients and should also be smaller for the process of 
momentum transfer.’ Clearly, the correct 7 differs from 
that taken from conductivity data in the right direction 
to increase a2/a,; and improve agreement with the 
measurements. 

For longitudinal waves, the internal electrostatic 
field vanishes too slowly in the static limit (e#r/mu— 
3k°l?/iwr) to permit the term (E-¥,) fy to be neglected 
in the transport equation. Therefore, the method em- 
ployed in reference 3 to compute 7 at zero frequency 
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cannot be extended to the case of transport of longi- 
tudinal momentum. The magnitude of 7 therefore 
remains an open question. It may be that it is 
smaller yet than 7 for the transverse case, which is what 
would be needed in order to make theory and experi- 
ment agree as closely as for the transverse case. 

The slight frequency dependence of the velocity of 
sound may not be detectable experimentally. Nor would 
its measurement seem to be particularly valuable for 
theoretical purposes, so far as normal metals are con- 
cerned. The theory of the dispersion may, however, be 
of interest in connection with superconductivity. Here, 
the acoustic impedance Z(w) is discontinuous at the 
transition temperature, with consequent discontinui- 
ties Av, and Aa in the velocity of sound and in the 
coefficient of attenuation. (The latter seems not to 
have been detected so far, owing to the lesser precision 
of attenuation measurements and to the infinite slope 
with which a declines below the transition temperature.) 
If AZ(w) is due wholly to the discontinuities in the 
equilibrium constants of the metal, then Av, may be 
computed from Eq. (2.5). In general, because of the 
smallness of X(w) and R?(w), this will differ but little 
from the discontinuity Ac, computed from thermo- 
dynamic considerations.° 
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APPENDIX 


The work of Part 2 must be corrected as follows to 
admit the presence of a temperature gradient. The heat 
flux Q is related to the temperature increment 6 (as- 
sumed small: <7) through 


vy -Q+0U/dt=0, (A.1) 


where 


mv" 5/ rk \? 
v=1v+n( yr ( - ) r+3)| (A.2) 
Z 3 \ mre" 


is the energy density of the conduction electrons to 
second order in (k7'/mv"). Transport of charge, momen- 
tum and energy are given, respectively, by 


3Ne af 
J=Neu— ( ) f veo ) aaa, (A.3) 
4rrv,? Ov 
3Nm Ofo 
—F=— ( — ”) free _ )avao, 
4rv,3 Ov 


(A.4) 
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and 


hs 
3Nm afo ed 
= N mou ( ) frov( - ao. (A.5) 
Sarv¢" dv 


The new quantities Q and 6 are made determinate by 
the relations (A.1) and (A.5). Now, 


eEr Vo nv P—u?\ 6 
. u) . 4 l ig ( ) 
m v 3Nv 2v 1 


[1+iwr—igrre | 


UV NV" v—v9"\ 6 
-|- hs +( )-} 
v 3Nov 20 T 


In computing the transport, the integrals 


vP— 097 \ Of p-1\ srkT \? 
JME 
2v wv 3 mM 


are required. 
For transverse waves, ¥-Q=0 and n=0, therefore 
6=0, and there is no effect. For longitudinal waves, 


one finds: 
n fiwk/4r F 1 
=— (1+ ) : 
3NUL_ nev, lwrT 


The effect of the temperature gradient on Z(w) may 
be seen by looking at the kinetic compressional stress: 


oe -( 
T .2= —1Nmvr 
| gl 

( “| n (= T\ 6 
+1f 1— —+{ - ) |} 
agl/\3N moe) T J) 
But | (1+F/iwr)-!| =1, and the ratio | —iwk/4:neo, | 
of displacement current to electron conduction current 
is very small as long as w is many orders of magnitude 
smaller than w,. Therefore, 6/7<n/3N. In addition, 


(rkT/mvo")<1. The effect of the temperature gradient 
is thus quite inconsequential. 


(A.7) 


(A.8) 


(A.9) 
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Ferroelectricity in Di-Glycine Nitrate (NH.CH,COOH),.-HNO; 


R. Peprnsky, K. Vepam, S. HosHino, AND Y. OKAYA 
Department of Physics, The Pennsylvania State University, University Park, Pennsylvania 
(Received March 18, 1958) 


(Glycine)2- HNO; is ferroelectric below —67°C. The room-temperature phase is monoclinic, space group 
P2,/a, with a=9.49, A, b=5.10; A, c=9.359 A, B=98.8°, pors= 1.5819 g/cc, and Z=2. The nitrate groups 
must be disordered or rotating in this phase, since they are at centers of symmetry. The symmetry of the 
ferroelectric phase is Pa, as established from systematic absences and the fact that spontaneous polarization 
appears along the room-temperature [101] direction below —67°C. The dielectric constant €j101;, at 10 
kc/sec and 5 v/cm, is 14 at room temperature, rises to a sharp peak of ~600 at —67°C, and falls to ~12 at 
— 180°C. The transition appears to be of second order. At —77°C the spontaneous polarization is 0.60 
ucoul/cm?, and the coercive field is 400 volts/cm. A specific heat anomaly similar to that in (glycine)3- H2SO, 
and (glycine)3- H2BeF, is observed, with AE=0.15 kcal/mole and AS=0.74 cal/mole deg. 


I. INTRODUCTION 


OLLOWING the discovery by Matthias, Miller, 

and Remeika' of ferroelectricity in (glycine) 3- H2SO, 
and the corresponding selenate, and later observance 
that (glycine);-H2BeF, is ferroelectric,? Pepinsky and 
co-workers found ferroelectric behavior in (glycine) 
-AgNO; and related mixed crystals* and in (glycine)2 
-MnCl.-2H:0.4 We have recently observed that 
(glycine)2-HNOs; becomes ferroelectric below —67°C. 
The present paper discusses some crystallographic and 
physical properties of the latter compound. 

The fact that four crystallographically quite different 
glycine salts and intermolecular complexes show ferro- 
electric behavior confirms the importance for this 
phenomenon of the configuration of the glycine mole- 
cule, and the ease of disturbance of its conformation in 
a crystalline field. 


Il. CRYSTALLOGRAPHY OF (GLYCINE),-HNO; 


(Glycine): HNO; crystallizes readily from stoichio- 
metric quantities of the components in aqueous solu- 
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Fic. 1. (Glycine)2- HNO;: dielectric constant measured along 
[101], as a function of temperature. 


1 Matthias, Miller, and Remeika, Phys. Rev. 104, 849 (1956). 
2 Pepinsky, Okaya, and Jona, Bull. Am. Phys. Soc. Ser. II, 2, 
220 (1957). 
3 Pepinsky, Okaya, Eastman, and Mitsui, Phys. Rev. 107, 1538 
) 


(1957). 
4 Pepinsky, Vedam, and Okaya, Phys. Rev. 110, 1309 (1958) 


tion. The room-temperature density, measured by the 
flotation method, is 1.5819 g/cc. X-ray measurements 
(Weissenberg camera, Cu Ka radiation) show room- 
temperature cell constants a=9.49,A, b=5.10; A, 
c=9.35) A, B=98.8°, and space group P2,/a. The 
molecular weight calculated from these constants is 
213.6; this is to be compared to the weight computed 
from the formula, 213.2. There are two formula units 
in this centric monoclinic cell; and this requires that 
the N atoms of the nitrate groups are on centers of 
symmetry. This indicates statistical disorder of the 
NO; groups, or their rotation, at room temperature. 
Ferroelectricity is observed below —67°C, with the 
monoclinic [101 ] direction becoming the axis of spon- 
taneous polarization. Therefore the twofold screw axis 
disappears below the Curie point, and the low-tempera- 
ture symmetry must be either Pa or P1. X-ray observa- 
tions at —170°C confirm the dielectric observation that 
the twofold axis disappears below the transition point, 
and unequivocally establish that the space group of 
the low-temperature phase is Pa. The type of symmetry 
change observed here is similar to that found in the 
ferroelectric transition in ammonium chloroacetate,® 
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Fic. 2. (Glycine): HNOs: coercive field E, along [101], 
as a function of temperature. 


5 Pepinsky, Okaya, and Mitsui, Acta Cryst. 10, 600 (1957). 
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FER ROELECTRICITY ‘LN 


where the direction of spontaneous polarization is 
along the paraelectric monoclinic [101 ] direction.‘ 


III. DIELECTRIC BEHAVIOR 


Although it was anticipated that spontaneous polar- 
ization, if it appeared at all, would occur along the 
paraelectric monoclinic axis, a dielectric anomaly was 
not observed in this direction. €;o;0) is about 9 at room 
temperature, and is fairly constant down to liquid 
nitrogen temperature. €)101) has a value of about 14 at 
room temperature, for a frequency of 10 kc’sec and a 
field of 5 v/cm; it climbs sharply to a peak value of 
about 600 at —67°C, as shown in Fig. 1, and then falls 
rapidly as the temperature is lowered, until it has a 
value of 12 at —180°C. e;;07) has a value of 20 at room 
temperature, and decreases gradually to 16 at — 180°C. 

The value of the coercive field £.[101] shown in 
Fig. 2; and the spontaneous polarization P,{101] is 


TABLE I. Values of 7. (in °C), P, (in wcoul/cm*) and £, (in 
v/cm) for ferroelectrics of the monocarboxylic acid class. P, and E, 
values given for temperatures ~10° below Curie points, except 
as noted. 


~ 


Glycine);-H.SO¢ 
(Glycine);-H,SeO,* 
(Glycine);-H2BeF, 
(Glycine) -AgNO;¢ 
(Glycine) - (Ago, s2, Tlo. 1s) NOs! 
(Glycine) . (Ago 82, Lio is) NC )," 
(Glycine)»-MnCl,.-2H.0# 
(Glycine). HNO; 
CICH,COONH,§ 
CaeSr(C2H;COO) « 


nw wre 
hr bho ht bho 
x 


w 


* See reference 1. 
See reference 2 

¢ See reference 3. 

4 See reference 4. 

¢ See reference 5 

‘ See reference 7. 

* Measured by the present authors 
+ At room temperature. 


shown in Fig. 3. At —77°C these quantities are: 
P,=0.60 ucoul/cm?, £.= 400 v/cm. 

The behavior of the P vs EF curve just below the 
transition temperature suggests that the transition is 
of second order. 


IV. THERMAL MEASUREMENTS 


A specific heat measurement was carried out in our 
adiabatic calorimeter, in the temperature range between 
—92°C and —54°C. A powdered sample, 10 grams in 
weight, was enclosed in a vessel of thin paper. The heat 
input was ~0.003 cal/g. The curve of C, vs tem- 
perature is shown in Fig. 4. An anomaly appears in 
the range between —80°C and —65°C. The shape of 
the curve is quite similar to that of tri-glycine sulfate 
and tri-glycine fluoberyllate,’ and supports the di- 


® Hoshino, Mitsui, Jona, and Pepinsky, Phys. Rev. 107, 1255 
(1957). 
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Fic. 3. (Glycine)»- HNO ;: spontaneous polarization P, measured 


along [101], as a function of temperature. 


electric indication that the transition is of second order. 
The heat of transition AE is estimated to be 0.15 kcal 
mole, and the entropy change AS is 0.74 cal/mole deg. 


V. COMPARISON WITH OTHER FERROELECTRIC 
GLYCINE COMPOUNDS 


It is evident that the conformation of the glycine 
molecule (or ion), and the possibility of its alteration 
in a crystalline field, is the prime element in the four 
crystallographically-dissimilar types of glycine com- 
pounds which show ferroelectric behavior.* As pointed 
out earlier,’ glycine is itself a representative of the 
larger class of acetates or substituted acetates which are 
ferroelectric, the compounds ammonium chloroacetate® 
and CaSr(propionate)s * being additional members of 
the general family. It can be anticipated that many 
more ferroelectrics of the acetate (or substituted 
acetate) class will be found. These monocarboxylic acid 
derivatives should also be considered in connection 
with the ferroelectric tartrates, which are of course di- 
hydroxy-substituted di-carboxylic (succinic) acid salts.* 
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Fic. 4. (Glycine)»- HNO: specific heat vs temperature. 
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§ See Shirane, Jona, and Pepinsky, Proc. Inst. Radio Engrs. 43, 
1738 (1955). 


Matthias and J. P. Remeika, Phys. Rev. 107, 1727 
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Table I gives a comparison of the values of spon- 
taneous polarization P, and coercive field E. of this 
family of ferroelectrics. Except for the case of (glycine): 
-MnCl,-2H,0, all of the values of P, and E, are taken 
at temperatures about 10° below the respective Curie 
points. No Curie temperature is observable for (glycine) » 
-MnCl.-2H:.0 and the P, and £, values for it are those 
at room temperature.‘ 
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Radiation Damage in Ge and Si Detected by Carrier Lifetime Changes: 
Damage Thresholds* 
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Minority carrier lifetime, r, in semiconductors is shown to be more sensitive, by a factor of 10*,-to radiation- 
induced defects than the conductivity. Thus, in some cases, the introduction of as few as 10" defects per cm? 
can be detected by its effect on r. Both direct measurements of 7, and measurements of dependent param- 
eters (such as the photovoltaic effect and the particle voltaic effect) are described for Si and Ge. Using such 
parameters, and an electron accelerator, the minimum energy needed to produce a Frenkel defect was 
found to be 14.52-0.4 ev in Ge and 12.9+0.6 ev in Si. An analysis of the phenomenon shows how the location 
of the radiation-induced energy levels and the relative minority carrier capture cross sections can be deter 
mined experimentally. The shape of the curve of the displacement cross section versus the incident particle 
energy is compared to calculations from collision theory. Qualitative explanations for the observed “tail” 
on this curve are presented. Calculations based on these explanations fail to yield complete agreement with 


the experimental curves. 


LIST OF IMPORTANT SYMBOLS 


o=conductivity of semiconductor. 
7=minority carrier bulk lifetime. 
N,=density of recombination centers. 
o-=cross section for minority carrier capture. 
v=thermal velocity of carriers. 
A(Eg)=cross section for Frenkel defect formation. 
p=resistivity of semiconductor. 
Ng=number of bombarding particles per unit time. 
¢=integrated bombarding flux. 
t=time of bombardment. 
I g=current of bombarding particles. 
Ez=energy of bombarding particle. 
Ego=minimum energy of impinging particles for pro- 
ducing defects. 
E,=energy inparted to a lattice atom in a collision. 
E,=energy level of recombination center. 
E;=energy of Fermi level. 
I,=photovoltaic short circuit current. 
e=electron charge. 
L=diffusion length of minority carriers. 


* Preliminary reports of this work have been given in earlier 
brief communications; viz., P. Rappaport, Phys. Rev. 94, 
1409(A) (1954); J. J. Loferski and P. Rappaport, Phys. Rev. 
98, 1861 (1955); and P. Rappaport and J. J. Loferski, Phys. Rev. 
100, 1261(A) (1955). 


g=electron-hole pair generation rate. 
D=diffusion constant for minority carriers. 
Q=fraction of generated carriers collected by a 
junction. 
a=absorption constant for light. 
s=surface recombination velocity. 
/=semiconductor thickness. 


I. INTRODUCTION 


HE simplest consequence of a collision between a 
particle of high kinetic energy and an atom in a 

solid is the displacement of the struck atom to an 
interstitial position. By definition, the resulting vacancy- 
interstitial pair constitutes a Frenkel defect. Such 
defects can be introduced into the lattice only if the 
energy transferred to the crystal atom by the impinging 
particle is equal to, or exceeds, a threshold energy, 
which is identified with the energy that constrains the 
atom to remain in its equilibrium position. The magni- 
tude of this threshold energy is of fundamental im- 
portance to an understanding of the mechanism of 
radiation damage and of crystal forces. Of the param- 
eters available for measurement in previous experiments, 
the electrical conductivity, ¢, seemed to be most sensi- 
tive to the presence of Frenkel defects. Consequently, 
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the thresholds of Cu,' Fe,? and Ge* were determined by 
establishing the minimum energy a bombarding electron 
must have in order to produce a detectable change in ¢. 
This paper describes experiments which used a much 
more sensitive parameter than o, namely, 7, the lifetime 
of minority carriers in a semiconductor, to detect the 
presence of Frenkel defects and, therefore, to determine 
the threshold for production of such defects. The sensi- 
tivity of 7 to the presence of energy levels near the 
center of the forbidden energy gap has been shown 
theoretically by Hall,‘ and Shockley and Read,* and 
demonstrated experimentally for certain chemical im- 
purities by Burton et al.° These investigators concluded 
that concentrations of such levels in the range of 10"/cc 
determine 7r. The conductivity, on the other hand, 
depends on concentrations of about 10° levels/cc. 
That bombardment-induced Frenkel defects do in fact 
introduce levels near the center of the gap has already 
been shown.’ 


II. BASIC CONCEPTS 
(a) Relation Between < and Irradiation Time 


The relation between 7 and the density of recombina- 
tion centers, V,, is given by*® 


1/r=N, 0. 0f(E:—Ey), (1) 


where a, is the minority carrier capture cross section, 
v is the thermal velocity of the carriers, and f(£,—E,) 


is a function of the location of the recombination 
centers, E;, with respect to the’ Fermi level, E;, which 
reduces to unity for heavily doped p- or n-type material, 
but is a sensitive function of p if E; is close to E;. 

Furthermore, if more than one species of recombina- 
tion centers exist, it is presumed that there is no inter- 
action and that 


1/7r=Di(1/71) =Li Noi oes vf (Eui— Ey). (2) 


For the low flux levels employed in these experiments, 
it is reasonable to assume that the number of recombina- 
tion centers introduced is proportional to the flux bom- 
bardment time product NV, /, i.e., the integrated flux, ¢, 
and to the cross section for defect formation, A(E,). 
Thus it follows that 


N-wp=NpA(Ex)t=A(Eps)o, (3) 
and 
1/r=1/rotN pA(Ep)o, vfp(E:s—Ey)t, (4) 


1D. T. Eggen and M. J. Laubenstein, Phys. Rev. 91, 238(A) 
(1953). 

2 J. M. Denney, Phys. Rev. 92, 531(A) (1953). 

3E. E. Klontz and K. Lark-Horovitz, Phys. Rev. 86, 643(A) 
(1952). See also E. E. Klontz, thesis, Purdue University, 1952 
(unpublished). 

4R.N. Hall, Phys. Rev. 87, 387 (1952). 

5 W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952). 

— Hull, Morin, and Severiens, J. Phys. Chem. 57, 853 
(1953). 
7H. M. James and K. Lark-Horovitz, Z. physik, Chem. 198, 
107 (1951). 

§ Cleland, Crawford, and Pigg, Phys. Rev. 98, 1742 (1955); 
99, 1170 (1955). 
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where the subscript B refers to parameters associated 
with bombardment-produced defects. Equation (4) 
predicts a linear relation between 7! and ¢ if Ne is 
constant, with a slope given by 

d(r—)/dt=NpA(Ep)o. vf z. (5) 
From such plots the following information is obtained : 

(a) If Ex alone is varied, it is possible to determine 
how the cross section for defect formation varies with 
bombardment energy. The shape of this curve can then 
be compared to that of the theoretically calculated cross- 
section curve. From such a comparison one can infer 
whether theory and experiment are based on the same 
mechanism for defect formation. As a corollary to the 
A(Eg) vs Eg curve, the threshold energy, Exo, which 
must be transferred to a host lattice atom in order to 
displace it from its normal position, can be determined 
by observing the value of Eg for which A(z) vanishes. 
Any variation of the thresholds with temperature, 
crystal orientation, dislocation density, etc. can also be 
established. 

(b) If samples of different--resistivities are exposed 
to the same source, i.e., NgA(Ezg) is constant, one can 
plot fg vs Ey and compare with theory. Such a com- 
parison can demonstrate whether the bombardment- 
induced recombination centers are characterized by a 
single energy level, E,, or by multiple levels. If a single 
level is indicated, its location can be calculated from 
the experimental curve. Since fg becomes‘unity in 
heavily doped p-type or m-type material, comparing 
rates of decay in the two material types allows the ratio 
of cross sections for capture of carriers to be determined. 
If, furthermore, the absolute value of A( Eg) is known, 
the actual cross sections, o-n and o,,, can be deduced. 


(b) Parameters Related to < 


Because experimental difficulties are encountered in 
a direct measurement of 7, it is advantageous to use 
more easily measured parameters which bear a simple 
relation to r. Three such parameters have suggested 
themselves thus far, namely: (i) the short circuit 
current, 7,, of the photovoltaic effect or of the voltaic 
effect accompanying a, 8, and y rays or any other 
ionizing radiation; (ii) the collector to base amplifica- 
tion factor, a.», of a transistor, and (iii) the radiation 
emitted because of the recombination of excess minority 
carriers injected into a semiconductor.” Both J, and 
the recombination radiation share the advantage that 
they permit observation of bombardment-induced re- 
combination centers in materials whose 7 is too low to be 
measured by conventional means, i.e., r<10~7 sec. It 
has been estimated that these parameters could follow 
changes in r down to values of 10~” sec. The experi- 
mental work described in this paper exploited the rela- 
tion between J, and 7. Many of the conclusions con- 

®J. J. Loferski, J. Appl. Phys. 29, 35 (1958). 

 R. Braunstein, Bull. Am. Phys. Soc. Ser. II, 2, 157 (1957). 
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cerning the utilization of 7, can, however, be applied 
to the other two parameters. 


(c) Dependence of J, on + 


Observation of J, requires a p-n junction in the semi- 
conductor. When ionizing radiation generates excess 
minority carriers near such a junction, some of them 
will diffuse to the junction and appear as a current in 
an external load resistance, Rx. Measurements of J, are 
made with values of R;, which effectively short circuit 
the junction." If the ionizing radiation injects carriers 
uniformly throughout the semiconductor and there are 
no losses due to recombination at the surface, all the 
minority carriers within a diffusion length, LZ, of the 
junction will be collected and 


I,=egL, (6) 


where J, is the short-circuit current for unit area of 
junction, e is the electronic charge, and g is the genera- 
tion rate of minority carriers produced by the radiation. 
Now 

[?=Dr, (7) 


where D is the diffusion constant for minority carriers. 
Therefore 
I = (eg)*Dr. (8) 


In actual experiments, departures from this ideal 
case are encountered. The injection is not uniform and 
there are losses due to surface recombination so that 
only a fraction, Q, of the injected carriers appear in the 
measured J,, i.e., 

T,=Qeg. (9) 


The functional dependence of Q on the absorption 
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Fic. 1. A plot of the collection efficiency, Q, vs 1/L, for 
various values of s. (=1/80 cm, a=8). 
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Fic. 2. Plots of r vs ¢ for an n-type Ge sample. 


constant of the radiation, a, the surface recombination 
velocity, s, the thickness of the semiconductor, 7, and 
the bulk lifetime, 7, has been calculated for the simple 
plane geometry used in our experiments.”” In Fig. 1, we 
have plotted Q-! vs L~ for the values of s, indicated. 
Note that Q, and therefore J,, remains proportional to 
L as L decreases, except for small values of 1/L,. 


(d) Source of J, 


Three different relations between the ionizing radia- 
tion producing J, and the damage-producing radiation 
have been explored: 


(i) Ionization and damage can be produced by the 
same radiation. Thus a and @ particles and ¥ rays will 
produce voltaic effects, whose 7, can be used to monitor 
the effect of the defects introduced by the same radiation 
Most of our work with high-energy electrons falls into 
this category. 

(ii) An ionizing radiation producing negligible damage 
may be present as a natural companion of a damaging 
radiation. For example there is a y background associ- 
ated with the neutrons in a reactor and the y-voltaic 
effect can be used to monitor the neutron-produced 
damage. 

(iii) An independent source of ionization can be 
supplied. Thus an intense light will produce a strong 
photovoltaic 7, whose variation during irradiation by 
damaging particles can be observed. This technique pro- 
vides the highest possible sensitivity since J, caused by 
light can be made to exceed by orders of magnitude the 
I, caused by y rays, a or 8 particles, or other ionizing 
radiation. Furthermore, a photovoltaic effect can usually 
be observed in materials which shows only a weak 
B- or y-voltaic effect. 


III. DESCRIPTION OF THE EXPERIMENTS 


In these experiments the effect of 8 irradiation on r 
was inferred from direct measurement of 7 as well as 
from measurements of /,. 


12 Rappaport, Loferski, and Linder, RCA Rev. 17, 125 (1956). 
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(a) Direct Measurement of < 


Samples of germanium 0.5 mmX4.0 mmX7.0 mm 
with various values of initial lifetime and initial resis- 
tivity were irradiated by 8 particles from a Sr”-Y” 
source having a nominal activity of 50 mC. The spec- 
trum of particles emitted by the source has been de- 
scribed elsewhere.!' The average energy, Eg, of the 
emitted particles was about 1.0 Mev and the maximum 
energy, Ep max, Was 2.2 Mev. The half-life of the source 
(25 years) is conveniently long. An electron of average 
energy has a range of 0.75 mm in Ge, and 1.5 mm in Si. 
Although the defects are not distributed uniformly in 
the sample, there will be some throughout the volume. 

To insure that the true bulk lifetime, independent of 
surface effects, would be measured in the 0.5 mm thick 
samples, 7 was first determined for three samples of 
2.0-mm, 1.0-mm, and 0.5-mm thicknesses, The appa- 
ratus used for these measurements is described else- 
where."* The samples were etched in No. 5 etch which 
produces a surface having a low surface recombination 
velocity s of about 50 cm ‘sec.'* The observed 7 was the 
same for the three thicknesses of a given set, showing 
that measurements on the 0.5 mm thick samples used for 
bombardment would yield surface-independent values 
of r. After each bombardment, the units including the 
unirradiated controls in each set were re-etched and + 
was measured. Such procedure insured that the value 
of s before and after bombardment was the same. 
Similar tests were performed for all the resistivities 
used. 

The observed changes in 7 during bombardment 
were very large, i.e., an order of magnitude in one hour 
for n-type samples of low p. Figure 2 shows a plot of 
1/7 vs ¢ for 1000 hr. The linearity between 1/7 and / 
indicates that the behavior of 7 is as predicted by Eq. 
(4). From observations of changes in o during bombard- 
ment, Klontz* has shown that the probability that a 
1-Mev electron will introduce a defect/cc is between 
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Fic. 3. Annealing of r. The points on the curve show the value of 7 
after two hours baking at the indicated temperatures. 


"8D. T. Stevenson and R. J. Keyes, J. Appl. Phys. 26, 140 
(1955). 
4S. G. Ellis, J. Appl. Phys. 28, 1262 (1957). 
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Fic. 4. Plots of J,? vs t for a low p n-type 
and a low p p-type sample. 


0.1 and 0.01. If one assumes that the same defects 
affect o and 7, then one finds that after one hour of 
bombardment .V,, as given by Eq. (3), is about 10"/cc 
and ¢,, as computed from Eq. (5) and the slopes of 
1/7 vst plots of Fig. 2, is about 5X 10~" cm? for minority 
holes and 3X10-'* cm? for minority electrons. These 
values are of the same order of magnitude as minority 
carrier capture cross sections reported for Ni and Cu 
recombination centers in Ge.*® The increased sensitivity 
for detection of defects which is permitted by observa- 
tions of 7 is evident, since 10" defects/cc can change r 
by an order of magnitude, whereas about 10" defects 
are needed to produce a much smaller change in o. 


(b) Annealing of Recombination Centers 


Irradiation-induced changes in + do not anneal out 
appreciably at room temperature. Preliminary studies 
of the effect of annealing at elevated temperatures on 
the germanium lifetime samples were studied by F. D. 
Rosi of these Laboratories. His results are shown in 
Fig. 3. Here it is seen that for annealing times of two 
hours the original lifetime is almost recovered at tem- 
perature above 400°C, and that at room temperature 
there is little recovery, as stated. 


(c) Measurement of /, 


The source of 7, was the voltaic effect produced by 
bombarding p-n junctions with @ particles. A potentiom- 
eter was used to measure /,, which for a typical Ge 
sample bombarded by the aforesaid Sr®-Y® source, 
had a value of about 20 ya. In this setup it was possible 
to follow changes in J, for about three orders of magni- 
tude to an accuracy better than +10%. 

Equation (8) predicts that plots of 7,° vs ¢ will be 
linear if Eq. (4) holds. Figure 4, in which /,~ is plotted 
vs ¢ for a diode sample with an n-type base and for 
another with a p-type base, shows that except for the 
initial part of the curve of the -type unit, such is 
indeed the case. The initial part of the curve has been 
attributed to a change in surface recombination velocity, 
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Fic. 5. Experimental arrangement for threshold experiments. 


and the subsequent linear portion of the curve, which 
persists to the longest bombardment time used (300 hr), 
is identified with the relation predicted in Eq. (4). If 
one compares the slopes of plots like those of Fig. 4 
with slopes of 7! vs ¢ for the same initial 7, one finds 
that the slopes are related by the constants of Eq. (8). 


(d) Measurement of Thresholds for 
Radiation Damage 


Because of the demonstrated correlation between 
changes in 7 and those in 7,, and because of the ease of 
measuring the latter, observation of the /, of the 
voltaic effect caused by high-energy electron bombard- 
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ment was used to determine thresholds for the onset of 
radiation damage, and the shape of the A(Eg) ws Eg 
curve for both Ge and Si. A 2-Mv Type AD-2 Van de 
Graaff generator, which supplied electrons at a fixed 
energy and a constant flux rate, was used for this study.!® 
Since Klontz’ had previously shown for Ge that changes 
in o would occur only if the energy of the bombarding 
electrons exceeded a threshold of 630 kev, the effect on 
7 of electrons in the vicinity of this threshold was 
therefore examined. 

A schematic of the experimental setup is shown in 
Fig. 5. Alloy type p-n junctions on Ge and Si were 
bombarded on the side opposite the alloy dot. The 
wafers were about 0.008 in. thick, the alloy dots were 
0.25 in. in diameter and the penetration depth of the 
alloy front was about 0.001 in. The base wafers had a 
resistivity of 0.5 ohm cm, » type, for Ge, and 30 ohm cm, 
p type, for Si. The alloy dot materials were In on Ge 
and an Au—Sb eutectic alloy on Si. The diodes were 
mounted in a water-cooled Cu block, whose tempera- 
ture, as monitored by a thermocouple attached to a 
“dummy” sample, remained constant at 16°C. The 
samples were exposed to the atmosphere of the room. 

The bombarding electrons were admitted into the 
air of the room after passing through a 0.003-in. Al 
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Fic. 7. Plots of (J,*—J,,~*) vs t for Si. 


16 This work was done at the High Voltage Engineering Corpo- 
ration in Cambridge, Massachusetts. The authors wish to thank 
Mr. A. John Gale, who supervised the adaptation of the machine 
for these experiments and its calibration by means of the Be®(y,m) 
reaction at 1.63 Mev. 
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window for Ge and a 0.001-in. Al window for Si. The 
energy of the electrons incident on the sample has 
been corrected for losses in the window and the air in 
front of the sample, and in what follows, Eg is the cor- 
rected maximum energy of the incident electrons. ‘These 
corrections were calculated from the data of White and 
Millington,!® and result in a reduction of Eg max by 
0.79 kev/mg cm? equivalent absorber thickness. 

The accelerating voltage for the electrons was kept 
constant to within Jess than 1% while the current, as 
measured by either a Faraday cup or an insulated Ge 
or Si wafer in the plane of the bombarded samples, did 
not vary more than about 5%. (J/g was usually meas- 
ured by using a semiconductor wafer whose thickness 
was the same as that of the bombarded diodes, so that 
the current absorbed in the samples, rather than that 
incident thereon, was the observed parameter.) The 
threshold experiments were performed by increasing Eg 
in 10-kev steps near the threshold and in 50-kev steps 
at higher energies, while the current absorbed in the 
bombarded region, whose area was 0.30 cm’, was kept 
constant at 10-7 amp. Four samples were bombarded 
simultaneously. 

As before, iP of the electron voltaic effect 
monitored with a potentiometer by shunting the diode 
with a 1-ohm resistor. Figure 6 shows the plot of /,~? vs f 
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Fic. 8. Plots of v[d(/,)~*/dt] vs Eg for Ge. 


16P. White and G. Millington, Proc. Roy. Soc. (London) 


A120, 701 (1928). 
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Fic. 9. Plots of v vs Eg for Si. 


for four Ge diodes at energies from 355 kev to 650 kev. 
Note again, that the relation between J, and ¢ is 
linear as predicted by Eqs. (4) and (8). The slopes of 
successive curves, which according to Eq. (4) should be 
proportional to A(E£g), increase with Eg. Of special 
significance is the absence of a change in J, in Ge for 
Eg=355 kev. A similar set of data is shown in Fig. 7 for 
Si. Note here the absence of a change in /, for 
Eg=140 kev. 

Figures 8 and 9 show the values of d/,~-*/dtl=v(Ez) | 
vs Eg for the lines of Figs. 6 and 7. The data of Fig. 8 
are an average for three Ge samples. From this curve 
it is concluded that A(Eg)=0 for an electron energy 
between 355 kev and 365 kev. We have arbitrarily 
assumed that Ero is halfway between these values, or 
360+5 kev. This corresponds to 14.5+0.4 ev imparted 
to the Ge atom, to produce detectable changes in /,. 

Figure 9 is a similar plot for three separate silicon 
p-n junctions. The lack of consistency in values of y 
for the three samples has been traced to the existence 
of an appreciable contact series resistance which pre- 
vented measurement of the true junction short-circuit 
current. While this problem reduces the significance 
of the shape of the v(Eg) vs Eg curve for Si, it does not 
affect the threshold energy which lies between 140 kev 
and 150 kev. As with Ge, we assume that Ez» is halfway 
between at 145 kev, which corresponds to 12.9+0.6 ev 
imparted to a Si atom. 
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Fic. 10. Probability of displacing an atom, A(£a) vs incident 
electron energy, Eg. Also the electron distribution function for an 
initially monoenergetic line after it has passed through a finite 
absorber thickness. 


IV. DISCUSSION OF THRESHOLD RESULTS 
(a) Threshold Value 


The value of Exo for Ge given above (14.5 ev) is 
lower than that found by Klontz (31 ev)* and Vavilov 
et al. (22 ev)'" from observations of changes in oc. It is 
however in reasonable agreement with experiments on 
o changes of Brown and Augustyniak'* (~14 ev). This 
latter value and that reported in this paper agree with 
the calculation of Kohn,” who concluded that Ez» for 
Ge should lie between 7 ev and 15 ev. 

No other determination of E;» in Si has been reported. 
It is not surprising that its value (12.9 ev) lies so close 
to that of Ge, since both elements have similar lattice 
structures. 


(b) Shape of A(E,) vs E, Curves 


If one assumes Rutherford scattering of the electrons 
by the atoms in a crystal, the calculated cross section, 
A(Esz), for displacing an atom depends on the initial 


17 Vavilov, Smirnov, Galkin, Spitsyn, and Patskevich, J. Tech. 
Phys. U.S.S.R. 26, 1865 (1956) (translation: Soviet Phys. (Tech. 
Phys.) 1, 1805 (1957) }. 

18 W. L. Brown and W. M. Augustyniak, Bull. Am. 
Ser. IT, 2, 156 (1957). 

19 W. Kohn, Phys. Rev. 94, 1409(A) (1954). 
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energy of the (monoenergetic) electrons, Eg, as shown 
in Fig. 10, where the curve is computed for Ge with 
Epo= 360 kev.” One would expect that the shape of 
this curve should resemble that of the v(Eg) versus Eg 
curves of Figs. 8 and 9. The latter, however, have 
‘tails’ rather than the sharp cutoff of Fig. 10. A 
number of reasons for this difference have been con- 
sidered as follows: 

(i) The sample has a finite thickness so that the 
initially monoenergetic electron beam develops a dis- 
persion in velocity as a result of scattering, as shown 
by the dashed curve in Fig. 10. In this figure the initially 
monoenergetic line which impinges on the surface is 
shown beside a plot of Vg(Ejl/lmax,Ea)dE, versus Ep, 
where N g(E,l/lmax,f2z) is the number of electrons whose 
energy lies between E and E+dE after the beam has 
traversed a thickness / of the sample, and the thickness 
needed to stop the electrons is /max. For the shape of 
this curve we used the experimental results of White 
and Millington.'* The dispersion is taken into account 
by computing the integral 
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Fic. 11. The number of recombination centers, NV,(Eg) vs Ep 
calculated at 0°K and at 300°K compared to A(Eg) and to ex- 
perimentally observed v(£ag). 

” See for example F. Seitz and J. S. Koehler, in Solid State 
Physics, edited by F. Seitz and D. Turnbull (Academic Press, Inc., 
New York, 1956), Vol. 2, p. 331. 
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for each of ten values of 1/linax. Here Eg is the initial 
energy of the bombarding electrons, Ego is the threshold 
energy, and (Vz) is the incident electron flux. The total 
number of recombination centers, V,(Eg), was then 
found from the expression 


N,( ER) = N 4 N B f 


l 


A(Ep,b/lmax)dl, (11) 


where .V, is the number of atoms per cc, and AX is lmax 
or the sample thickness, /, whichever is smaller. An 
additional assumption used in the calculation is that 
for monoenergetic electrons 


ER 


f N p(E,UW/|max,Ep)dE=(1—U/lmax)(N x). (12) 


The results of such a calculation for Ge are shown in 
Fig. 11 which shows A(Eg), V,(Ex), and v(Eg) vs Ep. 
The curves were normalized by assuming that they 
converged for energies in the vicinity of 1 Mev, and 
arbitrary units were used for these parameters. It is 
evident that V,(E£,) resembles v(£,) in lacking a sharp 
cutoff, so that at least part of the “tail” in the v(Eg) 
vs Ep curve can be attributed to the dispersion. How- 
ever, v(Eg) has a longer tail than V,(£a). 

(ii) Instead of a single well-defined value there may 
be a distribution of threshold energies around a mean 
value. Such a distribution could be caused, first of all, 
by orientation effects.'* Secondly, atoms near structural 
defects, e.g., dislocations, may be bound less tightly 
than atoms on normal sites in the lattice. Thirdly, there 
is a 9% variation in the mass of stable Ge isotopes. 
Fourthly, at any finite temperature, thermal vibrations 
of the target atoms cause a “‘smearing out” of what 
began as a sharp threshold at absolute zero. 

This last effect would cause a spread of + 10% around 
the mean at the temperature of our experiments,” i.e., 
about 300°K. To take account of this fact, a recalcula- 
tion of the number of recombination centers introduced 
into a sample was made, as indicated above, with the 
additional assumption that the probability of displace- 
ment is represented by a Gaussian distribution around 
a mean threshold energy (Ego). A mean value of 425 kev 
was chosen for Ego from an examination of the experi- 
mental data. The root-mean-square deviation of the 
Gaussian curve, AE, was fixed at 40 kev, i.e., approxi- 
mately 10% of (Ego). A set of N,(Eg) curves was then 
generated for values of Ego around the mean. Each of 
this set [symbolized by V,(Ex0,£z8) | was weighted by 
the probability that such a value of Ego exists [symbo- 
lized by w(Ego)], and the resulting products were 


21 The authors are indebted to J. W. Glenn who pointed out 
that if, in a collision, the struck atom acquires a velocity %» and 
if in addition it has a velocity due to thermal vibration of 07, 
then the ratio of the minimum energy needed to displace an 
atom at temperature 7 to its value at 7=0 is 


(to —vr)?/09? = (1 — 207/09) ~0.92 for T=300°K. 
See J. W. Glenn, Phil. Mag. Suppl. 4, 381 (1955). 
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Fic. 12. Comparison between v(Eg) and N,(Eg)300°K 


summed for each value of the incident electron energy, 
Ez. A plot of N,(Eg)s00°x versus Eg is compared to 
v(Ex) in the linear plot of Fig. 11 and in the semilog 
plot of Fig. 12. The linear plot suggests that a displace- 
ment of about 20 kev would cause \V,(Exg)s00°xK to 
coincide with v( Eg) for energies in excess of say 525 kev. 
However, for lower energies the calculated curve 
predicts a smaller number of defects than what was 
found experimentally. This divergence is shown very 
clearly in the semilog plot of Fig. 12. It appears that the 
agreement between experiment and theory could be 
improved by using a value of AE larger than the 40 kev 
used in this calculation, which perhaps could be 
justified for the reasons already cited. 
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In mathematical terms, the following quotient of sums was 
evaluated and identified with the number of recombination centers 
which will result if an electron beam of energy Ey impinges on the 
sample at 300°K: 

Ex =800 kev 

> oe , ' 

~ N,(Epo,Ep)w(E go) AE 

0 

Ep =800 kev 

> — — 
~ N,(Epo,Ep) AE. 
0 


N;( Ep)300°K = 


The quantity w(£g0) has the following form: 
w(E go) = (1/(2%)§AE) exp[((Eso)— Exo) /2AEP. (b) 
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Intrinsic Optical Absorption in Single-Crystal Silicon Carbide 
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The optical absorption of single-crystal silicon carbide has been measured in both the cubic and hexagonal, 
type 6H, modification. The curves nearly coincide for absorption coefficients above 10® cm™. At longer 
wavelengths the cubic structure absorbs more strongly. The absorption coefficient is 100 cm™ at 2.62 and 
3.12 ev, respectively in these two crystals. The electron affinity of silicon carbide is estimated from photo- 


electric data to be about 4 ev. 


INTRODUCTION 


ILICON carbide occurs in several crystalline modi- 
fications.! One form is cubic with the ZnS arrange- 
ment. The others are either hexagonal! or rhombohedral 
and have interatomic distances nearly the same as the 
cubic. Nearest and next nearest neighbors occupy 
similar spatial positions in all modifications. Little is 
known of the band structure of this material, however, 
and it is difficult to predict the extent of possible 
differences in the absorption spectrum of these crystals. 
Choyke and Patrick? measured the optical absorption 
in the hexagonal modification in the range 10 to 400 
cm™! at temperatures from 77 to 717°K. They analyzed 
their data according to the scheme of Macfarland and 
Roberts* and found that near the threshold of optical 
absorption the interband transitions are indirect, re- 
quiring the absorption or emission of a phonon of energy 
0.09 ev. The minimum energy separation between 
valence and conduction bands was found to be 2.86 ev 
at 300°K. The results presented in this paper are in 
agreement with their data and extend the curve at 
room temperature to higher absorption coefficients. In 
addition, data are given for absorption in the cubic 
lattice. 


EXPERIMENTAL 


Single crystals of the hexagonal modification, type 
6H, were obtained from the Carborundum Company 
and J. S. Prener of this Laboratory. Cubic crystals were 
grown here from the vapor at 1900°C by R. I. Scace and 
G. A. Slack. Samples were ground to approximate 
thickness with a diamond saw. Further grinding was 
accomplished with a fine grade of carborundum and the 
faces were then polished with aluminum oxide polish- 
ing powder on a beeswax lap.‘ Absorption measurements 
were made by the usual sample in, sample out method, 
correcting for the reflectance. The resolution of the 
monochromator was about 0.01 ev. 

Data were taken parallel to the c axis in the hexagonal 
crystals. Eight samples, colorless in appearance and 


1R. Wyckoff, Crystal Structures (Interscience Publishers, Inc., 
New York, 1951), Vol. 1, p. 23. 

2 W. J. Choyke and L. Patrick, Phys. Rev. 105, 1721 (1957). 

2G. G. Macfarland and V. Roberts, Phys. Rev. 97, 1714 (1955); 
98, 1865 (1955). 

4W. C. Dash and R. Newman, Phys. Rev. 99, 1151 (1955). 


ranging in thickness from 8 to 2250 « were measured. 
Cubic samples, yellow in color, were more difficult to 
obtain and only two, 30 and 150 uw in thickness, were 
available for this study. The magnitude of impurity 
absorption in these crystals is believed small, however, 
a contribution from this source to the absorption coeffi- 
cient below 30 cm™ may be present. 


RESULTS 


Absorption coefficients for the cubic and hexagonal, 
type 6H, modifications of silicon carbide at 300°K are 
plotted in Fig. 1. Above 10* cm™ the curves nearly coin- 
cide. At longer wavelengths the cubic crystal shows the 
stronger absorption. The coefficient is 100 cm™ at 
2.62 and 3.12 ev for the cubic and hexagonal modi- 
fications, respectively. Absorption in the hexagonal 
modification agrees quite well with the data of Choyke 
and Patrick. No break is observed in this curve to 
indicate the onset of direct transitions. 
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Fic. 1. Absorption spectra of cubic and hexagonal, 
type 6H, silicon carbide at 300°K. 


440 





INTRINSIC OPTICAL 


Not enough is known of the band structure of silicon 
carbide to predict the extent of changes in the absorp- 
tion spectrum to be expected. In the region of strong 
optical absorption the two species appear alike as might 
be anticipated. Near the threshold of optical absorption, 
however, the differences are relatively large.’ If com- 
parison with the band structure of silicon and diamond® 
is significant, then optical transitions in the cubic 
crystal near the band edge are expected to be indirect.’ 
The energy dependence of the absorption coefficient is 
consistent with this view. It will be of interest to com- 
pare the absorption of silicon, cubic silicon carbide, and 
diamond when absorption coefficients for the latter, 
obtained over an extended range, are available. 

Photoelectric data for cubic silicon carbide are shown 
in Fig. 2. The threshold of this emission is a measure of 
the energy difference between the top of the valence band 
and the vacuum level.* This value is slightly greater 
than 7 ev and comparison with the absorption data 
indicates that the electron affinity (the energy difference 
between the bottom of the conduction band and the 

5 Qualitative measurements of optical absorption in cubic and 
hexagonal ZnS (sphalerite and wurtzite) indicate the threshold of 
absorption to occur at longer wavelengths in the cubic structure 
[F. A. Kroeger, Physica 7, 1 (1940) ]. This shift of about 0.1 ev at 
~10* cm™ is in the same direction as for SiC. No quantitative 
values for absorption in cubic ZnS have appeared in the literature 
to afford a more detailed comparison with data on the hexagonal 
material [W. W. Piper, Phys. Rev. 92, 23 (1953) ] 

6 F. Herman, Phys. Rev. 93, 1214 (1954); T. Woodruff, Phys. 
Rev. 103, 1159 (1956). 

7 Bardeen, Blatt, and Hall, in Proceedings of the Conference on 
Photoconductivity, Atlantic City, November 4-6, 1954 (John Wiley 
and Sons, Inc., New York, 1956), p. 146. 

8E. A. Taft and H. R. Philipp, J. Phys. Chem. Solids 3, 1 
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Spectral distribution of the photoelectric 
yield for cubic silicon carbide. 


vacuum level) is about 4 ev. The band gap of this mate- 
rial is thus comparable to the electron affinity. From a 
photoelectric point of view this is an interesting situa- 
tion and is discussed more fully in another place.’ 


* Taft, Philipp, and Apker, Phys. Rev. 110, 870 (1958). 
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Correlation Energy of a Free Electron Gas 
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(Received February 24, 1958) 


The limits of validity of the correlation-energy calculations in 
the regions of high density, low density, and actual metallic 
electron densities are discussed. Simple physical arguments are 
given which show that the high-density calculation of Gell-Mann 
and Brueckner is valid for r,<1 while the low-density calculation 
of Wigner is valid for r,>20. For actual metallic densities it is 
shown that the contribution to the correlation energy from long- 
wavelength momentum transfers (&<Sko<0.47r,4ko) may be 
accurately calculated in the random phase approximation. This 
contribution is calculated using the Bohm-Pines extended Hamil- 
tonian, and is shown to be 


3 ‘ 
+0.866 A ~0.98° 
r,! r, 


Ts 7 s 


ORO a 
+0.019—+0.706-— + -- ) ry. 
f. ry," ‘ 


B@)=(—04ss2 


I. INTRODUCTION 


HE ground-state energy of a free electron gas has 

now been calculated accurately in both the high- 
and the low-density limit. It depends only on the inter- 
electron spacing 7,, which is defined by (4mr,’ao°/3) 
=n~', where mn is the electron density.! The results of 
such calculations may be conveniently expressed in 
terms of the extent to which they represent an im- 
provement over the Hartree-Fock calculation of the 
system energy. Thus we may write 


2.21 0.916 
Eo= (—- +E.) ry, 


re Ve 
where Ep is the ground-state energy per electron, 2.21/r,’ 
+0.916/r, is that quantity calculated in the Hartree- 
Fock approximation, and £, is the correlation energy. 
The behavior of the electron gas is simple in the limit 
of high densities (r<<1) because here the Coulomb 
interaction is a relatively small perturbation on the 
motion of the electrons. Gell-Mann and Brueckner* have 
shown that in this case the correlation energy may be 
expressed as a series of the following type: 

E.=(A Inr,+-C+Dr, lnr,4+-Er.+:--) ry, (1) 
and have calculated the coefficients A and C. Results 
which are equivalent to those of GB in the high-density 
limit have recently been obtained by a number of 
investigators.** 


* National Science Foundation Senior Post-Doctoral Fellow, on 
leave of absence from Princeton University, 1957-1958. 

1 We adopt the notation of reference 7, unless we explicitly 
indicate otherwise. 

2M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 
(1957), hereafter referred to as GB. 

3K. Sawada, Phys. Rev. 106, 372 (1957); Sawada, Brueckner, 
Fukuda, and Brout, Phys. Rev. 108, 507 (1957), hereafter referred 
to as SB; R. Brout, Phys. Rev. 108, 515 (1957). 

4 J. Hubbard, Proc. Roy. Soc. (London) A240, 539 (1957) ; Proc. 
Roy. Soc. (London) A243, 336 (1958). 

5 P. Noziéres and D. Pines, Phys. Rev. 109, 1009 (1958). 


An identical result is obtained by a suitable expansion of the result 
of Gell-Mann and Brueckner; the validity of the Bohm-Pines 
neglect of subsidiary conditions in the calculation of the ground- 
state energy is thereby explicitly established. The contribution to 
the correlation energy from sufficiently high momentum transfers 
(k>ko) will arise only from the interaction between electrons of 
antiparallel spin, and may be estimated using second-order 
perturbation theory. The contribution arising from intermediate 
momentum transfers (0.47r,.4koSkSko) cannot be calculated 
analytically ; the interpolation procedures for this domain proposed 
by Pines and Hubbard are shown to be nearly identical, and their 
accuracy is estimated as ~15%%. The result for the over-all 
correlation energy using the interpolation procedure of Pines is 


E.=(—0.115+0.031 Inr,) ry. 


The behavior of the electron gas in the low-density 
limit is again simple because here the Coulomb inter- 
action exerts a dominating influence on the electrons. 
As Wigner* first remarked, at sufficiently low densities 
the electrons may be expected to form a stable lattice in 
the sea of uniform positive charge. The potential energy 
keeps the electrons apart, and the kinetic energy for 
large r, (r,>>10) is insufficent to prevent the electrons 
becoming localized at fixed sites. The correlation energy 
may then be expanded as a power series in (1/r,)', 


gi 
.=(—+- ~ ++) ry. (2) 
i he. we 


The coefficients U’ and V have been estimated by 
Wigner.*® 

The region of actual metallic densities (1.8<7,<5.6) 
is essentially an intermediate density regime. The 
kinetic energy and the potential energy play roughly 
comparable roles in determining the electron behavior. 
There exists no simple rigorous series expression for the 
correlation energy. In some ways the behavior of the 
system resembles that of the high-density regime, in 
some ways that of the low-density regime. A detailed 
physical discussion of the electron behavior at metallic 
densities may be found in the work of Bohm and Pines.’ 
Pines** has given a calculation of the correlation energy 
in this regime, together with calculations of the influence 
of electron interaction on the various one-electron 


6 E. P. Wigner, Trans. Faraday Soc. 34, 678 (1938). 

7D. Bohm and D. Pines, Phys. Rev. 85, 332 (1952), hereafter 
referred to as BP II; D. Bohm and D. Pines, Phys. Rev. 92, 609 
(1953), hereafter referred to as BP III. Where no specific reference 
is required, we refer to the approach developed in these papers, and 
in reference 8, as the BP approach. 

8D. Pines, Phys. Rev. 02. 625 (1953). 

®D. Pines, in Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 373, 
hereafter referred to as SSP. 
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properties (specific heat, spin susceptibility, transport 
properties, etc.). The correlation-energy calculation is 
based on an approximate interpolation between the 
contribution to the system energy arising from the long 
wavelength part and that arising from the short wave- 
length part of the Coulomb interaction, both limits 
being accurately calculated. 

The BP calculation of the correlation energy gives 
results which are in good agreement with the interpo- 
lation formula proposed by Wigner®"’: 

E. 
Recently Hubbard has proposed a somewhat different 
interpolation procedure which yields results in close 
agreement with those of Pines. The results of Pines, 
Hubbard, or the Wigner interpolation formula, when 
combined with the calculation of the remaining contri- 
butions to the cohesive energy of the alkali metals, are 
in satisfactory agreement with experiment for these 
simple metals.’ !! 

In a sense, then, the question of the correlation energy 
at actual metallic densities might be regarded as satis- 
factorily solved. However, because the procedures 
adopted by Pines and Hubbard are interpolation pro- 
cedures, which do not yield exact results in either the 
high-density or the low-density regimes, it seems de- 
sirable to explore further the relationship between the 
various approaches. In particular, one would like to 
answer the following questions: 


(3) 


0.88/(r,+7.8) ry. 


(1) What is the region of validity of the high-density 
result of Gell-Mann and Brueckner? Of the low-density 
result of Wigner? 

(2) May one hope to obtain an accurate result for the 
correlation energy at metallic densities by calculating 
the next terms in either the high-density or low-density 
series expressions ? 

(3) What is the relationship between the interpolation 
procedures of Pines and Hubbard? How accurate are 
they for metallic densities? 


It is the aim of the present; paper to discuss the 
foregoing questions with a minimum of mathematical 
detail. We use simple physical arguments to estimate 
the region of validity of the present calculations of the 
correlation energy in the high- and low-density limits. 
We conclude that for r,<1, the GB result should be 
accurate, while for r,220, the Wigner result should 
apply. We establish the close relationship of the inter- 
polation procedures of Pines and Hubbard and estimate 
the accuracy of either method as no worse than 15% 
for actual metallic densities. We do not give a definitive 
answer to question (2), but we give plausibility argu- 
ments which lead us to conclude that such a systematic 
extension does not appear profitable. 

In Sec. II, we review the different methods for the 
high-density limit calculation, all of which are based on 


© E, P. Wigner, Phys. Rev. 46, 1002 (1934). 
"'H. Brooks, Phys. Rev. 91, 1027 (1953). 
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the random phase approximation (RPA) introduced by 
Bohm and Pines. We identify the region of electron 
density for which the breakdown of the RPA may be 
expected to alter appreciably the calculation of the 
correlation energy, and discuss the role played by the 
exchange diagrams which lie outside the RPA. The 
RPA works best for the contribution to the correlation 
energy coming from the long-range part of the Coulomb 
interaction. Therefore, in order to make a quantitative 
study of the breakdown of the RPA it is necessary to 
study this long-range part of the correlation energy in 
some detail. We carry out such an investigation in Sec. 
IV, and summarize there the detailed results of our 
studies, which are based on the BP collective description. 

We find that the contribution to the correlation energy 
from a given momentum transfer k of the Coulomb 
interaction may be expressed as a power series in & in 
the form obtained by BP. We first calculate the coeffi- 
cients of the leading terms of this expansion within the 
RPA. In an appendix we show that, contrary to the 
recent opinion expressed by Sawada ef al., the GB result 
may likewise be expressed as a power series in k. The 
resulting expression is identical with that obtained using 
the BP method. This result establishes the validity of 
the BP scheme as a method for calculating the individual 
particle contribution to the correlation energy, and 
represents an explicit justification of their use of an 
extended Hamiltonian for this problem. We then pro- 
ceed to estimate the alteration of this power series ex- 
pansion arising from the breakdown of the RPA by 
calculating two leading correction terms which arise 
outside the RPA. We find these terms are small, so that 
it is not unlikely that the RPA calculation of the long- 
range part of the correlation energy is valid even in the 
region of metallic densities. 

In Sec. III we discuss the region of validity of the low- 
density correlation energy calculation of Wigner. In 
Sec. V we consider the relationship between the inter- 
polation schemes of Pines and Hubbard, and the accu- 
racy these possess for metallic densities. 

We do not here consider the applicability of any of 
the above approaches to the problem of electron inter- 
action in actual solids. We refer the interested reader to 
a series of recent papers which deal with the generaliza- 
tion of the BP collective approach to electrons in solids.'* 
A similar generalization may be carried out in the high- 
density regime, as indicated in reference 5. 


II. HIGH-DENSITY ELECTRON GAS 


The Hamiltonian for the free electron gas may be 
written as 
p? 2re* 
—+)>°’ —(px*p.—1), 
2m & FF 


(4) 


H=)) 


where px is the density fluctuation of momentum k 


2 P. Noziéres and D. Pines, Phys. Rev. 109, 741 (1958) ; 109, 762 
(1958); 109, 1062 (1958), hereafter referred to as NP I, NP II, 
NP III. 
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defined by 
p= fas p(x)e Re) e ike xy (5) 


The prime in the summation in (4) indicates that we 
leave out the Fourier component with momentum zero; 
this part of the electron interaction is cancelled by the 
uniform background of positive charge. The prime will 
be understood in all similar sums over k which follow. 

The total system interaction energy in the ground 
state is defined by 

2re* 


Eine(e?) = —{(W0*(e) | px*px|Vo(e))—n}, (6) 
k p? 


where Wo(e) is the ground-state wave function for the 
interacting electron system. One may obtain the ground- 
state energy, Eg, from (6) by regarding the charge as a 
variable parameter and making use of the relation, 
valid for any normalized Vo(e),” 


e) d(e’)? 
Eo=inkr+ f ——Ein[(e’)*], (7) 
0 (e’)? 


where Fr is the energy of an electron at the top of the 
Fermi distribution. The correlation energy is then given 


Eg 2.21 0.916 
Eo=( on +—) ry, (8) 
Is 


by 


n n° 


provided Eg is expressed in rydbergs. The form of 
Eqs. (6) and (7) shows that, in principle, one can com- 
pute the contribution to the system energy from each 
interaction momentum, &, separately. 

The correlation energy in the high-density limit may 
now be obtained by a number of different methods. We 
review these briefly here. The first accurate calculation 
was that of Gell-Mann and Brueckner (GB)? who used 
a method deriving from an earlier calculation of Macke." 
From an examination of the perturbation theory ex- 
pansion they show that the energy may be expanded as 
a power series of the form (1) in the high-density limit. 
The basic GB procedure involves the summation, under 
the integral sign, of the most divergent terms of the 
perturbation theory expansion of the energy. The sum- 
mation was carried out with the aid of techniques similar 
to those used by Feynman in quantum electrodynamics. 
In lowest order, this procedure is equivalent to making 
the random phase approximation (RPA) of Bohm and 
Pines for all interaction momenta. In the RPA the 
contribution to the system energy from each interaction 
momentum k& depends only on the effect of the &th 
component of the interaction on Wo(e), and may be 
computed independently of all the other interaction 
momenta. 

The result obtained by GB, on neglecting contribu- 
tions to the coefficients, D, E, etc. in (1) which arise 


= See, for instance, K. Sawada, Phys. Rev. 106, 372 (1957). 
4 W. Micke, Z. Naturforsch. 5a, 192 (1950). 
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within the RPA, is 
A=0.0622, C=—0.142 (9) 


for the leading coefficients of the correlation-energy ex- 
pansion, (1). The result for A is exact. There is a further 
contribution to C from the exchange part of the second- 
order interaction energy for electrons of parallel spin 


far fap f aa 
3 


+ ——ry. (10) 
16x° k°(k-+p+q)*k- (p+q+k) 


In (10), all momenta are measured in units of ko, the 
wave-vector of an electron at the top of the Fermi 
distribution. The limits of integration are p<ko, g<ko, 
and |pt+k!>o, |q+k!>o, GB report a numerical 
integration of E, by the Monte-Carlo technique, which 
yields the result 


E, = (0.046+0.02) ry. (11) 


Their final result for C is then 


C= —0.096 ry. (12) 


The actual procedure which Gell-Mann and Brueckner 
followed was somewhat open to question, in that the 
series which they sum is convergent only for large mo- 
mentum transfers [actually (k/ko)20.814r,! |. They as- 
sumed that the result thereby obtained could be 
analytically continued into the region of low momentum 
transfer. This procedure is difficult to justify directly. 
However, Sawada ef al.* (SB) have obtained the result 
(9) by a different method. They make use of the fact 
that the RPA, as emphasized by BP, is equivalent to 
linearizing the equations of motion of the density 
fluctuations. They then find the normal modes of the 
electron gas (the g, of BP II and BP III) and use field- 
theoretic techniques to calculate the system energy. 
Their calculation, like that of BP, includes an explicit 
plasmon contribution to the energy. The SB form of the 
correlation energy [from which (9) may be calculated ] 
differs from that of GB; the equivalence of the two 
expressions is established by SB. 

Hubbard has developed a method for the electron gas 
which involves the regrouping of the perturbation series 
expansion into a summation over certain polarization 
diagrams. With the aid of a procedure analogous to that 
used by Dyson for summing the vacuum polarization 
terms in quantum electrodynamics, Hubbard obtains a 
set of coupled integral equations from which the energy 
of the system may be calculated. Hubbard’s first ap- 
proximation, that of keeping only the simplest set of 
polarization diagrams, is equivalent to making the 
RPA, and yields the correct high-density result. This 
same high-density result may also be obtained by a 
slight modification of the basic BP technique, in which 
the stopping power is calculated. using the minority 
carrier technique of NP II, and use is made of a simple 
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relationship between the stopping power and the 
ground-state energy of the system.°® 

A derivation of the high-density result which does not 
involve the use of field-theoretic techniques may be 
given along the following lines. We have recently shown 
(details will be given elsewhere)" that the exact inter- 
action energy in the ground state is given by 


h ie 1 
Ein =— Im f dQ 


; (13) 
2x 0 €(k,Q) 


where €(&,2) is the exact dielectric constant at wave- 
vector k and frequency © for the free electron gas. The 
exact ground-state energy may then be obtained from 
(7). The correct high-density result for the correlation 
energy then follows if we substitute for e(&,Q) in (13) its 
value calculated in the random phase approximation, 


[(k-p/m)+ (k?h/m) | 


a [(k- p/m) + (hk?/2m) }?—? 


Se? 
€(k,Q) = 1+— 
hk? 


iw k-p nk? 
+7o-(—"+—) ; (14) 
2 m 2m 


/ 


The use of the RPA in obtaining the dielectric constant 
is discussed in some detail in NP II, where it is shown 
that it corresponds to neglecting local field corrections. 
With the substitution (14), the result (13) is in the form 
given by Hubbard. 

How far may the high-density result (9) and (12) be 
extrapolated toward the region of actual metallic densi- 
ties? The validity of the result depends on the appli- 
cability of the RPA. Physically, as is discussed in some 
detail in BP, it is clear that the RPA can succeed only 
when the wavelengths of interest are long compared to 
the inter-particle spacing. In the high-density limit, the 
dominant contributions to the energy come from wave- 
vectors less than or of the order of magnitude of 


k.= (0.8147r,)Ro, (15) 


where ko is the wave-vector of an electron at the top of 
the Fermi distribution. This result follows by inspection 
of either the expression (14) or the direct perturbation 
series expansion. It corresponds to the fact that the 
correlations induced by the Coulomb interaction act 
over a characteristic screening length, ., here k.-'. 
Each electron may thus be regarded as surrounded by a 
correlation hole, which corresponds to the effective 
range over which electron interaction takes place, that 
is, the screening length. The gain in energy from this 
screening process is the correlation energy. The screening 
length corresponding to (15) is simply the Fermi- 
Thomas screening length, a not unsurprising result in 
view of the fact that we here deal with long wavelengths 
and high kinetic energies. 

18 P, Noziéres and D. Pines (to be published). Equation (13) has 


been independently derived, by J. Hubbard (private communi- 
cation). 
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The breakdown of the RPA arises from the exchange 
diagrams in the perturbation series expansion of the 
system energies. In order for this approximation to be 
satisfactory, these exchange diagrams should not be 
important for k~k.. Now exchange effects occur only 
for electrons of parallel spin, over a range Acxch, equal to 
the diameter of the exchange hole. Practically, Acxen is 
of the order of the interparticle spacing'® 


(16) 


Nexch2~(0.5ho) 1~71,. 


In the high-density limit, with the estimates (15) and 
(16), we find that (Aexch/A-) & 7-2, so that this limit is 
characterized by an exchange length which is small 
compared to the screening length. Physically this result 
means that the most effective interaction present is that 
brought about by the Pauli principle between electrons 
of parallel spin, a result which is equivalent to saying 
that the exchange energy is large compared to the 
correlation energy in the high-density limit. It is this 
smallness of the exchange length which also makes 
possible the neglect of exchange diagrams, since the 
dominant contribution to the higher order terms in the 
perturbation series expansion of the energy come from 
momentum transfers for which & is small compared 
tO Kec. 

We are led to the following picture of the high-density 
correlation energy results. For r<<1, the RPA is cer- 
tainly valid; the dominant contribution to the correla- 
tion energy is the A Inr, term which is calculated exactly 
within the RPA. As r, increases, exchange diagrams 
become of importance, being certainly important for 
values of r, for which there are contributions to the 
energy from momentum transfers comparable to Aexen. 
This will be the case for r,<1. In this region, however, 
there is still the possibility of carrying out a tolerably 
accurate calculation of the correlation energy by in- 
cluding the simplest set of exchange terms, those which 
arise in second-order perturbation series, and yield the 
E, of Eq. (10). These exchange terms act to reduce the 
random phase value of C to some 3 of its value, and 
therefore represent a not inappreciable correction to the 
correlation energy. 

As we further increase r,, the higher order exchange 
terms become important. One might try to calculate the 
exact contribution made by processes involving one 
more exchange, which GB have shown gives rise to the 
r, and r,|nr, terms-in (1), two more exchange terms, 
etc. In fact such a procedure appears hopeless for actual 
metallic densities, for the GB series shows little sign of 
convergence there. It may easily be seen that for 
momentum transfers which are large compared to Nexen”, 
that is k>0.5ko, exchange terms of all orders in a 
perturbation series expansion will play an important 
role. Fortunately, in this limit that role tends to be 
simple: the exchange diagrams roughly cancel one-half 
the contribution to the energy from the direct diagrams. 


6 See F. Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), pp. 241-242. 
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Hence, in a given order, there remains approximately 
only half the direct interaction, which corresponds then 
to an interaction between electrons of antiparallel spin 
only. 

Physically this result is a consequence of the fact that 
the Pauli principle renders it unlikely that electrons of 
parallel spin approach closely to one another; therefore 
they cannot further interact through a short-range 
interaction which gives rise to high momentum transfers. 
The electrons of antiparallel spin are under no such 
inhibition of course, and thus the major influence of the 
high momentum transfer part of the interaction is on 
electrons of antiparallel spin. We return to this question 
in a later section. 


III. LOW-DENSITY ELECTRON SOLID 


The electron gas in the low-density limit represents 
an extreme example of the breakdown of the RPA. The 
electrons will be found in a periodic array in the sea of 
positive charge. Hence a typical term which in the high- 
density limit may be assumed small compared to » be- 
cause of the RPA, 


p=DLie ™*, (k¥0) 


will assume the value » whenever k is equal to the 
reciprocal lattice vector K. As another indication of the 
quite different physical behavior in the low-density 


limit, the series expansion for the correlation energy 
assumes the form, (2), 


U VW 
E,= (—+—+—4+- : +) ry. 


Fo te We 


The first term represents the difference between the 
potential energy of the electrons on fixed lattice sites 
and the exchange energy. The second arises from the 
zero-point oscillations of the electrons about their equi- 
librium positions. The third comes from higher order 
terms in the expansion of the electronic vibrations about 
their equilibrium positions. 

The constant U may be calculated by carrying out an 
Ewald sum for the assumed lattice structure. If one is 
not concerned with the actual lattice structure, one may 
calculate U by making the Wigner-Seitz approximation 
of replacing the actual unit cell by a sphere. A simple 
electrostatic calculation then yields® 


U=—0.088 ry. (17) 
A precise determination of the constant V requires 
consideration of the spectrum of the oscillations of the 
electrons, a spectrum which depends upon the particular 
form of the lattice one assumes.'’ We may, however, 
place upper and lower bounds on V in the following way. 
The sum of the squares of the phonon frequencies 


17 An investigation of the phonon modes for simple lattice 
structures has been carried out by W. Kohn and T. Kjeldaas 
(private communication). 
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satisfies the relation!’-!8: 
Dn Qi? (u) =w,’, 


where w, is the plasma frequency, 


(18) 


w p= (4ane?/m)!. (19) 


If one takes an Einstein model for the oscillations, as did 
Wigner, one finds one longitudinal and two transverse 
oscillations at w,/V3 for each value of k. The constant V 
would then be 3. The alternative extreme, also con- 
sistent with the sum rule (18), would be to assume only 
longitudinal phonons (plasmons) with a constant fre- 
quency w,. In the latter case one finds ) =1.73. We 
therefore have 

1.73 rySVS3 ry. (20) 
The constant W has not yet been evaluated. 

For what values of r, may we expect the energy to be 
well represented by a power series expansion of the form 
(2)? As we start from the low-density side, and reduce 
r,, We may expect to reach a value of r, for which the 
electronic solid will “melt,” in that the electrons will no 
longer be bound in their equilibrium positions. This 
melting as a result of increasing pressure could take 
place at absolute zero; it is therefore not clear whether 
the phase transition would in fact be a sharp one. We 
may estimate the density at which it occurs in the 
following way. 

In ordinary solids melting may be regarded as arising 
from the increase with temperature of the vibrational 
amplitudes of the atoms oscillating about their equi- 
librium positions. This is the underlying physical basis 
of the notably successful Lindemann melting-point 
formula."® The Lindemann formula may be interpreted 
to state that any solid will melt when the mean vibra- 
tional amplitude (5R?),,? reaches a certain critical frac- 
tion of the interatomic spacing Ro,” 


(SR?) ay! /Ro) =6. (21) 


The constant 6 varies somewhat from one solid to 
another but is of the order of } for most simple lattice 
types. For our electronic solid at T=0, (6R®)x is de- 
termined solely by the zero-point vibrations of the 
electrons. We underestimate their efficacy if we assume 
only longitudinal phonons at a frequency w,. We then 


have 
(OR?) a4 ( h )- ( 1 ) 
Ro  \2mo,J 1, \129,4’ 


and we expect that below r,~ 20 the electronic solid will 


not be stable. 
Of course, even after the electronic solid has been 
transformed to an electronic liquid, there may still be a 


181). Pines, lecture notes in Solid State Physics, Princeton 
University, 1957 (unpublished). 

19N. F. Mott and H. Jones, The Theory of Metals and Alloys 
(Clarendon Press, Oxford, 1936). 

%” See reference 18 for a further discussion of this interpretation, 
together with a derivation of (21). 
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considerable range of r, for which the expansion (2) is 
approximately valid for the correlation energy. Some 
indication that this may be the case may be found in an 
approximate calculation by one of us,’ in which the BP 
approach was applied to the low-density electron gas. In 
general, however, we tend to believe that the low- 
density limit is not a particularly illuminating guide to 
the behavior of electrons at metallic densities. 


IV. CONTRIBUTIONS TO THE CORRELATION 
ENERGY FROM DIFFERENT REGIONS 
OF MOMENTUM TRANSFER 


Thus far we have concentrated on the r, behavior of 
the correlation energy in various limiting cases. We 
have seen on the basis of our qualitative discussion in 
Sec. II that the concept of the contribution to the 
correlation energy arising from a given set of momentum 
transfers is particularly useful in assessing the accuracy 
of a given method for computing the correlation energy. 
We now study this aspect of the problem in some detail. 
As we have remarked, it is in principle possible to 
evaluate separately the contribution, F.(k), to the 
correlation energy from each interaction momentum k 
of the Coulomb interaction energy. We shall find it 
convenient to express our results in terms of the long- 
range correlation energy 

E.'*(8)= Sox <px. E(k), 
and the short-range correlation energy 
E.**(8)=Doe>per E(k). 


We begin our study with a consideration of the long- 
range correlation energy. Since the RPA breaks down 
as one goes to larger values of k, it should be possible to 
study the onset of the breakdown by considering the 
way in which exchange diagrams affect the long-range 
correlation energy. Within the RPA, as one of us has 
shown,® the long-range correlation energy may be ex- 
pressed as a simple series expansion in 8. The following 
terms were explicitly calculated: 


(22b) 


BS B Bt 4 
E."*(8)=a—+c—+d—+d'— 
Mm GP PA om 
p p§ 7 
a p= ry. (23) 
ls 


r, r,! 


The effective limiting value of 8 is proportional to r,', 
so that the unprimed terms contribute to the constant 
C in the GB expansion, (1), while the primed terms 
contribute to E. In going beyond the RPA we shall 
consider two of the lowest order (in 8) contributions of 
the exchange diagrams: the alteration of d’ and a new 
term 

e'B°/r,} (24) 
so introduced into E,'"(8). A comparison of d and d’, ¢ 
and e’, then enables us to estimate the values of r, for 
which E,!"(8) may be reliably calculated within the RPA. 


OF FREE ELECTRON GAS 447 

We shall make use of the collective description of 
Bohm and Pines, which is well-suited to the present 
investigation. Bohm and Pines did not work directly 
with the Hamiltonian, (4). Instead they developed a 
method designed to take advantage of the fact that at 
long wavelengths the electron interactions give rise to 
organized oscillations of the electron system as a whole, 
the plasma oscillations. The plasmons (the quantized 
modes of plasma oscillation) are the dominant low 
momentum elementary excitations of the electron gas; 
they possess a minimum frequency which is the classical 
frequency of plasma oscillation, w,. BP describe the 
plasmons explicitly in terms of a suitable set of field 
coordinates. This is done by introducing a Hamiltonian 
which is equivalent to (4) and which corresponds to a 
collection of plasmons of wave-vector less than some 
8ky interacting with the electron system. In this 
Hamiltonian the density fluctuations with k<@k» no 
longer appear; their effect resides entirely in the 
plasmon coordinates. The contribution to the system 
energy coming from the plasmons and their interaction 
with the electrons is then evaluated within certain well- 
defined approximations described below. 

The equivalent Hamiltonian is given by 
We te t+w p'O.*0; 


ke 


+Hint+Ut+H,,, (25) 


2rne | 


> 
~ 
<8 


b ? 


Ro & 


where x; and Q, are the momentum and coordinate of a 
plasmon of wave-vector k.”! In (25) 


dreyisk-p, ak 
im 4+— }O,e-* 
R? m 2m 
and describes a linear coupling between the plasmons 
and the electrons; 


Hin =—1 (26a) 


> 
oe 


b <Bk 


2re*(k- 1)? 
————0.0; exp[i(k—I)-x 
Pm 


hes (26b) 
1, k <Bko 
1 <Bko 
k xl 
and describes a nonlinear coupling between plasmons 
and electrons; 
2re 
H..= > ——exp[ik- (x,—x;,) ], 
k>Bko k 
17 


(26c) 


and describes the short-range part of the Coulomb 
interaction. 

Within the RPA, the long-range correlation energy is 
obtained by solving the reduced Hamiltonian given by 
the first three terms of (25). The effect of U’ and H,, on 


the low momentum transfer part of the Hamiltonian 

21 For a detailed discussion of this equivalence, and of the role 
played by the BP subsidiary conditions (which we here omit) we 
refer the interested reader to Bohm, Huang, and Pines, Phys. Rev. 
107, 71 (1957). 
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gives rise to corrections to the RPA. There exists a 
simple series expansion (23) for E.'"(8) because the 
reduced Hamiltonian has a simple structure for long 
wavelengths. The coupling between free electrons and 
free plasmons induced by Hint is weak, and may be 
treated by means of a systematic perturbation series 
expansion. The coupling constant which measures the 
strength of the interaction between a plasmon of mo- 
mentum hk and an electron of momentum p is” 


(k-p+3eh)? 3x 
4ar ko! 
a= (4/9r)!. 





ge(p)= [(k-p)?+2%k*], (27) 


2 2 
mw 5 
where 


The expansion (23) is a simple expansion in powers of 
gx°(p), suitably averaged over electron momentum p. 
The leading terms, which are of zeroth order in g,’, are 
obtained by neglecting Hint entirely. The ground-state 
energy is then given by the difference between the zero- 
point vibrational energy of the plasmons and the self- 
energy of the charge distribution they have replaced, 


(~" ~~) 
. are 

rw ; 
k<pko\ 2 k? 


To get the correlation energy, subtract from (28) the 
exchange energy associated with the interaction mo- 
menta k<Bko; (28) then becomes 


(28) 


2re? 


7 
> (=~), 
k<ke\ 2 ke 


“ 


(29) 


where the second term is now the sum of the exchange 
and self-energies of the charge distribution which has 
been described by the plasmons. From (29), we find 


382 «V3 6 3 \@! 
of ete 
2xar, 27,1 06ra/ 7,2 


; meg B Bt 
EX CASTOR Oat ry. (30) 
r 


Ts 8 T. 


The next terms in (23) are of order g,’. They may be 
obtained directly by transforming from (25) to a 
Hamiltonian in which there is no longer any coupling 
between the electrons and the plasmons to this order. 
The canonical transformation required is given in 
BP III; the new Hamiltonian is 


4-5 be — 


i 2m 
+HytHFer-. 





k <Bko 
(31) 


The plasmon frequency has been modified to w, and is 


~ 2 The coupling constant introduced in BP ITI and SSP is simply 
the average of g;? over plasmon and electron momenta, g’§?/2r,, 
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defined through the dispersion relation 


9 


4re* 


{=—— 


m pce ie 


which reads, to order g;’, 


k-p 2 ARs 
oer (2) 5] 
p<kol \ mw» 4m*w ,* 


The electrons interact through a weak long-range 
interaction 


(33) 


k- (p;— 3#k)k- (p;+-3%k) 


Hm= 2. 2k?mn 


ij 
k <Bko 

Xexp[ik- (x;—x;)]. (34) 
The results (33) and (34) confirm the identification of 
gx’ as the coupling constant. The relative shift in 
plasmon frequency is of order g,”; H,, represents an 
interaction between electrons which is reduced in 
effectiveness by one order of g,’ from the original 
Coulomb interaction. 

The terms d, e’, f’, and g’ in the series expansion (23) 
arise from the interaction H,, and from the correction 
to the plasmon zero-point energy, /t(w—w,)/2. The 
latter yields 
(35) 


e=0.70 ry; g’=0.21 ry. 


The contribution made by H,, to the correlation energy 
was estimated in SSP by calculating the expectation 
value, (H,,»)w, that is, the exchange energy associated 
with H,,. One finds then 


d=———-=0.517 ry; ; ’=0.058 ry. (36) 
There are, however, contributions of order 8*/r,2 and 
8°/r2 arising from all higher-order terms in a perturba- 
tion series expansion of the energy associated with H;». 
The contribution these make to d is simply calculable by 
means of the GB summation technique. We consider 
only the correction to d; the calculation is given in 
Appendix I. The result, combined with (36), yields for d 
the value 


d=0.98 ry. (37) 


We see that the series expansion (23) contains two 
kinds of terms. The first, corresponding to odd powers 
of 8, and involving inverse powers of r,', arise from the 
zero-point energy of the plasmons. The plasmon fre- 
quency w may in general be expanded as 


(38) 


k E:\? 
oot —E+#(—) fee 
m 


m 


The 8° term arises from w,; the 6°, 6’, etc. terms arise 
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from the k dependence of w. The second class of terms, 
those even in 8 and involving inverse powers of r,, arise 
from the interaction between the individual particles. 
The § term comes from the long-range part of the 
exchange energy, as does part of the 6*/r, term; there 
are contributions of order 6*/r,?+6°/r,? from H,,; there 
will be a 8°/r,’ term when one considers the screened 
particle interaction to one higher order in g;,’, etc. 

The power series expansion, (23), may also be ob- 
tained from the GB and Hubbard expressions for the 
correlation energy. The derivation of the coefficients 
through 6° within the RPA (and of the 8°/r,’ term) 
using the GB method may be found in Appendix I, 
where the odd and even terms in £ are also seen to 
possess a different origin. The coefficient d obtained by 
the GB method is shown there to be identical with that 
calculated using the BP collective description. There 
has been little doubt as to the validity of the BP 
approach for plasmons; this identity verifies the validity 
of that approach for the interaction between individual 
particles, and the contribution arising thereby to the 
correlation energy: we thus obtain an explicit justifica- 
tion within the RPA of the BP neglect of subsidiary 
conditions in the calculation of the ground-state energy. 

What is the radius of convergence of the series ex- 
pansion (23)? An upper limit may be obtained by 
setting the coupling constant for the most strongly 
coupled plasmon equal to unity. If we neglect the k 
term in (27), a proper procedure at both high and metal- 
lic densities, we then find 

3m 
Bmax?=1; Bmax=0.47r,!. 
dar, 
The choice (39) represents the wave-vector beyond 
which it is certainly not proper to regard the plasmon as 
an elementary excitation of the system. It likewise 
indicates the maximum wave-vector for which it is 
useful to use the BP approach, since the latter has as its 
basis the simplicity introduced in the problem by 
working explicitly with the plasmons in the region of 
wavelengths for which they are a well-defined elemen- 
tary excitation. This cutoff for the plasmons essentially 
agrees with that proposed by SB and by Ferrell,” that 
the cutoff occurs for that value of k& for which the 
plasmon spectrum merges with the individual electron 
continuum.” If one seeks to represent the long-range 
correlation energy accurately by the first few terms of 
the series (23), it may well be advisable to choose a 
somewhat smaller value of 8. In any event, it is clear 
from these considerations that at high densities the 
long-range part of the correlation energy will not ap- 

*%R. Ferrell, Phys. Rev. 107, 450 (1957). 

%TIn fact, we would get just their criterion if we had defined 
Se =wno? (kp) /w*, wao(kp) being the free-electron excitation fre- 
quency, instead of our choice, g2=wn0?(p,k)/w,*. We believe the 
latter choice is better suited to the determination of the radius of 
convergence of the power series expansion of £,'"(8), and also 
represents a realistic choice for the maximum plasmon wave 
vector. 


(39) 
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proximate the total correlation energy well, since the 
latter contains important contributions arising from 
momentum transfers of the order of the Fermi-Thomas 
wave-vector, 0.814r,!. 

We now consider the corrections to (23) arising from 
exchange diagrams. In the collective approach these 
arise from two kinds of terms; those involving U’, which 
correspond to the coupling between different long- 
wavelength density fluctuations, and those involving 
the coupling between Hj,¢ and H;, which is a coupling 
between the low and high momentum transfer part of 
the Coulomb interaction. The latter appear at a lower 
order in 6, and we calculate them first. 

The lowest order in 8 influence of exchange diagrams 
on the individual particle contribution to the correlation 
energy is of order 64/r,. We may estimate this term by 
using the Hamiltonian (31); there will be a contribution 
arising from the second-order exchange diagram, in- 
volving H,, once and H,, once. This is 


fee fer [oak vk) 
Q 1 


-- ry, (40) 
644 ar, [k-(k+p+q) ](k+p+q)*? 

where the regions of integration for p and q are subject 
to the usual limits imposed by the Pauli principle, as for 
Eq. (10), and that for k is given by k<8.** On dropping 
terms which contribute to higher order than 6', we have 


; dk [ dp f d'q(k-p)(k-q) 
5; J oY 


— ry, (41) 
Rk: (p+q)(p+q)’ 


Ad’ = 


647° ar, 


which may be estimated rather well by”® 


foe fer fake ni-a 
9 1 


ry. 


O4e? ar, 2k’k- (p+q) 


We thus find 
9 Bt Bt 


Ad’ =——- —{2 In2—1} ~0.0136— ry. 
1607 ar, ls 


(42) 


The exchange terms (40) and (42) represent a ‘‘screened”’ 
9 


version of the long-range part of F,"”. The latter is 
given by 


f Pk f dp f dy 
E,®=— 


eel. Cet ee eee cee 0.0156? ry, (43) 
16r° k?(k+p+4q)’k: (k+p+q) 


where the limits are the same as in (40) and the nu- 


25 In the remainder of this section we measure momenta in units 
of Ro. 

6 A similar estimate for the low momentum part of E,® may 
be shown to be accurate to ~5%. 
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merical result has been obtained from the Monte-Carlo 
calculations carried out for Gell-Mann and Brueckner.”’ 
In (40) we have taken into account the screening of the 
long-range interactions between the electrons, which 
reduces the exchange contribution (43) by a factor of 
order g,”. 

The lowest order exchange correction to the plasmon 
frequency is of order k*, and hence contributes to the 6° 
coefficient in the long-range correlation energy. It ap- 
pears when we take into account the cross-terms be- 
tween H;,, and H,, which arise, for instance, when we 
decouple the electrons from the plasmons to order g,” by 
means of a canonical transformation. We estimate one 
such term, which involves only one power of H,,, in 
Appendix II. We find that the e’ of Eq. (24) is given 
approximately by 


»’ =().039 ry. (44) 


The contribution to the correlation energy from 
U’ is simply estimated using second-order perturbation 
theory, and is approximately”* 

8 v3 87 8 
g/—=-— ~ —0.018— ry. 
r,3 96 r,! r, 


(45) 


U’ thus first gives rise to a correction to the plasmon 
frequency of order k*; its importance may be assessed by 
comparing (39) with the contribution from the two k* 
terms which arise within the random phase approxi- 


mation™ 
87 Bb" B7 
= { 0.21——0.084—— } ry. 
r,) r,! 77 


We may make the following remarks on the basis of 
our investigation of the role of the exchange diagrams: 

(1) There are no corrections to the 8? and §* terms of 
the series expansion (23). Hence for sufficiently long 
wavelengths, the RPA is valid for any density in the 
calculation of the long-range correlation energy. 

(2) The 6* and 8° terms in the expansion of the long- 
range correlation energy may be written, approximately, 


0.98 0.033 
-#(+—-— 5 ae ) ry, 


fe Vs 
) ry. 


The terms in parentheses of order 1/r, represent the 
contribution from exchange diagrams involving Hs, 
once as well as the 6*/r, term from (30). They are 
negligible in the high-density limit, as they should be. 
The corrections are numerically small for actual metallic 


(46) 


as 


(47a) 


(47b) 


8° 70.70 0.039 
=: 
rév re Ys 


27 We should like to thank Professor M. Gell-Mann for making 
this result available to us. 

28 We have corrected the value given in BP ITI by a factor of 2, 
and estimated the reduction in the sum over states due to the 
Pauli principle by the approximate value 8. 
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densities. We do not at present know whether the higher 
order terms in the series (in 8) display a similar behavior. 

It is clear that where £),° is accurately calculated by 
keeping terms only through #* or 6°, say, the use of the 
RPA result for these terms should provide a quite 
adequate approximation. 

(3) On the basis of the structure of the exchange 
terms involving one power of H,, in (47), it is tempting 
to conjecture that the result of taking into account all 
RPA corrections would be to yield an expression * 
which is 


ee 
(4+ Inr,+2+wr, Inr.+-:- ‘) 


Fe Ps 


Thus the coefficients of 8*, 8°/r,!, etc., themselves may 
possess a power series expansion in r, analogous to that 
for the electron energy in the high-density limit. We 
have not verified this conjecture in detail. If it is true, 
it is clear already in (47) that the coefficients of that 
expansion will not be the same as in the system energy ; 
hence it might be possible to use the §', 6°, etc., contribu- 
tions to the correlation energy with some confidence, 
even though the series expansion (2) does not apply. 
However, the question is by no means settled, and 
merely points up the difficulty of drawing definitive 
conclusions from our calculation of the first set of ex- 
change corrections. 

We conclude this section by considering /*"(8) briefly. 
We have given physical arguments in Sec. II that for a 
sufficiently large 6 this part of the correlation energy 
arises almost entirely from the interaction between 
electrons of antiparallel spin. We may obtain an idea of 
how well this hypothesis is born out by studying the 
contribution to -*"(8) arising from electrons of parallel 
spin, as calculated in second-order perturbation theory. 
This is 


~16r* k-(k-+p+q) 


1 1 | 
x| (48) 


a vd 
kt R’(k+p+q)? 


The momenta here are measured in units of ko and the 
limits of integration are as in (10); the first term in the 
parenthesis is the direct contribution, the second is the 
exchange contribution. For large momentum transfers, 
(k>1), the regions of p and q which contribute to £,,° 
become small compared to k, and the exchange contribu- 
tion tends to cancel the direct term. The integration 
(48) may be carried out explicitly for k>8; one finds, 


with the aid of (43) and Eq. (6.22) of SSP, 
Ey, = (+0.021+0.062 In8—0.0218%) ry. (49) 


The result (49) is valid for 8<#%, the limitation being 
imposed by the accuracy of (43); for larger values of 8 
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it is an underestimate. The values of /,;°° (8) calculated 
from (49) tend to support our physical argument con- 
cerning the short-range correlation energy associated 
with electrons of parallel spin. 

We have been discussing the breakdown of the RPA 
for £.'"(8) due to the coupling between different short 
wavelength momentum transfers. We have also con- 
sidered the breakdown of the RPA for £.'"(8) due to the 


contributions arising from H,,. We may mention that : 


there will also be contributions to -.*"(8) arising from 
the long-wavelength momentum transfers. We do not 
consider these corrections here because £.'(8) is itself 
so imperfectly known once one leaves the high-density 
limit. 


V. INTERPOLATION PROCEDURES FOR ACTUAL 
METALLIC DENSITIES 


On the basis of our qualitative and quantitative dis- 
cussion of the preceding section we have reached the 
following conclusions. 

(1) It does not appear feasible to extend systemat- 
ically the GB scheme into the region of actual metallic 
densities. Therefore it is to consider the 
possibility of developing suitable interpolation pro- 
cedures to calculate the correlation energy at metallic 
densities. 

(2) The behavior of the correlation energy at a given 
r, as a function of interaction momentum, £,(k), pro- 
vides a natural basis for the development of interpola- 
tion procedures. In the low momentum region, the 
RPA calculation of /£.(k) is rigorous for the k and k° 
terms, and provides quite a good approximation for the 
k® and & terms throughout the region of actual metallic 
densities. The maximum value of 8 for which E(k) may 
be reliably calculated in the RPA is 8=0.47r,', for 
which g,°1. For sufficiently large k, the exchange 
diagrams cancel one-half the direct diagrams, so that 
one need consider only interactions between electrons of 
antiparallel spin. This region begins at approximately 
B=1. 

One possible interpolation scheme would involve 
plotting /.(k) for all & according to the following 
prescription: (1) for k <6), take the value given by the 
RPA; 8; should then be <0.47r,'; (2) for k> Bo, take 
the value given by second-order perturbation theory, 
in which only interactions between electrons of anti- 
parallel spin are considered; 8, should be 21.5; and 
(3) for 8:kS 82, draw a smooth curve between the 
portions defined by (1) and (2). To get the correlation 
energy for a given value of r,, one would then carry out a 
numerical integration of /.(k) over all interaction 
momenta k. 

A somewhat simpler scheme, which yields an explicit 
formula for the correlation energy as a function of r,, 
and very nearly the same numerical values as the above 
procedure, is based on the following expressions for the 
long-range and short-range parts of the correlation 
energy : 


necessary 


“TRON GAS 
BY Be 
Ban(p)e( —0.458 +().866 


r. r. 


B14 B,° 
—0.98—+0.706— ry, (50) 
ra r.3 


ES" (B2)==(—0.025+0.062 In8.—0.0068,") ry. (51) 


The long-range part of the correlation energy, E.'"(8;), 
is calculated in the RPA. Only terms through 8,° are 
kept, because for actual metallic densities the 8,° terms 
are comparable with the exchange corrections to the 6; 
term, and (50) may be regarded as accurate only as long 
as both such terms are small. The short-range part of 
the correlation energy, /.*'(82), is calculated in second- 
order perturbation theory, and only interactions be- 
tween electrons of antiparallel spin are kept. If we now 
choose 8,;=82=8, it is clear that there will be a dis- 
continuity in £.(k) at k=8, because both expressions 
(50) and (51) are approximations; however for a suit- 
able choice of 8 this will not introduce any appreciable 
error. It is desirable to choose 8 as large as possible, in 
order that (51) represent a tolerably accurate approxi- 
mation; on the other hand, if 8 is taken as too large, the 
long-range correlation energy will no longer be well 
represented by (50). We accordingly take for 8 that 
maximum value for which (50) is still a rapidly con- 
verging series, 

38=0.47r,?. (52) 
With this choice, we find 

E"(g)—0.043 ry, 


E*(8)(—0.072+0.031 Inr,) ry. (54) 


We have dropped the 8” term in £,*'(8) since it is of the 
same order as the 8'/r, exchange term. The total 
correlation energy is given by the sum of (53) and (54), 


E&(—0.115+0.031 Inr,) ry. (55) 
The foregoing interpolation scheme is very nearly the 
same as that proposed earlier by one of us in SSP. The 
present proposal differs in that we have used the correct 
RPA coefficient of the 64 term in £,!"(8), instead of the 
lowest order approximation to it utilized in SSP. This 
has enabled us to go to a larger value of 8. 

Hubbard has proposed an alternative interpolation 
procedure, which is equivalent to multiplying the RPA 
value of £.(k) by a phenomenological correction factor, 
which is 1 for small & and 3 for large k. This procedure is 
obviously satisfactory for large k. Detailed investigation 
shows that his procedure does not yield the #*/r, 
exchange correction, so that for small & Hubbard’s re- 
sult cannot be regarded as any more accurate than the 
RPA result. 

In Table I we compare our numerical results for the 
correlation energy with those obtained by Hubbard. In 
Fig. 1 we plot £.(k) for r,=4 as calculated by us and by 
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TABLE I. A comparison between the revised BP calculation of 
the correlation energy and that of Hubbard; the energies are 
given in ry. 


Ys 2 3 4 5 


—0.094 —0.072 —0.065 
—0.099 —0.074 —0.067 


0.081 
—0.086 


Epp 
Evubbard 


Hubbard. The close agreement of the two interpolation 
procedures is not surprising, since they agree in both the 
high and low momentum limits. 

It is difficult to set any exact limit on the accuracy of 
either interpolation procedure. We can estimate rather 
well the accuracy of £,'"(8) in our scheme, but we do 
not know the accuracy of our perturbation theory ex- 
pression for /.*"(8). Hubbard’s interpolation procedure 
is sufficiently close to ours that it suffers from the same 
defect, an inadequate knowledge of the behavior of 
E(k) in the region between 8=0.47r,' and that value 
of 6 for which the perturbation theory calculation of 
E.2*(8) becomes accurate. It is perhaps encouraging 
that there is such good agreement between Hubbard’s 
estimate of E.(k) and the perturbation theory calcula- 
tion for 821; however both could be somewhat inaccu- 
rate in the region of 61. If one is content with 15% 
accuracy in the correlation energy, it is quite likely that 
both schemes may be regarded as satisfactory. On the 
other hand, if one demands a value of the correlation 
energy which is accurate to within 5%, it is doubtful 
that either scheme is that accurate except, perhaps, 
through a fortunate cancellation of rather larger errors. 

We conclude that the Hubbard scheme is mathe- 
matically more satisfying, since it yields a smooth curve 
for E.(k). On the other hand, our modified SSP inter- 
polation procedure is simpler, and rather closely tied to 
the physical behavior of the electron gas. It may also be 
more flexible, in that it permits straightforward calcula- 
tion of other metallic properties, such as the one-electron 
energies, specific heats, etc.” 
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(A> 
Fic. 1. E,(k) in the present calculation and according to 
Hubbard for r,=4. 
* An investigation of the way in which one-electron properties 
are influenced by Hy, has recently been carried out by J. Fletcher 
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APPENDIX I 


rhe GB result for the correlation energy may be 
written as 


3 
— J kedk 
dara? r 2 


+a mente (--4)* | 
xf du > [Qx(u)]";¢, (Al) 
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Eoorr= 


x 


where the function (;(«) is given by 


ar, 
Ox.(u) = a ap 
wed ip <i 


ip 
|p+k| >1 


xf exp{ituk— |t|(34’+k-p)}dt. (A2) 


x 


The total change in energy due to the Coulomb inter- 
action, Erot=Ecorr+Eexch, iS given by 


3 x“ +20 
Ewt=— f dk ef du 
dre’ 2 0 ~2 


o (—1)" dre 
a. Cou -E/ ) (A3) 
n=1 k Rk 


The first term on the right-hand side of (A3) may there- 
fore be viewed as the energy change brought about by a 


perturbation 
2re 
pm» Ge pws). 
k\ R 


The GB result is now in a form well suited for its 
application to the calculation of the long-range correla- 
tion energy arising from H,,, E,,. To lowest order in k*, 
we may write 


(A4) 


2re 


Hy=E ~~ ov'p-1 (AS) 


k 
where p," is a screened density fluctuation defined by 
—k-p; , 
px*= 2 || ——— exp(—ik-x,) }. 
i \ mw, 


Thus (A5) and (A4) differ only in the replacement of p, 
by px’. Erp is therefore given by 


3 B 
op = ——— f dk k 
4rre’r ,? 0 


+20 wo (—1)" 
xf du > ——{Q:"(u)]", (A6) 
n=] n 


—o2 


where Q,*(u) is the screened version of Q4() arising 
and D. C. Larson, following paper [Phys. Rev. 110, 455 (1958) ]. 
They have considered only the second-order interaction between 
electrons of antiparallel spin, and obtain thereby not unreasonable 
values for the specific heat, etc. 
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from the replacement of p; in (A4) by px’ in (AS). 
Inspection of the matrix elements arising from (A4) and 
(AS) shows that the change from p,; to p,' introduces a 
multiplicative factor in the integration over p in (A2) 
which is simply 
— (39/4ar,)(k-p)?, 

that is, —g,?(p) (to lowest order in k*). The minus sign 
corresponds to the fact that H,, induces attractive 
electron correlations. 

We have therefore 


3 (k-p)? 
[a 
4 p< a 


|p+k| >1 


O,.*(u) — 


+00 


x [ dt exp) ituk— || 


= 3u?R(u)—1 


where 
R(u)=1—warc tan(1/u), 


and we have carried out the integration in the first of 
Eqs. (A7) to lowest order in k. On substituting (A7) 
into (A6) and summing the series there, we find 


3 
Ep? J dk ef du In. 3u?R(u) }.  (A8) 
dire?r 0 x 


The latter integral may be computed numerically, and 
yields the result 
Ep = —0.98(64/r,") ry. (A9) 
We now show that the GB result, (Al), when re- 
stricted to sufficiently long wavelength momentum 
transfers 8, may be expanded as a power series in 8. Let 
us return to the expression (A2) for Q,(u). A careful 
examination of (A2) shows that (;.(#) may be expanded 
in powers of k, and contains only even powers of &. The 
leading contribution is 


Ox(u) = (dar,/rk?)R(u). 


On substituting this value in’(A1) and carrying out the 
sum there, we’ get 


3 B " | dar, 
E,""(8)=——— f dk vf du | “RW 
4re’r? Jy > awk? ; 
4ar, 
inf 4 Rw}. (A10) 
wk 


In (A10) the first term in brackets yields the 8 term of 
(23); we integrate the remaining term by parts, 


obtaining 
3 B 
f k'dk I(k), (A11) 
4mre?r 2 0 
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Fic. 2. The contour on which one must integrate uR’(u)/ 
[R(u)+7k?/4er,] in order to expand J(k) in powers of k. 


where 
uR’(u) 


T(k) f du ~ ; 
ce (rk?/4ar,) +R(u) 


We wish to expand /(k) in powers of &. 

The function R(x) is even and analytic. It has two 
branch points at #=-b7, which we must join by a cut in 
the complex plane. Its only zero is at w= ©, near which 


(A12) 


it behaves as 
R(u)~ 1/30? —1/5u'---. 


For small enough k, the only poles of 
uR’ 
(rk? dor.) +R(u) 
arise therefore at +7%, where mo is given by 
uo=1(4ar,/3rk?)'[1+0(R) ]. 


The residue of the pole ino is simply 710. 
I(k) may then be calculated by integrating over the 
contour shown on Fig. 2. We find 


uR’ (u) 
I(8)=2riliaa)— —< (Ay 
e R(u)+7q?/4ar, 


in which the contour ¢ goes from —0 to 7 and then back 
to +0. 

The first term of (A13) corresponds to the plasmon 
ground-state energy. It gives rise to the 8°/r,}, B°/r,!, - - - 
terms. The coefficients determined with (A11) agree 
perfectly with those obtained by the plasma theory. 
Remark that we have kept only the first term in the 
expansion of Q,(u). Since Q;(#) contains only even 
powers of k, such corrections will always lead to correc- 
tions to the energy odd in 8, such as 87/r,}, 

The second term of (A13) corresponds to the energy of 
the individual particles. We can simplify it considerably 
by remarking that on the contour c, R(«#) is never small, 
being of order 1 or more. We may therefore expand the 
fraction in powers of k&. The correlation energy arising 
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from the individual particles is then given by 


3 uR' (u) 
a es 
16702r,2 c 


—du 
R 
1 

+ ng 
3207? Sc 
It is easily shown that the inclusion of &® correction 
terms to Q;() will only introduce even powers of 8. 
In order to establish the equivalence of the plasma 
and the GB calculation of the 6* term, we have to show 


that 
ss 2 uR’ (u) 
f du \n{ 30?R(u) |= -$ ——_—d. 
x c R 


uR’ 


—du---. (A14) 
R? 


(A15) 


The integral on the left-hand side may be integrated by 


parts, yielding 
tr wR’ (u) 
-f [2+ fiw 
x R 


a 


Since the function {2+[R’(u)/R]} goes to zero as 1/0 
at infinity, we can again integrate on the contour of 
Fig. 2. The only contribution comes from the integration 
on the contour c. The term 2, being single valued, gives 
obviously zero, which establishes (A15). 

We remark that it is simple to calculate the higher 
order terms in 8 by using (A14). In (A14) we give the 
explicit coefficient of 6°, which has been computed 
numerically. The contribution to the correlation energy 
from (A14) is thus 

4 B® 
—0.98—— 0.23- coke «Bf 


Tv. rs 


(A16) 


APPENDIX II 


In this appendix we discuss briefly the question of 
non-RPA corrections to the plasma frequency. In the 
BP approach such corrections occur for the following 
reason: when one eliminates the linear plasmon-electron 
coupling by a canonical transformation generated by 5S, 
the transformation acts also on H,, and yields new 
terms coupling the plasmons with the individual par- 
ticles. These new terms give rise to the extra ‘““exchange”’ 
frequency shift of the plasmons. We shall restrict 
ourselves to a very limited class of such corrections, 
namely those of order k? which involve only one power 
of H,,. Each power of H,, introduces a factor e’, i.e., a 
factor r,: this discussion is therefore limited to the 
terms in 6°/r,! in the correlation energy. 

The canonical transformation gives rise to new terms 
of the form 


(A17) 


i i\? 
[Hun S1+3(-) (A sr,SJ,S J+ ae 
h h 


The first term of (A17) is an extra coupling term. It can 
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be eliminated by a further canonical transformation: 
this would yield a frequency shift involving two powers 
of H,,, and is therefore beyond the range of the study. 
The terms in which we are interested are in fact the 
second-order terms, or, more precisely, their expectation 
value with respect to the electronic wave function. Such 
terms are quadratic in the field coordinates and there- 
fore represent a shift in the plasmon frequency. 

If we limit ourselves to the leading order in k, the 
generating function of the canonical transformation 
performed in BP TIT can be written 


4re?\) _ k-p; 
S= yh exp(—tk-x,)m_,. 

k? i Mw, 
It is a straightforward matter to calculate the double 
commutator of (A17), and to take the corresponding 
expectation value for a Fermi distribution of inde- 
pendent particles. The final result is to add to the 
Hamiltonian a correction term given for small k by 


3 


* 
2, a ee. 
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40 ke 
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involving 
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electron line 


interaction line , i 


» diagrams taken into account in the calculation 


of Appendix IT. 


This results in a shift of the frequency 
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The contribution to the long-range energy of the system 
may then be written as 


—0.039(8°/r,) ry, 


which is to be compared to the 8° term occuring within 
the RPA 
0.70(8°/r,4) ry. 


It may be seen that, for actual metallic densities, the 
exchange correction to the plasma frequency is ap- 
preciably smaller than the RPA correction. 

It is interesting to see what the foregoing procedure 
means in the language of diagrams. The diagrams which 
we take into account are those shown on Fig. 3. They 
involve first-order corrections to the excitation energy 
of the individual particles, and to the matrix elements 
for such excitations, (px)on. Remark that in keeping 
only some of these diagrams, one can be led to a shift 
of the plasma frequency independent of &: such a result 
is obviously spurious, since it disappears when one takes 
consistently into account all diagrams of a given order. 
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The influence of electron interactions on the one-electron energy in metals is calculated. The calculation is 
based on the Bohm-Pines collective description of electron interactions and has for its principal approxima 
tion the treatment of the screened interaction /7,, by perturbation theory. Results are given for the band 
width, specific heat, relaxation time, conductivity, thermoelectric power, and diamagnetic susceptibility. 
Comparison with experimental values of band width and specific heat for the alkali metals shows satisfactory 
agreement. Density-of-states plots for the alkalis are given. 


1. INTRODUCTION 


HE independent-particle model of solids has 

always been regarded as invaluable for inter- 
pretation of experimental results. Recent theoretical 
developments'~> have shown how this model can be 
understood in terms of particle-like elementary excita- 
tions when the long-range Coulonib force is properly 
treated. In particular, a recent detailed investigation” 
has shown that it is now sensible to attempt a numerical 
calculation of the influence of the effective electron 
interaction on several properties of experimental 
interest. 

Basing our work on the collective description of 
Bohm and Pines,' we have carried through such a pro- 
gram for some of the best-understood metals—the 
alkalis, Be, Mg, and Al—and have found in general 
that the over-all corrections to the free-electron values 
are frequently not inappreciable. When electron inter- 
actions are taken into account, it is found that the 
agreement between theory and experiment for the band 
width and specific heat is markedly improved over that 
obtained on the basis of the free-electron theory. 


2. DERIVATION OF THE ONE-ELECTRON ENERGY 


Bohm and Pines! have shown that, by introducing 
extra variables to describe the collective oscillations, 
one can bring the Hamiltonian for the valence electrons 
in a metal into the form 


p? 


2m 


+V(r;) ) +3 2) (Pe*Prtory’Qe*Or) 


k<ke 


u-¥,( 


2rne* 
—+HintHertU. (1) 


k<ke 2 


The first term describes a set of independent electrons 
moving in the periodic field of the ion cores; the second, 


* National Science Foundation Predoctoral Fellows, 1955-1958. 

+ Mr. Larson died in a traffic accident on June 21, 1958. 

1—. Pines, in Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 367. 

2 P. Nozitres and D. Pines, Phys. Rev. 109, 741 (1958). 
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a set of field oscillators whose quanta are the plasmons ; 
the third is the self-energy term. Hin, is the electron- 
plasmon coupling: 


dre*\ ! h 
Aint 1 2 ( —) e ik “ke (.- k Joni (2) 
ik<ke \ m? 2 


H,, is a screened electron-electron interaction of range 
} ae 


2re- 


H.=>, & e 4), (3) 


, a © 2 
Hj) k>k Re 


U is a coupling the terms of which involve an electron 
and two different field oscillators: 


2re’ 


- (ex: 2) O.Qr > eo Y i, (4) 


Finally the admissible solutions must satisfy the sub- 
sidiary conditions 


4dre*\ } 
[n-(“zeepen 
Re 


In accordance with the usual terminology, we have 
taken » for the electron density and w,=(42ne?/m)! 
for the plasma frequency. 

The coupling Hin: can be treated by a suitable canoni- 
cal transformation!”; it gives rise to a shift in the 
plasmon frequency and a weak long-range electron- 
electron interaction H,,. Since the total contribution 
to the system energy from these two sources is at most 
0.019 ry per electron,® we shall neglect H int. 

The ‘‘random phase approximation” in which U’ is 
considered to be negligible has been justified in detail.’ 
A similar remark can be made regarding the subsidiary 
conditions; they have no importance for the low- 
lying elementary excitations, as has been thoroughly 
discussed.’ 

Strictly speaking, we should now go on to a per- 
turbation treatment of H,, using Slater determinants of 
Bloch functions x, for our basis set. However, for the 

6 P. Noziéres and D. Pines, Phys. Rev. 110, 442 (1958), preced- 


ing paper. 
7 Bohm, Huang, and Pines, Phys. Rev. 107, 71 (1957). 
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purposes of obtaining exchange and correlation corrections, 
especially for the alkali metals where the wave functions 
have a plane-wave character over a great majority of 
the crystal volume, we may be justified in a plane-wave 
calculation of H,,. The limitations of this procedure are 
essentially measured by the strength of the interband 
transitions 

There remains to be discussed the cutoff momentum 
k.. Pines has calculated the ratio B=k./ko (Ro is the 
Fermi wave number) by a variational argument and 
obtained B=yr,! with y=0.353. The usual dimension- 
less parameter r, gives the electron density through 
n= ($2r,'ao°)', where do is the Bohr radius. A recalcu- 
lation by Noziéres and Pines which included the effect of 
Hint gave the value y=0.4. We shall also consider 
y=0.471 in the following, this value corresponding 
physically to the maximum momentum at which a 
plasmon can be considered a well-defined elementary 
excitation.** Another possible approach to the cutoff 
k. is to regard it as a parameter which is to be fixed by 
experimental observations; we shall discuss the conse- 
quences of this approach later. 

With the above approximations our Hamiltonian 
reduces to the age 
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Calculation of the system energy to second order in 
H,, now yields, per electron (leaving aside the plasmon 
and self-energy contribution), 

(7a) 


E=E®+E%+E,2+E, 2) 


The zero-order part is 
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5 m* 
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4a m* 


We measure energies in units of the Rydberg and wave 
numbers in units of the Fermi wave number ky; m* is 
the effective mass; a is a constant given by 


= (4/9r)§=0.521, 
and fx=1, R<1; fy =O, R>1. In first order we have the 


screened exchange energy: 
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In second order we get a part which comes from the 
excitation of electrons with antiparallel spins: 
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To obtain the energy of an “effective electron” of wave number k, we now calculate the change in the system 
when an electron is annihilated at & in the ground state. This we obtain most simply by taking the functional 


derivative: 
bE 
E(k) 
of; 
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The energy in first order, E®(k)+E®(k), has been evaluated and discussed by Pines.' We give the second- 
order expression for antiparallel spins E(k), together with the first-order result, in the appendix. We neglect 
the parallel-spin contribution E,®(k) since E,® is small compared to E.” for actual densities. It should be 
stressed that this approximation is well justified for actual metallic densities (2<r,<5), but is invalid for the high- 
density limit (r,—> 0); in fact, for r, > 0, we have 


E,® =E,+const+ (terms that vanish as r,— 0). 


In Sec. 3A we consequently take E,®(k)=E.®)(k) for our examination of the high-density limit of the specific 
heat. Similarly, the higher order terms in the H., perturbation series are negligible for 2<r,<5.5, but become 
important for r,—> 0. For a justification of this procedure we follow in the regime of actual metallic densities, we 
refer the interested reader to a forthcoming paper on the correlation energy by Noziéres and Pines.® 

We will be interested in the first and second energy derivatives at the Fermi surface as well as the total band 
width, E(1)— (0). The contribution to the band width from FE,” is® 


ifx 35 3 
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The energy derivatives are conveniently expressed in terms of ratios to the corresponding expressions in the free- 
electron theory with an effective mass. For 0<8<2 we have 
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Evaluation of the integral (7d) for the contribution of E,® to the correlation energy gives the following expression 


(O<B<2): 
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Fic. 1. Density of states for alkali metals with y=0.400. 


3. APPLICATION TO METALLIC PROPERTIES 
A. Specific Heat 


We have evaluated the ratio of the specific heat to 
that in the free-electron model for the three above- 
mentioned choices of y and present these values, 
together with several recent experimental results! for 
comparison, in Table I. The experimental values have 
been referred to the free-electron model with Brooks’ 
value of the effective mass by division by the effective 
mass ratio. We see that the situation is satisfactory: 
the “theoretical” point of view in which we choose 
y=0.4 gives a 10% agreement (which is roughly the 
accuracy of our calculation); on the other hand, the 
“experimental” point of view shows that a value of 
close to 0.4 can be chosen to give exact agreement for 
Li and Na; although this is not so for K, the experi- 
mental error was larger there. It is to be noted that the 
previous calculation of Pines,! based on the treatment 
of H,, in first order, indicated that the exchange and 
correlation corrections to the specific heat were in the 
other direction. 

Gell-Mann® has recently calculated the high-density 
limit of the specific heat. For comparison, we may 
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Fic. 2. Density of states for sodium. 
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TABLE I. Ratio of specific heat to that in the free-electron 
model, for three choices of y. The experimental values were taken 
from reference 10 and corrected for effective mass (see text). 


a ‘Co 
(expt.) 
1.60 
125 
1.18 


C/Co C/Co 
(y =0.353 


(y =0.471) 


1.281 
1.232 
1.279 
1.282 
1.276 


m*/m 


J 1.45 AE 1.756 
Na 0.98 a 560 
4 0.93 A 706 

b 0.89 AA: 718 
‘s 0.83 A: 704 


1.069 
1.083 
1.130 


Be 1.0 At A177 
Al 1.0 13: .207 
Mg 1.0 307 


evaluate the high-density limit of our result by noting 
that the exchange contribution does not enter E,°? in 
the first few orders. Hence we take 


E(k) =E (Rk) +E (Rk) +2E. (Rk), 


which gives, for m* =m, 
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Evaluation for the different choices of y gives the re- 
sults in Table II. The result of Gell-Mann was D, 
=—().203. The disagreement is hardly surprising, for 
the higher order terms in the perturbation series ex- 
pansion of H,, all contribute to D, and D2; in fact this 
comparison gives us a measure of their importance in 
the high-density region. 


B. X-Ray Band Widths 


The interpretation of the soft x-ray emission data 
for various metals has been discussed by Landsberg," 
Raimes,” and Pines.! There are two effects of import- 
ance in the calculation: the density of states is modified 
by correlation and exchange, and there is a line broaden- 
ing due to an Auger effect. Landsberg has discussed the 
Auger effect and has found that the observed low- 
energy tail can be reproduced rather well. For a satis- 


TABLE IT. High-density expansion coefficients. 


y Di D2 


0.353 — 3.855 0.976 
0.400 ~2.928 0.937 
0.471 ~2.099 0.895 


'"'P, T. Landsberg, Proc. Phys. Soc. (London) A62, 806 (1949). 
12S. Raimes, Phil. Mag. 45, 727 (1954). 
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TABLE III. Band widths. All results in Rydbergs; experimental values from Skinner.* 


A®) 

(y =0,400) 
—0.15 
—0.08 
—0.02 
—0.01 
+0.01 


—0.37 
—0).33 
—0.22 


A 


0.16 
0.17 
0.12 
0.12 
0.11 


0.94 
0.76 
0.43 


AW) 


0.35 
0.29 
0.18 
0.16 
0.14 


1.37 
1.43 
0.69 


A®) 
(y =0.353) 


A 


0.24 0.11 


—0.16 
—0.09 
—0.07 
—0.05 


—0.50 
—0.45 
—0.33 


0.13 
0.09 
0.09 
0.09 


0.87 
0.68 
0.37 


AM) 


0.24 
0.19 
0.09 
0.07 
0.05 


1.23 
1.00 
0.57 


A) 


(y =0.471) 


—0.05 
0.00 
0.02 
0.02 
0.02 


—0.23 
—0.19 
-0.10 


A 


0.19 
0.19 
0.11 
0.09 
0.07 


1.00 
0.81 
0.47 


Afree 


0.25 
0.24 
0.17 
0.15 
0.14 


1.06 
0.88 
0.53 


Aexpt 


0.27 +0.04 
0.18+0.02 


1.02+0.07 
0.87+0.04 
0.47+0.02 


Mg 


*H. B. Skinner, Trans. Roy. Soc. (London) A239, 95 (1940). 


factory comparison with experiment, the two effects 
must be combined and the resulting curve matched 
against the observed data. We discuss here only the 
exchange and correlation corrections. In Fig. 1 we give 
the density of states, p(E)=k? [a (dE/ dk), versus 
energy for the alkalis with y=0.4; in Fig. 2 we give 
the corresponding curves for Na for the three choices 
of y as an indication of the y dependence of the results. 
For comparison the curve without exchange and corre- 
lation corrections is also given. For reference we have 
calculated E(1)— (0) and give the results in Table 
IIT. Our results here for the modified density of states 
furnish the groundwork for a final calculation of the 
Landsberg type. A preliminary comparison with ex- 
periment may be made, and again we find encouraging 
results. 
C. Transport Properties 


Barrie’ and Blatt'* have previously considered the 
relaxation time, conductivity and thermoelectric power, 


TABLE IV. Relaxation time. 


Metal r/ro (y =0.400) .t/ ro (y =0.353) r/ro(y =0.471 


Li 
Na 
K 
Rb 
Cs 


Be 
Al 
Mg 


Metal 


Be 
Al 
Mg 


0.476 
0.543 
0.485 
0.480 
0.485 


0.808 
0.779 
0.695 


0.324 
0.411 
0.344 
0.339 
0.344 


0.722 
0.687 
0.586 


TaBLE V. Conductivity. 


a/ao (y =0,400) 


0.328 
0.400 
0.337 
0.333 
0.338 


0.726 
0.687 
0.579 


a/ao (y =0.353) 


0.185 
0.263 
0.201 
0.197 
0.202 


0.614 
0.569 
0.448 


'3 R, Barrie, Phys. Rev. 103, 1581 (1956). 
4F, J. Blatt, Phys. Rev. 99, 1735 (1955). 


0.610 
0.659 
0.612 
0.609 
0.614 


0.876 


0.853 
0.784 


o/ao (y =0.471) 


0.476 
0.535 
0.478 
0.475 
0.481 


0.820 
0.787 
0.694 


basing their results on the first-order one-electron 
energy obtained by Pines.! The relevant formulas are 
as follows: 

relaxation time t/To=, 


o oo=A’, 


$/So= (A+p)/2A?; 


conductivity 

thermoelectric power 
the resulting values are given in Tables IV, V, and VI, 
respectively. We see that the changes produced by our 
corrections are rather large and reverse the first-order 


corrections. We do not attempt a comparison with 
experimental results here. 


D. Diamagnetic Susceptibility 


The dominant contribution to the diamagnetic 


susceptibility is 
@ky (2@E 1 dE 
3HC\3 dk? 3k dk Jk =k 


TABLE VI. Thermoelectric power. 
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2.044 
1.760 
1.902 
1.899 
1.857 


.616 
468 
529 
521 
1.493 
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1.160 
1.189 
1.282 


251 
258 
436 


TABLE VII. Diamagnetic susceptibility. 


Metal X/Xq (y =0.353 


1.084 
1.042 
1.009 
0.996 
0.980 


X/Xq (y =0.400) 


1.067 
1.029 
0.997 
0.985 
0.970 


X/Xo (y =0.471 


1.053 
1.018 
0.986 
0.975 
0.961 


1.043 
1.044 
1.044 


1.048 1.054 
1.012 1.057 
1.052 1.063 
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Thus the ratio to the free-electron value is unsatisfactory; as can be seen from Table VII, our 


corrections do not alter this conclusion. 


X/Xo=(A+2y)/3. (13) 
APPENDIX 
We give here the one-electron energy for 0<6<2 


Pines! has previously discussed the diamagnetic sus- 
only; larger values will not occur. 


ceptibility and found the comparison with experiment 
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C. Second-order energy (1<8<2) 
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B—1<k<1: The same expression as that given in (B2) is obtained for E,°(&). 


D. Band gap and derivatives at Fermi surface 
It is an interesting check on the calculation to see that the second-order energy satisfies the Seitz identity’®: 
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16 F, Seitz, Modern Theory of Solids (McGraw-Hill Book Company, Inc., New York, 1940), p. 343. 
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Transient Photoconductivity in Silver Chloride at Low Temperatures* 


R. S. VAN HEYNINGENT AND FREDERICK C. BROWN 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received March 24, 1958) 


Primary photoconductivity has been investigated down to 6.5°K in single crystals of pure AgCl using 
low intensity, monochromatic light pulses and a sensitive electrometer. Results are presented which are in 
agreement with a theory of the transient response taking into account light absorption and electron 
trapping. The electron yield per absorbed photon (quantum efficiency) is found to be high, somewhat less 
than one, in the long-wavelength tail and through the first peak of optical absorption for all crystals and 
temperatures down to 6.5°K. These results agree with the proposed band scheme if one allows for direct 
and indirect transitions as discussed in Sec. V. Electron trappping properties are strongly dependent on 
sample preparation, but certain features are believed characteristic of the silver halides. Whereas the 
density of deep (0.5 ev) traps may be very low in well-annealed AgCl, a high density of very shallow 
(<0.1 ev) traps exists in the crystals prepared so far. Prominent electrical glow peaks have been observed 
at 15°K, 35°K, and 178°K. No evidence for hole mobility has been found and upper limits on possible hole 


ranges are given. 


I. INTRODUCTION 


T low temperatures silver chloride is a sensitive 
photoconductor which has vanishingly small dark 
conductivity. Primary photocurrents, characterized by 
a saturation behavior with increasing collection voltage, 
were observed in crystals of this material by Lehfeldt! 
many years ago. He showed that experiments carried 
out with a sensitive electrometer and low-intensity 
flash illumination lend themselves to a relatively 
simple interpretation in terms of electron range 
(Schubweg) governed by a volume distribution of traps. 
When range can be determined, it is possible to compute 
the quantum efficiency defined as the ratio of the 
number of electron-hole pairs created to the number 
of photons absorbed. 

In order to understand the optical excitation process, 
it is of importance to know how the quantum efficiency 
depends on impurity content and temperature in the 
region of fundamental absorption, which begins in the 


* Supported in part by the U. S. Air Force. 

t Now at Research Laboratories, Eastman Kodak Company. 
Work performed in partial fulfillment of the requirements for 
the Ph.D. degree at the University of Illinois. 

1W. Lebfeldt, Géttingen Nachr. IT, 1, 171 (1935). 


vicinity of 400 my and extends into the far ultraviolet. 
In particular, one would like to compare the spectral 
dependence of quantum efficiency with optical absorp- 
tion over a wide range of absorption coefficients. 
Whether or not holes as well as electrons contribute to 
the photoresponse of the silver halides is a problem of 
considerable interest,2>~> and certain other results of 
the earlier work remain unexplained. For example, the 
striking decrease in photoconductivity that has been 
observed at temperatures below 50°K'*® might be 
explained either by a drop in quantum efficiency or by 
a reduced range at low temperatures due to shallow 
traps. The present experiment extends quantum 


2 F. Seitz, Revs. Modern Phys. 23, 328 (1951); Photographic 
Sensitivity edited by S. Fujisawa (Maruzen Company, Ltd., 
Tokyo, 1956), Vol. 1, p. 10. 

3 F.C. Brown and F. Seitz, in Photographic Sensitivity (Maruzen 
Company, Ltd., Tokyo, 1958), Vol. 2, p. 19. 

4J. W. Mitchell, in Chemistry of the Solid State, edited by 
W. E. Garner (Butterworths Scientific Publications, London, 
1955), p. 321. 

5L. P. Smith, in Semiconducting Materials, edited by K. H. 
Henisch (Butterworths Scientific Publications, London, 1951), 
p. 114. 

6D. A. Wiegand, thesis, Cornell University, Ithaca, New York, 
1956 (unpublished). 
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efficiency and electron range measurements to lower 
temperatures and shorter wavelengths for various AgC] 
crystals of high purity and different preparation.’'* 

It will be shown that the quantum efficiency is high, 
somewhat less than one, in the long-wavelength tail 
and through the first peak of optical absorption for all 
crystals and temperatures down to 6.5°K. On the 
other hand, electron trapping properties vary greatly. 
The distribution of traps in the volume and near the 
surfaces has a strong influence on the photoconductive 
response.” Whereas the density of deep traps may be 
very low in well-annealed AgCl, it is characteristic 
that these crystals have a relatively high density of 
very shallow traps. Measurable drift of holes has not 
been detected under any circumstances. 


II. THEORY OF THE EXPERIMENT 
A. Transient Photoconductivity 


The properties of a high-resistivity photoconductor 
may be investigated by the study of transient primary 
photocurrents.'* However, the observation of primary 
as distinguished from secondary photocurrents is 
subject to several restrictions.'°-” Space charge limita- 
tions, entrance of charge at the electrodes, and charge 
multiplication must not occur. These difficulties are 
avoided in the present experiment by using light pulses 
of extremely low intensity and by blocking the elec- 
trodes with insulating nonphotoconducting layers. For 
small applied electric fields and quantum efficiencies 
less than unity, one may reasonably assume that 
charge multiplication does not occur throughout the 
range of wavelengths employed. 

In the simplest case imagine a single crystal of thick- 
ness | placed between plane parallel electrodes and 
illuminated through the cathode by strongly absorbed 
light. An electric field, E=V/l, is established by a 
battery of voltage V connected in the external circuit 
in series with an electrometer for measuring charge. 
Electrons released into the conduction band by light 
will be swept into the crystal where they are trapped 
by a uniform density of deep traps. If mo electrons are 
released at time, /=0, the number free after a time / is 
n=nge'/’. The mean time for trapping is r=1/(V ou), 
where .V, is the trap density, o the trap cross section, 
and « the mean thermal velocity of the electrons. The 
average range or Schubweg of the electrons is w=yFr, 
where yu is the electron mobility. A useful property of 
the crystal is the range per unit field, wo=ur. Using 
t=x/pE and the definition of range, the number of 


7 Nail, Moser, Goddard, and Urbach. Rev. Sci. Instr. 28, 275 
(1957). We are indebted to Dr. F. ’Urbach and Dr. F. Hamm for 
these crystals. 

8 F. C. Brown, J. Phys. Chem. Solids 4, 206 (1958). 

9N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, New York, 1948), pp. 80, 117. 

1 A. Rose, RCA Revs. 12, 363 (1951). 

. J. van Heerden, Phys. Rev. 106, 468 (1957); 108, 230 


2S. M. Ryvkin, Doklady Akad. Nauk S.S.S.R. 106, 250 (1956). 
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electrons which travel a distance « into the crystal and 
are still free after time ¢ is n=noe~*/”. The electrometer 
will record a charge g=ex/I for each electron of charge 
e which drifts a distance «x in the crystal. 

The above considerations can be used to derive the 
net charge flow in the external circuit in the simple 
case outlined. However, in actual practice the relation 
between measured charge and the charge released is 
complicated by the penetration of the light and by the 
fact that some electrons may be collected at the anode. 
The intensity of light J at a depth « is related to the 
incident intensity by J =Je~**, where K is the absorp- 
tion constant which depends upon wavelength. For 
light pulses of Vp total incident photons, the number 
which actually enter the crystal is reduced by the 
reflectivity R to No(i1—R). Within the crystal, in an 
interval x to «+dx, the number of photons actually 
absorbed is dV=—KNo(1—R)e**. Since we are 
interested only in those absorptions which lead to the 
production of free electrons (holes will be considered 
immobile), the number of electrons dw released in dx 
is less than the number of photons absorbed by the 
ratio dn/dN=n, where 7 is the quantum efficiency. 
Hence dn=KnNo(1—R)e**dx. Integrating this last 
expression from 0 to / we get the total number of 
electrons released within the crystal 


n=nNo(1—R)(1—e*!). (1) 


The charge which flows in the external circuit can be 
obtained in analogy with the case of a single electron 
by defining a saturation factor y=2/l. The quantity Z 
is the average electron displacement, equal to the total 
displacement X of all the electrons divided by 2. 
Upon inserting the value of electronic charge e one 
arrives at the charge measured by the electrometer. 


O=enNo(1—R)1—e* yy. (2) 


The factor y takes into account the mean range of 
electrons and the finite depth of optical absorption. It 
can be derived in the case that the illuminated electrode 
is negative (forward polarity) designated by yy; or in 
the case that the illuminated electrode is positive 
(reverse polarity) given by y,. The calculations are 
similar. 

To derive ¥; one evaluates the total displacement 
X, consisting of two parts: XY, due to electrons trapped 
in the crystal volume and X,2 due to electrons collected 
at the anode. Of the Aw electrons released within the 
interval x to x+Ax a number d(An’) will be trapped 
within the interval x’ to x’+dx’: 


d(An’) = —— exp 


w 


An | (x’— <x) 


——— = Jax ; w'>«x. 


ae 


Integrating over x’ we have the contribution AX, to 
X, coming from charges released in x to x+Ax which 
are subsequently trapped. The total displacement of 
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all such electrons is 


l 
ax.= f (x’—x)d(An’) 


F l—x+w (l—<x) 
=a] 1-— exp — 7 || 


Similarly, the contribution AX», to X,. which comes 
from the charges released in x to x+Avx and are ulti- 
mately collected at the anode is 


(l—x) 
AX>=An(l—«x) exp| — see | 


aw 


To obtain X¥ = X,+ Xo, replace the A’s by differentials 
and integrate over 0<x</. The average displacement 
£ is obtained by dividing X by the total number, », of 
charges released. The function ¥;=Z// that we originally 
set out to obtain is then 

c= Kw 


1 Ww 
paul emmammmanapte ji-= —-+-— € =f (3) 
1—e*! ] 1—Kw 1-—Kw 


If we go to the limit as K+» which corresponds to 
all the light being absorbed at x=0, we obtain 


ee, (4) 


a formula given by Hecht." If the opposite limit, 
K=0, is taken, then 


w= 1c | (5) 
7 


which corresponds to uniform absorption.’ For complete 
saturation of the photocurrent, i.e., w= «©, the quantity 
¥,; in Eq. (4) approaches unity and for Eq. (5) it 
approaches one-half. 

For the reverse polarity case in which the illuminated 
surface is at the anode, y, may be calculated by methods 
similar to those used in calculating y,. The result is 


Kw 1 | 
— exp - («+ )i}-e Arr. (6) 
1+Kw w 


For uniform absorption, K=0, y, approaches the limit 
for yy, Eq. (5), as is to be expected. As K approaches 
infinity y, goes to zero. If K/ is very large such that the 
exponential terms in (6) can be neglected, then 


w 1 
va-(—_), (7) 
/\1i+Kw 


18K. Hecht, Z. Physik 77, 235 (1932). 
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These saturation factors are used in conjunction 
with Eq. (2) and determine the charge flow in the 
external circuit for given values of K, /, and w. The 
range w is proportional to the field -, and if high 
enough voltages can be applied so that some of the 
released charge is collected, then theoretical saturation 
curves can be fitted to the experimental data to deter- 
mine w. This allows one to compute n(1—R) from 
Eq. (2). 

In deriving the expressions for y, it has been assumed 
that only electrons contribute to the photoresponse. 
This has been found to be the case in all the crystals 
tested to date. On the basis of this assumption, it is 
possible to obtain w in low-range crystals by comparing 
the forward and reverse responses at a fixed wave- 
length in the absorption edge. The ratio, Q,/Q,, from 
the above expressions, is a complicated function of A 
and w. However, if the wavelength and voltage are 
chosen so that both K/ and //w are large, neglect of 
exponential terms results in the approximate relation 


O;/O.~Kw+ 1. (8) 


If K is known, w may be obtained and vice versa. For 
a crystal in which w is known, acceptable values of 
absorption coefficients K have been computed in this 
manner and will be presented in Sec. IV-C. 


B. Thermal Release from Traps 


It is a characteristic of the AgCl crystals studied 
that in certain temperature ranges trapped electrons 
remain trapped for a time long compared to the time 
of measurement (several seconds). However, at other 
rather well-defined temperatures thermal release from 
traps may be observed. This leads one to adopt the 
point of view that discrete trapping levels exist in the 
silver halides. The properties of these traps can be 
obtained from current glow curves of the type observed 
by Dutton and Maurer." 

The traps are first filled by illumination at low 
temperature, after which the crystal is warmed at a 
steady rate in the presence of an applied field. Current 
“glow peaks” are recorded at temperatures correspond- 
ing to rapid release from traps. An analysis of the 
method was first given for the case of thermolumines- 
cence.'*:!6 A simple model assumes a trap depth, £. 
below the conduction band and a frequency factor, s, 
so that the probability per second for thermal ionization 
is given by 


—m ge BibT (9) 
Tg 


The usual theory" gives the shape of the luminescence 


4D, Dutton and R. Maurer, Phys. Rev. 90, 126 (1953). 

18 F. Urbach, Wien. Ber. (ITA), 139, 363 (1930). 

16 J. T. Randall and M. H. F. Wilkins, Proc. Roy. Soc. (London) 
A184, 366 (1945). 
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versus temperature curve and allows one to determine 
E from the following formula if sis known: sj 


(10) 


In(kT*/BE) 


E=T* ns] Lt 


Here £ is the rate of warming and 7* the temperature 
of maximum glow. A single trap depth, E, is assumed 
and multiple trapping is not taken into account. The 
above analysis should be applicable to electrical glow 
curves in the case that the thermally released electrons 
have a constant mean range wo determined by 
deep traps. 

An approximate analysis has been given by Gross- 
weiner’ which permits - and s to be calculated 
separately from the shape of the observed current- 
temperature curve. He finds that they are given in 
terms of 7* and 7”, the temperature of the maximum 
and the temperature at which the increasing current 
reaches half-maximum, by the following equations: 


E=1,51kT*T'/(T*—T’), 
s=B(E/kRT™)eE"™, 


(11) 
(12) 


It is difficult to determine s with high accuracy by 
this means because of its strong dependence on the 
usually small difference, 7*— 7’. 

A relation'* between s and trap cross section o can 
be obtained from the principle of detailed balancing. 
The result shows that a large cross section and a high- 
frequency factor are compatible. In the present experi- 
ment one can estimate o if the density of traps .V,; can 
be found. The product, .V,o, and range, wo, are related 
by 

wo=ut=p/N ou, 


where u is the mobility and « the mean thermal velocity. 
An approximate upper limit on .V, has been found in 
at least one case in AgC! for the present experiment by 
filling traps.’ Still another way to obtain information 
on trap characteristics is to establish a fixed temperature 
in the vicinity of a “glow” peak and observe the decay 
time constant of photoconductive response. Results 
will be given in Sec. IV which reveal the general features 
of electron trapping in AgCl. 


III. EXPERIMENTAL DETAILS 
A. Apparatus 


The low temperatures at which the experiments 
were performed were maintained for long periods of 
time by a helium cryostat similar in many respects to 
the one designed by Mapother and Witt." Since AgCl 


17. I. Grossweiner, J. Appl. Phys. 24, 1306 (1953). 

178 C, H. Haake, J. Opt. Soc. Am. 47, 649 (1957). 

18C. Herring, Fundamental Formulas of Physics, edited by 
D. H. Menzel (Prentice Hall Publications, Inc., New York, 1955), 
p. 630. 

19D. E. Mapother and F. E. L. Witt, Rev. Sci. Instr. 26, 843 
(1955). 
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Fic. 1. Block diagram of apparatus. Crystal, blocking layers, 
and electrodes are optically flat and are in contact. The lower 
transparent electrode is quartz with a NESA coating of about 
2000 ohms/square. 


crystals deform easily, they cannot be clamped tightly 
to assure thermal contact with a cold reservoir. Instead, 
the crystal was placed in a closed copper chamber 
connected to the bottom of the helium reservoir in the 
cryostat. Helium gas admitted to the chamber assured 
adequate heat exchange between the cold walls and 
the crystal. Rapid cooling also strains the crystals, so 
the cooling rate was kept below 10°C per hour. Access 
to the crystal chamber was through a lead gasket seal. 

Temperatures were measured with a copper-con- 
stantan thermocouple and a carbon resistance ther- 
mometer, each calibrated against a standard platinum 
resistance thermometer. Two electrical leads were 
brought into the crystal chamber and connected to the 
electrodes between which the crystal was placed, as 
shown schematically in Fig. 1. The lower transparent 
electrode was a 1-mm thick NESA-coated” quartz 
slide which was connected to a highly insulated battery 
voltage supply. A shielded lead from the upper metallic 
electrode was connected to the input of a vibrating 
reed electrometer.” The electrodes were blocked with 
insulating layers to prevent charge from entering or 
leaving the crystal. A sheet of Mylar plastic 0.5 mil 
thick served as the blocking layer on the unilluminated 
side, and the illuminated electrode was blocked with a 
5.5-mil thick quartz plate of optical quality. 

The electrometer output was connected to a recording 
potentiometer. On the recorder chart, the integrated 
charge pulse measured by the electrometer appeared 
as a step in the trace of the pen. The magnitude of the 
step could be determined quite accurately by graphic- 
ally eliminating the effect of drift and averaging out 
the noise. Careful shielding of insulators and leads 
resulted in background drift currents as low as 5X 107" 
ampere. The instruments were calibrated directly in 
terms of standard charge pulses. When data were taken 
on thermal release of charge, calibrated high-value 
resistors were put in parallel across the electrometer 
input, so that current was measured instead of charge. 

Light was obtained from a dc hydrogen Nester lamp 


% TD. N. Lyon and T. H. Geballe, Rev. Sci. Instr. 21, 769 (1950). 
*t Model 30, Applied Physics Corporation, Pasadena, California. 
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TABLE I. Summary of electronic properties for several 
AgCl crystals at 80°K. 





Quantum efficiency 
times reflectivity 
factor at 340 mu 

n(1—R) 


0.51 


Upper limit 
unit range 
of holes, 
wo(cm?/ volt) 


Unit range 
of electrons, 
wo(cm?/volt) 


4.0 X10-° 

8 X10~° 
9.0 X10-* 
4.0 X10-* 
1.05X 10 
1.8 X10-* 
1.5 x10-* 


Crystal 

number 
XVIII, 
H342-196 
C63-6 
C56-7 
XXII, 
C54-7 
XIX, 





0.55 
9.0107 0.55 
3.2X 10 <0.9 
3.5X 10-8 <1.0 





with a usable output down to less than 220 my. A 
double monochromator™ with quartz prisms provided 
light of high spectral purity. The light intensity as a 
function of wavelength and monochromator slit width 
was calibrated periodically with a cesium-antimony 
photocell.* With the slit widths used, the spectral band- 
width was usually about 20 A. A rotating-sector disk, 
driven by a synchronous motor, passed one-tenth 
second light pulses, one of which could be picked out 
when desired by a synchronized camera shutter placed 
in front of the monochromator entrance slit. The level 
of illumination was kept as low as possible, about 
3X 10° photons per pulse. 


B. Sample Preparation 


Results will be presented for several different single- 
crystal specimens of AgCl. The crystals labeled by 
Roman numerals in Table I were prepared at the 
University of Illinois by techniques described else- 
where.® Others, indicated by the letter C (Bridgman) 
and by the letter H (Kyropoulos), were grown at the 
Research Laboratories of the Eastman Kodak Com- 


Ee ee Oe ee ee Te 
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Fic. 2. Wavelength dependence of photoresponse for crystal 
C56-7 which had a thin defective surface layer. Curve A was 
calculated from theory with proper choice of defective layer 
thickness and range. Curve B is a log plot of absorption constant 
from Fig. 5 (solid curve) and the data of Tutihasi®’ (dotted curve). 


2 Carl Leiss, Berlin-Steglitz, Germany. 
Kindly supplied by Dr. L. Apker at the General Electric 
Research Laboratories, Schenectady, New York. 
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pany.’ Spectrographic analysis of the Kodak crystals 
showed a few tenths of a part per million by weight 
total heavy metal impurities. A similar analysis of 
crystals grown at Illinois indicated less than one part 
per million total metal impurity. Crystal XIX, was 
grown in vacuum and annealed in an inert atmosphere 
in such a way as to be free from traces of dissolved 
silver oxide. Other samples, such as XXII, were grown 
in air or in the presence of moisture and are believed 
to contain minute traces of the oxide. 

Since the spectral distribution of photoresponse and 
the photoresponse as a function of applied field depend 
strongly on the condition of the illuminated surface, 
great care had to be taken in preparing surfaces that 
were flat and free from strains. The best results were 
obtained by the following procedure used in the case 
of XXII,. First, the crystal was oriented by an analysis 
of back-reflection x-ray patterns. Etch pits do not 
form so readily on a (100) surface so samples were cut 
along these planes with a special carbide-tipped circular 
saw. A microtome was then used to remove slices from 
the surface, five microns thick at a time, until approxi- 
mately one-tenth of a millimeter was removed. The 
crystal was lightly lapped on a flat glass surface using 
a 3% solution of potassium cyanide, until the small 
scratches left by the microtome blade were gone, and 
the reflected image of the filament of a ruby lamp 
could not be improved. The image was quite free from 
distortion. 

With the surface to be illuminated upward, the 
crystal was then placed on fine quartz powder inside an 
annealing furnace which was programmed to go from 
room temperature to 400°C in about twenty hours. 
After several hours at this temperature the programmer 
was reversed and the crystal brought back down to 
room temperature at the same rate. Under polarized 
light no strain patterns were visible after annealing. 
The crystal was again lightly lapped before testing. 
Annealing could be carried out either in air or in helium 
gas. All of the operations described were performed 
under darkroom red light. 


IV. RESULTS 
A. Spectral Response and Quantum Efficiency 


In a series of preliminary tests on a nonphoto- 
conducting spacer, no measurable response was found 
which could be ascribed to electron emission from 
electrodes into vacuum. Initial runs on several AgCl 
samples indicated that photoconductivity begins co- 
incidently with the fundamental optical absorption 
edge near 400 my. It was ascertained that the experi- 
ments could be carried out with small enough light 
intensity so that the results from 200 to 400 my were 
characteristic and did not depend on space charge, 
previous illumination to fill traps, or photodiffusion 
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effects.**> Red light was not relied upon to release 
space charge because of the effect of trap filling. 

Early results showed that an unexposed crystal 
slowly cooled to 80°K showed no detectable photo- 
response at wavelengths longer than 400 mu out to 1 u. 
However, small enhanced photosensitivity developed 
in this range of wavelengths after prolonged illumination 
of a cold crystal within the region of fundamental 
absorption.*6 This type of response, which is un- 
doubtedly due to trapped electrons, will not be dealt 
with here. 

Under proper conditions of low illumination intensity 
and crystal uniformity, photoresponse in agreement 
with the theory outlined in Sec. II-A was observed. 
The change Q was found to depend linearly on the 
number of incident photons per pulse, Vo. The de- 
pendence of Q/eNo on collecting voltage was found to 
fit saturation curves as outlined in the theory and 
discussed under carrier range in the next section. 
However, the dependence of response on wavelength, 
at high values of absorption constant, was found to be 
strongly affected by surfacing of the crystals. To 
illustrate this effect, the surface region of crystal 
C56-7 was intentionally disturbed by rubbing on emery 
paper. Figure 2 shows the observed spectral response 
which peaks sharply at the absorption edge. The 
absorption constant at 80°K is plotted on a logarithmic 
scale in Fig. 2 for comparison.?’** A peaked spectral 
response of this type has been shown characteristic of 
surface trapping and recombination processes.”? For 
the case of Fig. 2, a saturation function y (depends on 
K) has been calculated for a simple model which 
assumes a thin surface layer of thickness /, with a 
uniform but higher trap density than the interior of the 
crystal. The solid curve shown in Fig. 2 was obtained 
from such a theory using the values of n(1—R) taken 
from the results of crystal XXII, The parameters 
which best fit the experimental data are thicknesses 
1,=0.008 cm, /,=0.202 cm and ranges for an applied 
field of E=120 volts/mm, w,=1.0X10-* cm and 
w,»=4.7X10-* cm. These also fit the dependence of 
Q/N, on E which is concave upwards at low fields. 

Figures 3(a) and (b) show data for a carefully 
surfaced crystal which was free from surface defects of 
the type described above. From Eq. (2), Sec. II one 
can compute »(1—R) when yy is known. The latter 
can be obtained by fitting saturation curves of the 
type shown in Fig. 4. Typical results are given in Fig. 
3(b) along with the data of Lehfeldt.! The small 
reverse polarity data shown in Fig. 3(a) were of opposite 
sign from the forward data but are plotted as shown for 


2A. Goodman, thesis, Princeton University, 1957 (unpub- 
lished). We are indebted to Professor George Warfield for an 
early report of this work. 

% A. B. Kotliarevsky, J. Exptl. Theoret. Phys. U.S.S.R. 17, 
516 (1947). 
26M. A. Gilleo, Phys. Rev. 91, 534 (1953). 
27S. Tutihasi, Phys. Rev. 105, 882 (1957). 
28 Y. Okamoto, Géttingen Nachr. IT, 14, 275 (1956). 
2H. B. DeVore, Phys. Rev. 102, 86 (1956). 
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Fic. 3. (a) Wavelength dependence of photoresponse typical of 
a carefully surfaced crystal. Collecting voltage was constant for 
these points and was below forward polarity saturation. The 
reverse polarity data (illuminated electrode positive) were of 
opposite sign. (b) Quantum efficiency including the effect of 
reflectivity for crystal XXII, at temperatures of 80°K and 35°K. 
The lowest curve shows the data of Lehfeldt! at 103°K. 


the sake of convenience. The reverse response can be 
explained entirely in terms of electron drift toward the 
illuminated anode due to penetration of the light. 
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Fic. 4. An example of saturation curves at two different wave- 
lengths and nearly the same temperature. The solid lines are 
theoretical curves adjusted according to the scales at the top. 
Unit ranges were slightly different at the two temperatures. 
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A high quantum efficiency for production of free 
carriers in the fundamental absorption region and in 
its long-wavelength tail appears to be a property 
intrinsic to silver chloride. Moreover, this efficiency is 
independent of previous illumination or of the filling 
of traps. As seen in Table I, direct measurements on 
three different samples yielded essentially the same 
value of quantum efficiency, and indirect estimates for 
two other crystals, although subject to more un- 
certainty, gave roughly the same values. The structure 
seen in Fig. 3(b) was reproducible from sample to 
sample and from run to run, indicating the relative 
accuracy of the points which was of the order of 5%. 
The absolute values of 7(1— R), comparing one crystal 
with another, were subject to an estimated systematic 
error of about 13%. 

With decreasing temperature, the spectral depend- 
ence and magnitude of the quantum efficiency remain 
essentially unchanged throughout the entire spectral 
region from near the absorption edge (which shifts 
slightly with temperature) to the short-wavelength 
side of the optical absorption peak. The spectral 
dependence of quantum efficiency uncorrected for 
reflectivity is essentially the same at 35°K as at 80°K. 
Although the exact value of » was not measured at 
6.5°K, a lower limit about an order of magnitude less 
than the values at higher temperatures was established. 
From a consideration of the behavior of the photo- 


response, particularly with respect to the range of 
electrons and the energy distribution of traps, it is 
highly probable that there is no significant change in 
the magnitude of » from higher temperatures to 6.5°K. 


B. Electron Range 


Figure 4 shows the saturation behavior of the 
charge response of crystal XXII, with increasing applied 
field at two wavelengths and slightly different tempera- 
tures. From curves like these the range w» in different 
crystals may be determined, or if the range is too short 
for saturation to be observed, the method of Eq. (8) 
can be used. Alternately range can be calculated from 
Eq. (2) by assuming a value of »(1—R). Table I 
shows values of unit range at 80°K which vary from 
wo=1.05X10-* cm*/volt (crystal XXIIy, air-grown 
and air-annealed) to wo=1.5X10~* cm?/volt (crystal 
XTX,, grown in vacuum and annealed in helium). 

The range depends on temperature through the 


TABLE II. Unit range of electrons in crystal XXII, at 
various temperatures. 





Temperature °K Unit range (cm?*/volt) 


1.05X 107% 
4.7 X10~ 
4.0 X10 
1.3 X1077 
3.3 X10 











VAN HEYNINGEN 


AND.F. CC, 





CRYSTAL XXII, 


ABSORPTION COEFFICIENT 
CALCULATED FROM SPECTRAL 
RESPONSE DATA 


d (mp) 


Fic. 5. 
XXII, determined from the ratio of forward to 
photoresponse. 


Absorption constant versus wavelength for crystal 
reverse 


mobility® and the density of deep traps. Table I gives 
the unit range at different temperatures for crystal 
XXII. At 80°K, 38°K, and 34°K the range was 
measured directly by saturating the forward polarity 
charge response. At 15°K and 6.5°K, the range was 
calculated from unsaturated forward response data, 
assuming that the quantum efficiency does not change 
from the measured value at higher temperatures. These 
results will be discussed further in connection with 
glow curves presented in Sec. IV-C. 


C. Hole Range 


As mentioned in connection with Fig. 3(a), the 
reverse polarity response observed in the vicinity of 
the absorption edge with illuminated electrode positive 
can be explained in terms of electron drift only. An 
upper limit on the range of holes may be obtained by 
applying a large field in this reverse polarity and 
illuminating with strongly absorbed light. The con- 
tribution of electron motion to the charge response will 
be small because of the large absorption constant. 
Assume for the moment that holes are mobile and have 
short ranges. A short range means that the saturation 
factor for holes can be approximated by y/’~w*/l. 
This can be used in Eq. (2) to determine unit range for 
holes wo" from the observed charge response. At 260 my 
(K=5X10* cm=) and 80°K the field was increased in 
steps to 10‘ volts/cm. Light intensity was increased 
from 10° to 6.310’ photons per pulse without an 
observable response in the reverse direction. A charge 
of 8.710? electron units could have been distinguished 
from the noise. The saturated reverse electron response 
at this short wavelength and light intensity would 
amount to only 2X10* electrons, still below the limit 


% F.C. Brown and F. Dart, Phys. Rev. 108, 281 (1957). 
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of detectability. From the value of »(1—R)=0.31, 
obtained from the forward electron response of crystal 
XXII, [Fig. 3(b)], an upper limit for hole range is 
wo" <9.0X10~ cm?/volt. The unit range for electrons 
was wo*= 1.05 10- cm?/volt, which gives wo*/wo* <8.6 
X10~*. Estimates of the upper limit of wo’ for other 
crystals are given in Table I. It was not necessary to 
evoke hole motion in any case. In preliminary tests 
some reverse polarity response was found at short 
wavelengths, but in each case it arose because of 
surfaces which were not equipotential or from space 
charge effects. 

It has thus been shown that holes contribute little, 
if any, to photoconductivity in the various AgCl 
crystals examined. By making use of this result for a 
crystal of known electron range, the absorption con- 
stant, K, can be determined from Eq. (8) and the more 
complicated relation it approximates. The results 
obtained in this way, from the ratio of forward to 
reverse response, are given in Fig. 5 for crystal XXIIy. 
The accuracy with which these points were determined 
is of the order of 10%. They cover the range of absorp- 
tion coefficients between the data for thin films and 
thick crystals and are independent of reflectivity. 


D. Electron Trapping 


The electrical glow curve of crystal XXII, between 
9°K and 90°K with previous illumination of 210! 
quanta is given in Fig. 6. Essentially the same peaks 
were observed for crystals XVIII,, C54-7 and C56-7, 
except that near 35°K the curve was more complicated 
in some cases. For example, a shoulder appeared on 
the low-temperature side of the 36°K peak as well as 
on the high-temperature side for crystal C56-7. The 
peak near 75°K was not always present and appeared 
to be related to strains, introduced into the crystal by 
rapid temperature changes or mild cold-working.*! 

A large decrease in electron range was observed just 
below the 35°K and the 15°K glow peaks seen in Fig. 6. 
Table II shows that for crystal XXII4, wo decreased 
from 4.7X10-* cm?/volt at 38°K to 1.31077 cm?/volt 
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Fic. 6. Electrical glow curve below 90°K. The crystal was 
illuminated at 10°K without a collecting voltage then warmed 
with field on, as shown. 


3 F.C. Brown, Phys. Rev. 97, 355 (1955). 
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Fic. 7. High-temperature glow peak after previous illumination 


* at 80°K. The dotted curve is from theory for a single-trap model 


of characteristics shown. The warming rate was about 0.02°K /sec. 


on the upper side of the 15°K peak. This decrease is 
certainly due to electron trapping. Recent experiments 
on Hall effect*™ indicate that the Hall mobility of elec- 
trons rises to values as high as 5000 cm? volt-sec at low 
temperature. Using this value of u, the trapping time at 
15°K may be computed to be r=wo/u= 2.610 sec. 
If we take a trapping cross section somewhat larger than 
geometric, c= 10~" cm?, and a mean thermal velocity, 
u=2.5X10° cm/sec, the density of 36°K traps, \V; 
=1.5X10'* cm™. This is of the order of the total heavy 
metal impurities (chiefly iron) determined spectro- 
chemically for crystals of similar preparation. As shown 
by Eq. (10), the thermal trap depth, /, depends upon 
the temperature of maximum current, 7*, and to a 
lesser extent upon the frequency factor, s. For a value 
of s in the vicinity of 10" sec!, E~25kT*, which says 
that the 36°K traps have a thermal depth of about 
0.08 ev. 

Similarly, the glow peak at 15°K corresponds to 
traps of about 0.03 ev which are responsible for a still 
further decrease in range below this temperature (see 
Table II). They must be present in still larger density 
or have larger cross section than the 36°K traps. 

Above 90°K the spectrum of glow peaks was relatively 
simple. In the case of well-annealed crystals no promin- 
ent peaks were observed until temperatures as high as 
180°K. (In a few cases an indication of a peak at 130°K 
was found.) Furthermore, electron range changed only 
gradually from 80°K to at least 150°K. Thermal 
release from the deep traps which control electron life- 
time in this temperature range are shown in Fig. 7 
where current is plotted as a function of temperature. 
The dashed curve is calculated from the theory of 
Randall and Wilkins'* using E=0.55 ev and s=1.5X 10" 
sec"!. These are the values of trap depth and frequency 
factor one obtains from the observed data using 
Eqs. (11) and (12). Because of assumptions, such 
as no multiple trapping and freedom from space charge, 
the value of s stated above is probably order of magni- 


“8@ K, Kobayashi and F. C. Brown (to be published). 
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tude correct only. Multiple trapping has the effect of 
shifting T* to higher temperatures and was not believed 
to be as important as space charge effects in the present 
case. The observation of glow peaks much above 180°K 
was limited by ionic conductivity. 

A frequency factor as high as 1.5X10'* sec” implies 
a large trapping cross section in the vicinity of 10~™ to 
10-* cm’. Independent evidence for a large cross 
section was obtained from the results of a trap-filling 
experiment at 80°K. Crystal C63-6 was carefully 
illuminated by light at the band edge without an 
applied voltage. This resulted in a marked increase in 
electron range. Assuming that each photon absorbed 
in the volume releases one electron which fills a trap, 
the density of deep traps present before illumination 
was found to be 2.5X10" cm™. This corresponds to a 
trapping cross section of about 10-" cm? for the 
measured range and a mobility of 200 cm?/volt-sec at 
80°K. By comparing ranges, we conclude that the 
density of the 0.55-ev traps was always relatively low 
and varied from 2X10" cm™ in crystal XXIIy, to 
1.5 X10" cm~ in crystal XIX,. 


V. DISCUSSION 


The long-wavelength tail of the optical absorption 
peak and the existence of photoconductivity in this 
region for the silver halides may be explained with the 
aid of a model proposed by Seitz.? It is suggested that 
a plot of energy versus wave number for the conduction 
band is simple in the vicinity of k=0 but that the 
valence band turns strongly upward in at least one 
crystallographic direction as shown in Fig. 8. Allowed 
optical transitions occur vertically in such a diagram 
because of the selection rule) AkR=0. An allowed or 
direct transition to an exciton level is indicated by the 
letter e in the figure. Normally forbidden transitions of 
energy less than the direct transitions occur when the 
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selection rule is relaxed by imperfections.’ These 
so-called indirect transitions, which leave a conduction 
electron near the zone center and a hole near the 
boundary, are represented by the diagonal line, u, in 
Fig. 8. 

It seems reasonable to attribute the observed high 
yield of photoelectrons in AgC] from about 310 my to 
390 mu to indirect transitions. Throughout this range 
the absorption data of Fig. 4 roughly fits the Z* energy 
dependence given by theory,®* with a threshold for 
indirect transitions in the vicinity of 390 my. Quantum 
efficiency was closely the same in different samples at 
various temperatures, but it was not unity. A competing 
nonconducting process, such as excitation of the silver 
ion from the 4d'° to 4d°5s state’ would explain the 
discrepancy and perhaps some of the variation with 
wavelength. 

The magnitude of the optical absorption constant at 
wavelengths shorter than 310 my and in the neighbor- 
hood of the first absorption peak is indicative of allowed 
optical transitions, probably to exciton levels. If the 
exciton level lies below the bottom of the conduction 
band, the optical transition would not ordinarily lead 
to photoconductivity. Inasmuch as electron yield was 
observed at all temperatures in the spectral region of 
the peak, it appears that the excited state, e, on the 
halogen ion dissociates with high probability into a 
free electron and hole. It may be that the nonconduct- 
ing bound state, e, goes into a lower energy state with 
the electron in the conduction band at k=0, and the 
hole in the valence band near the zone boundary. A 
phonon would be required to conserve wave-number 
vector, but this might not be a strongly temperature- 
dependent process. 

The observed values of n(1—.R) do decrease somewhat 
for wavelengths shorter than 260 mu. This decrease 
cannot be entirely accounted for by an increase in 
reflectivity, as shown by Fig. 9 which compares quan- 
tum efficiency, 7, and absorption constant. It is 
thought at the present time that very thin defective 
surface layers (~10~* cm) give rise to trapping and 
recombination which effects the apparent internal 
yield in the region of very high absorption. More 
information is needed about the exact behavior of 
reflectivity and absorption at low temperature for 
samples on which internal yield is measured. 


2D. L. Dexter, Proceedings of the Conference on Photoconduc- 
tivity, Atlantic City, November 4-6, 1954, edited by R. G. Brecken- 
ridge et al. (John Wiley and Sons, Inc., New York, 1956), p. 155. 

% Bardeen, Blatt, and Hall, Proceedings of the Conference on 
Photoconductivity, Atlantic City, November 4-6, 1954, edited by 
R. G. Breckenridge et al. (John Wiley and Sons, Inc., New York, 
1956), p. 146. 

% J. Krumhansl, Proceedings of the Conference on Photoconduc- 
tivity, Atlantic City, November 4-6, 1954, edited by R. G. Brecken- 
ridge et al. (John Wiley and Sons, Inc., New York, 1956), p. 450. 

36 Preliminary reflectivity data taken at low temperatures on 
solid blocks and thin films of AgCl were kindly supplied by 
Professor P. Hartman. These data indicate an increase in R 
of about 30% at 240 mu. 
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In contrast to the behavior of quantum efficiency, 
electron range varied greatly with sample preparation 
and with temperature. In all unstrained crystals the 
range from 35°K to 180°K was controlled by a relatively 
low density of traps of thermal depth about 0.5 ev. 
The large cross section and low concentration of these 
states suggests that they may be due to an excess 
charge in the lattice, possibly a three or four valent 
heavy metal ion. Below 35°K the range of electrons in 
silver chloride decreases sharply due to a high density 
of shallow traps. At these low temperatures the situation 
is similar to the alkali halides where electrons have 
very short trapping times. Silver chloride has a static 
dielectric constant of 12.3 which tends to explain the 
existence of shallow trapping states thought at present 
to be due to substitutional charged impurities. 

The fact that holes do not move is in agreement with 
some of the earlier investigations! but in disagreement 
with others. A possible explanation of the reverse 
polarity response reported by ‘Smith® may be related 
to electron trapping and luminescence.*** Crystals 
XXII, and XIX, were illuminated with steady ultra- 
violet light while cold, and they both showed the 
characteristic green emission which peaks at 480 my.*?:** 
Normally this luminescent light would be only weakly 
absorbed in the crystal. However, previous exposure of 
a cold crystal will produce an enhanced photosensitivity 
which lies just in the region of the green emission.™ 
Electrons released in the volume by the luminescent 
light could then give rise to reverse polarity response. 
Such an effect was not important in the present experi- 


36 Farnell, Burton, and Hallama, Phil. Mag. 41, 157, 545 (1950). 

37 P. G. Aline, Phys. Rev. 105, 406 (1957). 

388 The excitation spectrum of the total luminescence transmitted 
by the crystal was studied. It is produced by a wide range of 
wavelengths and probably also occurs under particle bombard- 
ment. The results are in agreement with the conclusion that the 
green luminescence arises due to transport and trapping of charge 
carriers.® 
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Fic. 9. Curve A shows quantum efficiency at 80°K determined 
from photoresponse and preliminary low-temperature reflectivity 


data.** Curve B is a log plot of absorption constant from Fig. 5 
and the data of Tutihasi.?? 


ment because of the very low pulsed excitation intensity. 
That holes do not make an appreciable contribution to 
the conductivity may be due to a very high density of 
hole traps in all specimens studied or to a characteristic 
low hole mobility in ionic crystals of this type. 
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The absorption maximum near 0.17 ev found in p-type InAs at 300°K shifts to lower energies at lower 
temperatures, and to a stationary value of 0.19 ev above 420°K. The peak absorption coefficient has a 
minimum value near 370°K and increases with increasing and decreasing temperatures. The observed 
absorption agrees with theoretical expectation provided a term linear in wave vector is included in the 
energy near the center of the Brillouin zone. Analysis of the data suggests that the energy maximum of the 
valence band lies 0.003+0.003 ev above the energy at the center of the zone, that the spin-orbit splitting is 
0.43 ev, and that the density-of-states effective mass of the heavy-hole band is approximately 0.41m at 
energies well below the top of the band. The temperature coefficient of the intrinsic energy gap above room 
temperature is about —0.00033 ev/°K for an absorption coefficient of 40 cm™. 


INTRODUCTION 


ECENTLY, an absorption peak in p-type indium 
arsenide was observed at room temperature and 
attributed to transitions between the light- and heavy- 
hole bands.' This interpretation leads to the expectation 
that the peak will shift to lower energies at lower tem- 
peratures. Furthermore, a theoretical analysis shows 
that the absorption should become stronger at lower 
temperatures because of the increased density of holes 
occupying states near the top of the valence band, and 
at higher temperatures because of increased total hole 
concentration. 


EXPERIMENTAL RESULTS 


The absorption of several samples of InAs has been 
measured and the results obtained are in reasonable 
agreement with the expectations mentioned. 

All samples except well-behaved n-type samples of 
high mobility exhibited the peak near 0.17 ev. The re- 
sults are reported in detail for a sample with sufficiently 
low carrier concentration to allow good transmission in 
the region of interest. This sample was an “anomalous” 
p-type sample with a negative Hall constant.? It was 
probably inhomogeneous, and a reliable value of its 
carrier concentration could not be deduced from elec- 
trical measurements. We estimate from the optical data 
that the sample had a net acceptor concentration of 
3X10'* cm-*. The results obtained with this sample 
(Figs. 1 and 2) are typical of those for other p-type 
samples. 

The measurements were made with a Perkin-Elmer 
double beam spectrometer Model 21, which usually 
was used in double-beam operation. At low transmis- 
sions, however, single-beam operation proved to be 
more reliable. The observed transmissions were cor- 
rected for reflection losses, using observed values of the 
reflectance, which proved to be essentially constant at 
about 30% over the spectral range from 3 to 14 microns. 
Emission from or to the sample was observed at long 

* Present address: University of Freiburg, Germany. 


1 F, Stern and R. M. Talley, Phys. Rev. 108, 158 (1957). 
20. G. Folberth and H. Weiss, Z. Naturforsch. Ila, 510 (1956). 


wavelengths and the results were correspondingly cor- 
rected. The exact course of the absorption curves for 
210°K and 120°K below 0.18 ev is somewhat doubtful, 
but there is no doubt of the qualitative behavior. 

The sample was glued to a metal holder by a low- 
temperature cement (General Electric 7031 Adhesive). 
A thermocouple was in contact with the holder. For the 
measurements at low temperatures, the holder itself 
was in good contact with the metal inner tube of a 
cryostat cooled by liquid nitrogen. For the higher tem- 
peratures, hot air was blown around the sample. 

The temperature coefficient of the absorption edge 
determined from the measurements above 300°K for 
this and other samples is about — 0.00033 ev/°K, for an 
absorption coefficient of 40 cm™. At the low tempera- 
tures, the position of the edge deviates from that 
predicted on the basis of a constant temperature coeffi- 
cient. The observed shifts correspond to a lower absolute 
value of the temperature coefficient at lower tempera- 
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Fic. 1. Observed and calculated optical absorption coefficient 
of a p-type sample of indium arsenide with indicated net acceptor 
concentration of 3X10'* per cm’, for temperatures above room 
temperature. The calculated absorption, tb), is found using the 
approximate band structure of Fig. 3, and the parameters of 
Table I; an empirical correction for Drude-Zener free-carrier 
absorption has been included. 
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tures. Thus, the optical edge at 0°K should be con- 
siderably lower than the value 0.47+0.02 ev found from 
electrical measurements,’ which represents a linear 
extrapolation from temperatures well above room tem- 
perature. The possibility of a nonideal contact between 
sample and holder cannot be excluded. This would 
result in a slightly higher sample temperature than 
would be indicated by the thermocouple reading. For 
this reason, the experimental curve marked 120°K is to 
be compared with the calculated 150°K curve in Fig. 2. 

The main experimental results are: (1) The maximum 
near 0.185 ev at 370°K shifts to 0.17 ev at 300°K and to 
still lower energies with decreasing temperature, while 
the maximum absorption increases. At temperatures 
higher than 370°K, the peak absorption increases again, 
while its position reaches a stationary value at about 
0.19 ev for temperatures higher than 420°K. The maxi- 
mum is clearly visible only at high temperatures. (2) 
The transmission in the region of maximum transmission 
decreases with increasing temperatures. This may be 
due merely to the superposition of the 0.17-ev band and 
the low-frequency tail of the edge absorption. But there 
may be also a temperature-dependent or independent 
residual absorption similar to that observed‘ in Ge and 
also’ in n-type InAs. This absorption is not yet satis- 
factorily interpreted; it makes an exact comparison of 
theory and experiment difficult. 


THEORY 


The optical absorption associated with transitions be- 
tween the light-hole bands and the heavy-hole bands of 
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Fic. 2. Optical absorption of p-type InAs for lower tempera- 
tures. The lowest temperature experimental curve was probably 
taken at a higher temperature than the indicated 120°K, and is to 
be compared with the curve calculated for 150°K. 


’Folberth, Madelung, and Weiss, Z. Naturforsch. 9a, 954 
(1954). 

4 Fan, Shepherd, and Spitzer, in Proceedings of the Conference on 
Photoconductivity, Atlantic City, November 4-6, 1954, edited by R. 
G. Breckenridge et al. (John Wiley and Sons, Inc., New York, 
1956), p. 185. 

5 F. Matossi (unpublished results). 
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Fic. 3. Approximate band structure of InAs for wave vectors in 
the (110) direction, found from Kane’s expressions and the 
parameters of Table I. We have neglected the splitting of the light- 
hole band (band 22). 


InAs was calculated using methods developed by Kane,® 
whose notation we follow. He showed that the energy of 
the heavy-hole bands is approximately 


Ena = C(h?/2m)+C+ D+ (3B—2C)s le 
+3v3K(s—t)tk, (1) 


where m is the free electron mass; s and ¢ are directional 
variables given by s=(k2R?+R7RZ+RZRZ)R 4 and 
t=k2k/7k2k-*; the magnitude of the wave vector is k; 
and B, C, D, and K are band structure parameters. 
Because of the term linear in & in Eq. (1), the heavy- 
hole band is split into two nondegenerate bands, and the 
maximum energy of the valence band is not at k=0. 
Equation (1) is a good approximation when the splitting 
caused by the linear term is small compared with the 
energy difference between light- and heavy-hole bands. 
This holds quite well near the valence band energy 
maximum, but fails for small & and for large k. 

Figure 3 shows the band structure of InAs as used in 
calculating the optical absorption. To simplify the work 
we neglected the linear term which splits the light-hole 
band energy. This splitting is at most one-third as big 
as in the heavy-hole band, and ignoring it should not 
have a major effect on our results. The expression for the 
optical absorption now becomes 


eP 
a(E,T)=——_ 
shonE 


XD (dee? K (dE/dk*)"[ f(E:)— f(E2) })m, (2) 


where F is the photon energy, /; and F, are the energies 
of the upper and lower states, respectively, involved in 
the transition, » is the index of refraction, P is a band 
structure parameter, and @,,” gives the fraction of s-like 
behavior in the light-hole wave function. We average 


6 FE. O. Kane, J. Phys. Chem. Solids 1, 249 (1957). 
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over the directions of the propagation vector, and sum 
over the two branches of the heavy-hole band. In the 
final factor, f(£,)={1+exp[(Er—E,)/kT ]}“ is the 
probability that the state of energy E, be occupied by 
a hole; Ey is the Fermi energy. 

Qualitative features of the optical absorption as- 
sociated with transitions between the light- and heavy- 
hole bands can be understood fairly readily. The absorp- 
tion has a peak because the temperature-independent 
factor in Eq. (2) increases with increasing photon 
energy, primarily because the density of states available 
increases with energy, while the temperature-dependent 
factor drops as a result of the decreasing hole population 
in states giving high-energy transitions. At low tempera- 
tures most of the holes are concentrated near the top of 
the valence band, and the peak will be at low energy. As 
the temperature rises, the holes spread further into the 
Brillouin zone, and the peak moves to higher energy. In 
addition, the holes are spread more thinly over the 
available states, reducing the probability that absorp- 
tion will take place, and decreasing the magnitude of the 
peak absorption. If the temperature increases further, 
the hole concentration will begin to rise as electrons are 
raised to the conduction band. Thus, at a temperature 
which depends on the net acceptor concentration, the 
peak absorption constant will reach a minimum and 
begin to rise again. Since the light- and heavy-hole 
bands become approximately parallel for large k, the 
shift of the peak to higher energies will be less pro- 
nounced at higher temperatures, and the absorption will 
go to zero near a photon energy of $A. At higher photon 
energies absorption associated with transitions between 
the split-off band and the two upper valence bands will 
appear.’ This is masked in InAs by the intrinsic ab- 
sorption, and will not be considered here. 

When the linear term in the energy of the heavy-hole 
band is appreciable, the qualitative features of the 
absorption are modified. The peak no longer continues 
to move to lower energy as the temperature goes to 
zero, but will approach a limiting energy. Thus the 
effect of the linear term will be quite pronounced at low 
temperatures. 

If we continue to use the linear term for large values 
of k, the absorption associated with the lower branch of 
the heavy-hole band will vanish beyond a critical energy 
which depends somewhat on direction. On the other 
hand, there is no cutoff for the absorption connected 
with the upper branch (except in the (001) direction). 
This leads to a kink in the calculated absorption curves 
at high temperatures. We have already mentioned that 
the linear term is not valid at large values of k. A more 
complete expression for the energies of the bands could 
remove the kink in the calculated curves, and improve 
the agreement with experiment. 

The absorption constant of Eq. (2) was calculated 
numerically for several different sets of band structure 


TAH. Kahn, Phys. Rev. 97, 1647 (1955); E. O. Kane, J. Phys. 
Chem. Solids 1, 83 (1956). 
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parameters on an IBM Type 653 Calculator. We esti- 
mate that our numerical approximations lead to errors 
of the order of 5% in the calculated absorption; errors 
resulting from the approximate band structure assumed 
in this work are probably greater. 

Because Kane’s theory has a large number of parame- 
ters, very few of which are known for InAs, it is neces- 
sary to make some drastic simplifications. Accordingly 
we set Kane’s A, D, F, and G equal to zero. The optical 
absorption curves shown in Figs. 1(b) and 2(b) were 
calculated using the band structure parameters of 
Table I, an index of refraction of 3.5, and a net acceptor 
concentration of 3X 10'® per cm*. An empirical correc- 
tion for Drude-Zener free-carrier absorption of the form 
apz=3.7X10-"'T (p+ jn) E~ has been included in Figs. 
1(b) and 2(b). Here apz isin cm, T is in °K, F is in ev, 
and p and » are the hole and electron concentrations, 
respectively. 

Particular importance is attached to the value of K, 
the coefficient of the linear term in the energy, since this 
term will introduce features into the properties of zinc- 
blende-structure semiconductors that are absent in 
crystals with the diamond structure (for which K=0). 
The energy of the valence band maximum relative to the 
energy at k=0 is°: 


Emax=2K?|3B+4C+ D+ 442m |—1, (3) 


The effect of changes in K on the absorption is illus- 
trated in Fig. 4, for which all parameters except K are 
the same as those given above, and K =0, 0.008e?, and 
0.011e’, respectively, in Figs. 4(a), 4(b), and 4(c). The 
absolute values of the absorption constant are not 
significant for comparison with our experimental re- 
sults, as the carrier concentration of our sample is not 
accurately known. The shape of the 210°K curve 
changes substantially with A, while the 300°K curve is 
affected less. Using the crossing point of the two curves 
as a criterion, we see that Fig. 4(b) agrees best with the 


TABLE I. Summary of InAs band structure parameters used in 
calculating the optical absorption.* 


Energy gap, Eg=0.41 ev 
Spin-orbit splitting, A=0.43 ev 
A=D=F=G=0 
B= —2.8h?/m, 
P=0.65e, 


C= —1.5h?/m 
K =0.008e? 


Density-of-states effective masses calculated from the above 
parameters: 
Conduction band (near the bottom): 
Heavy-hole band (far from the top): 
Light-hole band (near the top): 
Split-off band (near the top): 


0.021m 
0.41m 

0.025m 
0.083m 


*® These values apply at O°K, and are in the notation of reference 6. No 
provision for changes in the band structure parameters with temperature 
was made, except that in calculating the electron and hole concentrations, 
and the Fermi energy, we took the temperature variation of the energy gap 
into account, 


8 We assume the energy maximum to be in the (111) directions, 
which is probably correct. If 14C+10D+5h?m™>3B, the maxi- 
mum will be in the (110) directions, and Eq. (3) must be modified. 
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Fic. 4. Effect of the linear term on the calculated absorption of 
InAs. All parameters except K are taken from Table I; the values 
of K are 0, 0.008e?, and 0.01 1e?, respectively, in curves (a), (b), and 
(c). No Drude-Zener absorption is included in these curves. 


experimental results shown in Fig. 2(a). We have found 
no combination of parameters with A=0 that gives 
good agreement with experiment. 

For energies well removed from the valence band 
maximum the density-of-states effective mass of the 
heavy-hole band is (((h? 2w)!)y)!, where w is the coeffi- 
cient of k® in Eq. (1), and the average is over all direc- 
tions. This heavy-hole mass is 0.41m for the values of B 
and C used in our calculation. The density-of-states 
mass will increase near the top of the heavy-hole band if 
K 0; this effect is especially pronounced if B<C. Our 


optical absorption results are not sensitive to B/C. 


DISCUSSION 


Comparison of the observed and calculated absorp- 
tion in Figs. 1 and 2 shows them to be in reasonable 
agreement ; the position of the absorption peak, and its 
magnitude, change in approximately the predicted way. 
This tends to confirm the model used here, which 
attributes the absorption to transitions between the 
light- and heavy-hole bands. A summary of the band 
structure parameters used in our calculation is given in 
Table I. 

Of particular interest is the fact that best agreement 
between theory and experiment required a linear term 
in the energy of the heavy-hole bands. The energy of the 
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valence band maximum above the energy at k=O is 
(0.0025 ev, as found from Eq. (3) and the parameters of 
Table I; it occurs for a wave vector of 0.0081 reciprocal 
Bohr radius, in the (111) directions. Because of the 
uncertainties involved in our analysis, this energy differ- 
ence might be anywhere between zero and 0.006 ev. 
Such values are probably too small to be detected in the 
intrinsic absorption connected with transitions between 
the valence and conduction bands. On the other hand, 
the effect of a small linear term in the valence-band 
energy is quite noticeable in the absorption connected 
with transitions between light- and heavy-hole bands, 
particularly at low temperatures, as was shown in Fig. 4. 
The linear term will also affect the electrical properties 
of InAs at low temperatures. For the approximate band 
structure of Eq. (1), and the parameters of Table I, it 
will take about 5X10" holes at 0°K to fill that portion 
of the upper heavy-hole band whose energy is above the 
energy at k=0. 

Additional investigation, both experimental and theo- 
retical, of the absorption reported here appears worth 
while. Measurements on a series of samples of known 
acceptor concentration would be desirable, and the tem- 
perature and wavelength ranges should be extended 
beyond those used in our work. A more complete theo- 
retical study of the energy band structure for large 
wave vectors is needed. 

Absorption associated with transitions between 
valence bands is expected in other p-type zinc-blende- 
structure semiconductors, and should be susceptible to 
the same kind of analysis used here. Conditions are 
unfavorable for InSb; the spin-orbit energy is much 
larger than the energy gap in this material, and as a 
result much of the detail visible for InAs is obscured in 
InSb by the intrinsic absorption. This limitation would 
not be expected to hold for most other III-V semicon- 
ductors or their alloys. 
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Polycrystalline HgTe, as prepared in sealed quartz tubes, was found to be p type with acceptor concentra 
tions of 108-10" cm™ and band gap ~0.02 ev. Diffusion of zinc and copper into samples indicates that the 
former is a donor impurity, the latter an acceptor impurity. Measurements of resistivity and Hall effect 
extended to liquid hydrogen temperature reveal a marked magneto-Hall effect. The Hall coefficient changes 
sign at temperatures as low as 20°K. Some measurements of thermoelectric power and thermal conductivity 


are also given. 


INTRODUCTION 


ERCURY telluride (HgTe) is a Group II-VI 
compound on which little work has been reported 
in this country until recently.’ Studies of this compound 
formed from sintered or pressed powders have been 
described in Russian journals.? This paper is principally 
concerned with extension of measurements of resistivity 
and Hall coefficient to the liquid hydrogen temperature 
region where there is an interesting magneto-Hall 
effect. A few measurements of thermoelectric power and 
thermal conductivity are also given. 


PREPARATION OF COMPOUND 


To make HgTe, stoichiometric quantities of mercury 
and tellurium® were placed in a thin-walled quartz boat 
at one end of a 15-in. quartz tube. The tube was 
evacuated, sealed off, and then heated by torch at one 
end ~700°C to partially react the constituents. Care 
was necessary to avoid building up an excessive mercury 
pressure. The tube was then inserted into a furnace 
arranged so that the tellurium and HgTe were held at 
~700°C while the other end of the tube was slowly 
raised to ~350°C. This 350°-700°C furnace arrange- 
ment was maintained overnight and then lowered to 
room temperature slowly to prevent cracking of the 
compound and quartz boat. In some of the lots pro- 
duced, the surface of the HgTe was smooth and bright 
with large crystallites in evidence. Samples of HgTe 
gave a Debye-Scherrer pattern characteristic of a zinc 
blende structure with lattice spacings in agreement 
with literature value for this compound. 

Zinc and copper were diffused into several HgTe 
samples. Microgram quantities of these elements were 

*A preliminary report was presented at the St. Louis meeting of 
the American Physical Society, November 1957 [Bull. Am. Phys. 
Soc. Ser. IT, 2, 347 (1957) ]. 

1T. C. Harman and M. J. Logan, Bull. Am. Phys. Soc. Ser. II, 
3, 15 (1958); Black, Ku, and Minden, Bull. Am. Phys. Soc. Ser. II, 
3, 15 (1958). 

2 E. I. Nikol’skaya and A. R. Regel, J. Tech. Phys. U.S.S.R. 
25, 1347, 1352 (1955); O. D. Elpat’evskaya and A. R. Regel, 
J. Tech. Phys. U.S.S.R. 27, 45 (1957) [translation: Soviet Phys. 
(Tech. Phys.) 2, 35 (1957) ]; I. M. Tsidil’kovskii, J. Tech. Phys. 
U.S.S.R. 27, 1744 (1957) [translation : Soviet Phys. (Tech. Phys.) 
2, 1622 (1957) ]. 

3 Hg used was triply distilled, of >99.99% purity; Te was of 
99.999% purity from American Smelting and Refining Company. 

4 Melting point of HgTe ~680°C; boiling point of Hg=357°C. 


sealed off with ~5 mg HgTe in small quartz tubes and 
held near 700°C for hours. The compound is relatively 
soft and could be ground on fine emery paper to a 
2X4X10 mm’ size suitable for cryostat study. Fair 
ohmic contacts were made to the compound by applying 
spring contacts against silver painted areas. Better 
contacts were made by soldering on indium or tin 
(with flux in the latter case). 


ELECTRICAL MEASUREMENTS 
Measurements of resistivity p and Hall coefficient Ry 
were made over the range 20° to 500°K. Typical data 
of p, Ry, and Hall mobility uy (taken as Ry/p) are 


plotted in Figs. 1 to 3. Ry is determined at a field of 
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Fic. 1. Resistivity p versus inverse temperature for five HgTe 
samples, including one that was doped with zinc and one doped 
with copper. 
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6000 gauss in these curves. Adjacent samples from the 
same lot were studied to check that the polycrystalline 
nature of the samples did not influence the results. In 
the temperature region above 60°K, the curves in 
Figs. 1 to 3 are similar to those on single crystals.' 

Most samples have a change in sign of Ry and are 
dominated by acceptor concentrations of 1.5 10!8 cm™* 
for sample 7J to 4X10" for 8-J-Cu.® At temperatures 
above 200°K the samples approach a common curve. 
At room temperature, the intrinsic electron concentra- 
tion of 3X10!’ cm™* dominates the conduction process 
even though there are more than 10'* holes available 
from acceptor impurities. The slopes of Ry and p vs 
1/T yield ~0.1 ev as the apparent energy gap; correct- 
ing Ry for the 7! dependence of density of states near 
the conduction band edge gives ~0.02 ev as the 
true gap.® 

The reversal of Ry, at low temperatures indicates a 
high mobility ratio. One can calculate the mobility 
ratio 6 from the ratio of the peak value of Ry 
= — (Nye) (b—1)?/4b, where V4 is the acceptor con- 
centration, to the extrinsic Ry=+ (NV 4e). Calculated 
values are in the range of 40 to 100. In order to explain 
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Fic. 2. Hall coefficient Ry versus inverse temperature for five 
HgTe samples. The Hall coefficient is negative at high tempera- 
tures and converts sign at lower temperatures in four of these 
samples. The magnetic field is 6000 gauss. 

5 Sample taken from lot 8 doped with copper by diffusion. 

6 Older Russian literature gave the band gap of HgTe as 0.08 ev 
but more recent work by Tsidil’kovskii? gives 0.025 ev. The 
reference 1 papers also obtain approximately 0.02 ev. 


FROPERTIES 


OF HgTe 








Ry 2 
z= (6000 GAUSS) (cm*/ voit -sec) 
Po 


HALL MOBILITY {Ly = 
ro) 
“3 














1 


80 100 200 400 600 
T(*K) 





Fic. 3. Hall mobility ux versus absolute temperature for five 
HgTe samples. The Hall coefficient Ry is measured at 6000 gauss, 
resistivity p at zero field. 


the Ry sign change at temperatures as low as 20°K 
(where the concentration of intrinsic electrons is cal- 
culated to be <10" for band ~0,.025 ev and 3X10" 
cm~* concentration at 300°K), the mobility ratio must 
be >10°. Since the hole mobility is of order 100 
cm?/volt-sec, then the mobility of the electrons is of 
order 10000 cm*/volt-sec at 20°K, very high for an 
an impurity concentration 10!7-10'8 cm~*. 


MAGNETIC FIELD EFFECTS 


The Hall coefficient depends markedly on the field 
used to measure it, as illustrated in Fig. 4 for two 
samples. Even at room temperature there is a slight 
field dependence while at ~100°K, Ry varies linearly 
with field over the measured range. At very low tem- 
peratures, Rj; for sample 8-Z-Zn changes sign at higher 
fields. The temperature of the Ry sign reversal (Ry =0) 
decreases with decreasing field. In other p-type samples, 
the conversion of sign of Ry is observed for a wider 
range of fields. For sample 9U plotted in Fig. 2, the 
values of Ry at 20°K range from +0.25 at 1500 gauss to 
+0.57 at 7600 gauss. Sample 8-G-Zn is especially 
sensitive to field; at 23°K, Ry changes from —8.5 at 
7000 gauss to —68 at a 1000 gauss field. The trend of 
the data suggests that even this sample may convert 
type at lower temperature and higher fields. Magneto- 
resistivity effects are also observed, but they are less 
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Fic. 4. Hall coefficient for several magnetic field strengths for 
two HgTe samples doped with zinc. Curves are typical of HgTe 
samples whether doped or undoped. 


pronounced. The maximum change in p over a 7000- 
gauss field range was ~15%. 

The magneto-Hall effect in HgTe is reminiscent of 
data of Willardson ef al.’ on p-type germanium. They 
found it necessary to postulate two types of positive 
charge carriers with different mobilities and effective 
masses to explain their Hall data. For HgTe, quantita- 
tive or even qualitative calculations cannot be made 
from present data using their model; a wider range of 
field measurements is required to establish limiting 
cases of very weak and very strong fields and the 
orientation of crystal samples must be known. 


THERMOELECTRIC POWER AND THERMAL 
CONDUCTIVITY® 


The thermoelectric power a ranges from —110 to — 150 
microvolts/°C at 300°K except for the copper-doped 
sample 8-J-Cu which is +120 microvolts/°C. There is a 
reversal in sign of thermoelectric power of a sample 


"7 Willardson, Harman, and Beer, Phys. Rev. 96, 1512 (1954). 
8 These data were taken by W. W. Tyler of this Laboratory. 


CARLSON 


adjacent to 7J at ~114°K, as shown in Fig. 5. The 
temperature of reversal of Hall coefficient of 7/ (see 
Fig. 2) is ~65°K. The expression for Ry involves the 
square of the ratio of electron to hole mobilities or 0? 
while that for a involves the first power of 6. Hence the 
effect of intrinsic electrons overrides the effect of the 
more numerous holes to a lower temperature for Ry 
than for a. The thermal conductivity of the Fig. 5 
sample is 27 mw/cm°C at room temperature and follows 
approximately the usual 1/7 law to 100°K. In view of 
the high impurity concentration and polycrystalline 
nature of this sample, the values of thermal con- 
ductivity in Fig. 5 are only an approximate index of the 
values for a high-purity single crystal of HgTe. 
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Fic. 5. Thermoelectric power a and thermal conductivity & as 
functions of absolute temperature for a polycrystalline sample of 
HgTe. The net acceptor concentration is ~1.5X 10! cm™. 


CONCLUSIONS 


HgTe can be prepared by the two-furnace technique, 
maintaining a pressure of mercury over the reacting 
Te. The study of HgTe samples has checked that this 
compound has ~).02 ev band gap and a large mobility 
ratio. A complicated conduction band is suggested by 
the magneto-Hall effect. Zinc appears to act as a donor 
impurity and copper as an acceptor impurity in HgTe. 
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Approximate Compressibilities of Elements on the Statistical Model 
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(Received March 24, 1958) 


A semiempirical correction to the pressure in the Thomas-Fermi statistical model is suggested on the 
basis of the Dirac modification. The resulting functional relation between scaled compressibility and volume 


is compared with experiment. 


HE Thomas-Fermi (TF) model! of the atom at 
zero temperature is known to give reasonable 
average values for a number of interesting atomic 
parameters. One notable exception is the equation of 
state near the normal (i.e., zero-pressure) volume, 
where the predicted pressure may be several megabars. 
This large discrepancy clearly arises from the neglect 
of the energy of chemical binding, 1 ev being approxi- 
mately equivalent to 1 megabar-cm*/mole. The inclu- 
sion of the exchange correction of Dirac (D) somewhat 
alleviates this difficulty, the predicted normal-volume 
pressure of iron, for example, being diminished from 
4.1 to 1.8 megabars. As has been noted earlier,’ the 
Dirac assumption of plane waves in the exchange terms 
does not take account of the radial variation in electron 
density, and has the unrealistic consequence of pre- 
dicting for all metals the same boundary electron 
density and electron chemical potential at zero pressure. 
However, its partial success, particularly for the alkali 
metals, suggests that the same form with an adjustable 
exchange coefficient might prove useful. 
In terms of the maximum electron momentum P at 
the atom boundary, the pressure p in the TFD theory 
has the form 


p=aP*(1—b/P). (1) 


In the TF theory the form is the same, but the exchange 


coefficient b is zero: 
prr=aPry’. (2) 
If we now assume (i) that Eq. (1) is applicable to a real 
metal provided the coefficient 5 is correctly chosen, 
and (ii) that P is not appreciably altered from its value 
Pyy on employing a nonzero b, we find 
p=prril — (prr” ‘prr)! 5 ]. 
This has the necessary property of vanishing at the 
normal volume (indicated by the superscript 0), and 
moreover approaches the TF value in the limit of 
high pressure. 
From (3) one easily obtains for the zero-temperature, 
zero-pressure compressibility 
'=— (d InV/dp)°=—5(d InV/dprr)® 
= —5({d In(ZV)/d(pre/Z"*) 2/2, 


where the last form is expressed in terms of the usual 
scaled variables of the TF theory. The quantity 
S5Ld In(ZV)/d(prr/Z"*) !) is a universal function of 
ZV° which has been evaluated from Latter’s* TF solu- 
tions, and is shown as the curve in Fig. 1. Also shown 
are the experimental values of 8°Z""’*, It is evident that 
the TF curve represents a reasonable average of the 
experimental values, the mean fractional deviation 
being within 50%. 


(3) 


(4) 
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Fic. 1. Scaled compressibilities of metals as a function of the scaled normal volume. 


1 For a complete account, see P, Gombds, Die Statistische Theorie des Atoms und ihre Anwendungen (Springer-Verlag, Wien, 1949). 
2 W. G. McMillan, Phys. Rev. 99, 661(A) (1955). 
3R, Latter, J. Chem. Phys. 24, 280 (1956). 


479 





PHYSICAL REVIEW VOLUME 


111, 


NUMBER 2 JULY 15, 


Optical Absorption in p-Type Gallium Arsenide 
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In p-type gallium arsenide, a number of absorption bands have been observed on the low-energy side of 
the intrinsic absorption edge. The absorption spectrum has a distinct peak at 0.42 ev, a partially resolved 
peak at 0.31 ev and the beginning of a strong absorption band setting in at 0.25 ev. The main features of the 
spectra can be explained in terms of hole-transitions between different branches of the valence band of 
gallium arsenide. The transitions between light- and heavy-hole bands and a band split off by spin-orbit 
splitting are identified. The spin-orbit splitting is ~0.34 ev. 


N p-type gallium arsenide, a number of absorption 
bands have been observed on the low-energy side of 

the intrinsic absorption edge. Similar structure was 
found in all p-type samples regardless of the doping 
agent used to introduce the free-hole concentrations. 
The evidence is that these bands are associated with 
free-hole absorption and are not due to the presence of 
unknown impurities or lattice defects. The main 
features of the spectra can be explained in terms of hole 
transitions between different branches of the valence 
band of gallium arsenide. 

The absorption spectrum for p-type gallium arsenide 
at 295°K with p=3X10'*/cm# is shown in Fig. 1. The 
hole concentration was determined from a Hall measure- 
ment on a sample cut from a slice adjacent to the one 
used for the optical measurements. The curve shows a 
distinct peak at 0.42 ev, a partially resolved peak at 
0.31 ev, and the beginning of a strong absorption band 
setting in at 0.25 ev. This sample was specifically doped 
with zinc. Identical absorption structures were found in 
cobalt-doped samples. ”-type samples of gallium arse- 
nide do not show this type of absorption structure, 
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Fic. 1. The absorption coefficient for p-type gallium 
arsenide at 295°K with p=3 10'*/cm!, 


but instead exhibit a monotonically increasing absorp- 
tion with wavelength at these carrier concentrations. 
However, when samples which were initially n-type 
were converted to p-type by heat treatment, owing to 
the diffusion of an unknown impurity, optical measure- 
ments revealed the same type of absorption spectrum 
as shown in Fig. 1. In all p-type samples, the absorption 
constant at a given energy increased with the hole 
concentration. However, at high carrier concentrations, 
i.e., p~10'7/cm', the absorption cross section was not 
a constant. 

The spectral distribution of the absorption in p-type 
gallium arsenide is strongly reminiscent of the structure 
seen in p-type germanium, aside from slight differences 
in the positions of the bands. An analysis of the absorp- 
tion spectrum shown in Fig. 1, assuming a valence band 
structure for gallium arsenide similar to that of ger- 
manium,’* allows an identification of the interband hole 
transitions. The band at 0.42 ev is attributed to transi- 
tions between band 3, the band split off by spin-orbit 
interaction, and band 1, the heavy-hole band; the peak 
at 0.31 ev is attributed to transitions between band 3 
and band 2, the light-hole band. The onset of the 
absorption band at 0.25 ev is then attributed to transi- 
tions between the light- and heavy-hole bands. The 
bands are labeled as in the case of germanium. Since the 
gallium arsenide lattice lacks a center of inversion, it is 
expected that the degeneracy‘ of the heavy-hole bands 
would be split. The present measurements indicate that 
the energy separation between the valence band 
maxima and the intercept of the heavy-hole bands at 
k=0 is small. 

The trough between the 0.42- and 0.31-ev peaks 
indicates a spin-orbit splitting of ~0.34 ev for gallium 
arsenide. The spin-orbit splitting in germanium? is 
0.29 ev. The larger splitting in gallium arsenide is to be 
expected from considerations of the spin-orbit splitting 


'H. B. Briggs and R. C. Fletcher, Phys. Rev. 87, 1130 (1952); 
91, 1342 (1953). 

2 A. H. Kahn, Phys. Rev. 97, 1647 (1955). 

3E. O. Kane, J. Phys. Chem. Solids 1, 83 (1956). 

*R. H. Parmenter, Phys. Rev. 100, 573 (1955). 

5G. Dresselhaus, Phys. Rev. 100, 580 (1955). 
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of the atomic p-functions of Ga, As, and Ge; these can 
be estimated from atomic spectra to be 0.10, 0.30, and 
().20 ev for Ga, As, and Ge, respectively.* If we assume 
the same normalization factor for gallium arsenide, as 
seems appropriate for germanium in estimating the 
spin-orbit splitting in the solid from the free-atom 
value, we find that an electron at the top of the valence 


6 We wish to thank E. O. Kane for these estimates. 
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band at k=0 spends more time on an arsenic atom than 
on a gallium atom. 

Preliminary measurements of these bands as a func- 
tion of temperature indicate the same qualitative 
temperature dependence observed in germanium.' 

We wish to thank D. A. Kramer for his assistance in 
this work, E. O. Kane and F. Herman for valuable 
discussions, and D. A. Jenny and K. Weiser for several 
samples used in this investigation. 
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Simplified Quantum-Mechanical Theory of Pressure Broadening 
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Quantum mechanics is used to treat the motion of the perturbers broadening a line. Several simplifying 
assumptions are made, such as the Born-Oppenheimer approximation, and the assumption of no degeneracy. 


These assumptions can be removed. Also made is the “impact approximation, 


” 


which is essential for the 


validity of the results and cannot be removed. With it, the line has a Lorentz shape, and its width and 
shift are expressed in terms of the two scattering amplitudes of the perturbers by the atom in its upper 
and lower state. The case where the perturbers do not interact appreciably with the lower state is particu- 
larly simple. Then, the width and shift are proportional to the imaginary part and the real part of the 
forward scattering amplitude, respectively. A quantity called the ‘‘collision volume”’ is defined. It is shown 
that the impact approximation is valid only if the collision volume is much smaller than the volume per 
perturber. There is a second validity condition, which has no classical analog. 


1, INTRODUCTION 


RESSURE broadening of spectral lines arises when 

an atom, molecule, or ion, which is emitting light 
in a gas, is disturbed by its interactions with the other 
constituents of the gas, such as other atoms, molecules, 
ions, or electrons. The study of this phenomenon is 
necessary for accurate spectroscopic observations, and 
it can in addition yield useful information about the 
conditions and concentrations in the gas. With the 
recent interest in high-temperature ionized gases, much 
thought has been given to using pressure broadening 
as a tool for measuring temperatures and ion or electron 
densities inside the gas. The theory of these effects has 
received a lot of attention in recent years.’ Most 
theoretical work uses the ‘‘classical path approxima- 
tion.”’ It assumes that the “‘perturbers,”’ i.e., the atoms, 
molecules, ions, or electrons that disturb the light- 
emitting object, move like classical particles, and, for 
simplicity, their trajectories are usually taken to be 
straight lines. Their effect on the line is then calculated 
using quantum mechanics. The classical path approxi- 
mation is sometimes perfectly justified, particularly 
when the perturbers are heavy (i.e., not electrons). 


* Work sponsored by the U. S. Atomic Energy Commission. 

1See the following reviews: A. Unsild, Physik der Sternatmos- 
phiren (Springer-Verlag, Berlin, 1955), second edition, Chaps. 
11 and 13; S. Ch’en and M. Takeo, Revs. Modern Phys. 29, 20 
(1957); R. G. Breene, Jr., Revs. Modern Phys. 29, 94 (1957). 


By a “quantum-mechanical theory,” we mean a 
theory where the motion of the perturbers is treated by 
quantum mechanics. The need for such a theory arises 
whenever the classical path approximation breaks down. 
This will happen, for instance, if the distance between 
the atom? and the nearest perturber is of the same order 
of magnitude as the wavelength of one or the other. 
Then, it is not a good approximation to replace the 
translational wave functions by wave-pockets moving 
according to the laws of classical mechanics. For light 
perturbers, like electrons, whose wavelength is therefore 
relatively large, this breakdown may occur for a sizable 
fraction of the total number of collisions. Thus, quan- 
tum-mechanical effects are important for a theory of 
electron broadening. Quantum mechanics must also be 
taken into account whenever the collision of a perturber 
with the atom is strongly inelastic, ie., the energy 
transfer is not small compared to the kinetic energy. 
This will occur frequently in an ionized gas. Thus, it 
appears desirable to have a fully quantum-mechanical 
theory of pressure broadening, even if one is led to find 
afterwards that, in many cases, the classical path 
theory constitutes a good approximation to it. 

The quantum-mechanical theory in this paper is 
“simplified” because several important approximations 
are made. These approximations are not really neces- 


2 We shall usually call the light-emitting object in the gas 
“the atom,” even though it may be an ion or a molecule. 
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sary, and the author will publish at some later date a 
general theory from which they will have been removed. 
However, they are included here because they make the 
whole exposition very much simpler, and enable one to 
peer easily into the mechanism which generates the 
line shape. All the essential ingredients of the quantum- 
mechanical theory of pressure broadening are here. 
The assumptions in question consist in taking the states 
of the atom, between which the light is emitted, to be 
either nondegenerate, or such that all degenerate sub- 
states are affected by the perturbers in the same way. 
[It is also assumed that the perturbers cannot make 
inelastic collisions with the atom, and that the elastic 
interaction potential between a perturber and the atom 
is a known function of the distance, which depends on 
the state of the atom. Those are the same assumptions 
that one usually makes in classical path calculations.’ 
Admittedly, they are rather drastic, especially since we 
have mostly in mind electron perturbers. But consider- 
ation of this simple case first, makes it very much 
easier, later, to derive a theory that takes into account 
degeneracy, especially rotational degeneracy, inelastic 
collisions, and overlapping of lines. 

There is one more approximation which is used in 
most of this paper (from Sec. 5 on), and which will not 
be removed in later work. It is the “impact approxi- 
mation.” It is a low-density or high-velocity approxi- 
mation, consisting in saying that the average collision 
is weak.‘ Alternatively, one may say that the time 
interval between strong collisions is much longer than 
the duration of such collisions. It may also be character- 
ized as the approximation under which an isolated line 
has a Lorentz shape. It is familiar in the classical path 
theory,® where it constitutes the opposite extreme to the 
“static approximation.’® In the quantum-mechanical 
theory, on the other hand, there is no static approxi- 
mation, and outside of the impact approximation very 
little can be said that is simple except for a few cases 
where the line turns out to have a Gaussian shape. 
The impact approximation constitutes an important 
limitation of our work, of course. We shall devote a 
large fraction of our time to investigating its validity 
conditions, a subject which has been very neglected. 


’ Exceptions are L. Spitzer, Phys. Rev. 55, 699 (1939); 56, 39 
(1939); 58, 348 (1940); P. W. Anderson, Phys. Rev. 76, 647 
(1949); A. C. Kolb, University of Michigan Engineering Research 
Institute, ASTIA Document No. AD 115 040 (unpublished). 

‘T.e., the change in the atomic wave function due to the 
collision is small. 

5 E. Lindholm, Arkiv Mat. Astron. Fysik 28B, No. 3 (1941); 
32A, No. 17 (1945); H. M. Foley, Phys. Rev. 69, 616 (1946); 
P. W. Anderson, reference 3; Phys. Rev. 86, 809 (1952); T. 
Holstein, Phys. Rev. 79, 744 (1950). 

® By this we mean the approximation where one neglects the 
effect upon the line of the motion of the perturbers, as in the work 
of H. Holtsmark [Ann. Physik 58, 577 (1919); Physik. Z. 20, 
162 (1919); 25, 73 (1924)] and H. Margenau [Phys. Rev. 40, 
387 (1932); 48, 755 (1935); 82, 156 (1951) ]. It is sometimes 
called the “‘statistical approximation,” but this name does not 
seem appropriate, since statistics are just as important for the 
impact approximation as for this one. 
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It turns out to be very often valid when electron 
perturbers are involved. 

The first use of quantum mechanics in pressure 
broadening theory was made by Weisskopf.’? He wrote 
the wave function of the atom as the product of a 
translational wave function and an electronic wave 
function, and showed how the line shape resulted from 
application of the Franck-Condon principle. But he 
did not carry the quantum-mechanical theory any 
further. Instead, he derived the classical path theory 
from it, very elegantly, using a WKB approximation. 
The main difference between his work and our starting 
equations is that his translational wave function repre- 
sents the motion of the atom only. Thus he considered 
a moving atom among fixed perturbers. Our trans- 
lational wave function, on the other hand, will be a 
product of functions, one for each perturber. Our 
starting equations, and the ideas behind them, bear 
close similarity to the work of Jablénski.* But Jablénski, 
again, made no attempt to stay with quantum me- 
chanics. Moreover, his work is marred by unnecessary, 
and sometimes inaccurate, approximations. The expres- 
sions giving the width and shift of the line in terms of 
quantum-mechanical phase shifts (Secs. 5 and 6) can 
be found in the work of Lindholm,’ and have been 
quoted in the literature since. However, Lindholm’s 
derivation is extremely sketchy. The present work is 
believed to be the first where the subject is treated 
completely, with particular emphasis put on the validity 
conditions. Finally, no review of quantum-mechanical 
theories of pressure broadening would be complete 
without mention of the work of Margenau and his 
collaborators. Their work differs considerably from 
ours, in spirit as well as in some of the results. It is 
hoped that both approaches will prove useful in 
disentangling the complicated data on line shapes. 


2. ASSUMPTIONS AND APPROXIMATIONS 


We shall assume the atom fixed, with the perturbers 
moving around it. This is a good approximation for 
light perturbers, electrons for instance. The wave 
function for the whole system will be assumed to be the 
product of an internal wave function of the atom, and 
of a function of the center-of-mass coordinates of the 
perturbers. This type of wave function can be obtained 
by the Born-Oppenheimer approximation, which is the 
analog for this work of the adiabatic approximation in 
the classical path theory. It -consists in solving the 
problem in two steps. First, we solve the Schrédinger 
equation for the atom, while holding the perturbers 
fixed at points X1, Xe, --°xy. Call #(x4,x1,°--xw) the 
atomic wave function, where x4 stands for all the in- 

7V. Weisskopf, Z. Physik 75, 287 (1932). 

8A. Jablénski, Phys. Rev. 68, 78 (1945), and earlier papers 
quoted there. 

® E. Lindholm, Arkiv Mat. Astron. Fysik 28B, No. 3 (1941). 

1 Kivel, Bloom, and Margenau, Phys. Rev. 98, 495 (1955); 


B. Kivel, Phys. Rev. 98, 1055 (1955); R. E. Meyerott and H. 
Margenau, Phys. Rev. 99, 1851 (1955). 
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ternal coordinates of the atom. Call E+ V7(x1,Xe,: - -xw) 
the energy, where £ is the unperturbed energy. Both the 
wave function and the energy depend on xj, x”, - + -Xy as 
parameters. In the second step, we solve the Schrédinger 
equation for the motion of the perturbers in the po- 
tential V7(x1,X9,-+-xw). Call W(x),X2,--:xwv) the wave 
function, and er the energy for this problem. Then the 
wave function for the total problem is taken to be 
u(X4,X1,° °° Xv )W(X1,°**Xw), and the total energy E+er. 
Furthermore, we shall assume that the modifications 
induced in the atomic wave function # by the perturbers 
are small, and we shall neglect them. Thus, our wave 
function becomes 


u(X4)W(X1,°**Xw), (1) 


where the first factor is the unperturbed atomic 
function. 

It is customary to say that the Born-Oppenheimer 
approximation is not valid unless the particles whose 
coordinates are X;, ---Xy are much heavier than the 
internal constituents of the atom. This is not true if 
the perturbers are electrons. In that case, we must say 
that the wave function (1) agrees with the correct 
wave function only when the electrons are sufficiently 
distant from the atom. The near parts of the two 
functions may differ considerably. But our theory will 
still be valid if the line shape happens to be sensitive 
mostly to the distant parts of the wave function. In 
any event, this trouble will not arise in the complete 
theory which will follow this one, since the Born- 
Oppenheimer approximation will not be made there. 

With respect to the potential Vr(xi,---xw), which 
determines the motion of the perturbers, we shall make 
two assumptions. The first is that the perturbers do 
not interact with each other. Each perturber interacts 
only with the atom, and is otherwise uncorrelated with 
the motion of the other perturbers. If we are talking 
abcut charged perturbers, this is true only of those that 
are inside the Debye radius, and we may have to 
introduce later a correction to take into account the 
mutual screening of the perturbers. The second assump- 
tion is to write the total interaction V7 as a sum of 
potentials, each of which involves only one perturber, 


V r(X1,X2,°**Xv) =V (xi) +---+V (xy). (2) 


This “scalar additivity” assumption is known to be 
correct for certain types of interactions, such as van 
der Waals forces, but not so correct for some others, 
such as Stark interactions. In the latter case, it is the 
vector electric field which is a sum of contributions 
from each perturber. We have two reasons for assuming 
scalar additivity. The first is that it is the only simple 
assumption that can be made. This is true also of the 
classical path theories, where scalar additivity has 
usually been taken for granted, except in the static 
limit. The second reason is that we are interested 
mostly in the impact limit of the theory, and the 
complete discussion, to be published later, makes it 
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clear that the results of the impact approximation do 
not depend at all on the type of additivity that is 
assumed. 

The determination of the potential V(x) between a 
single perturber and the atom is a standard quantum- 
mechanical problem, whose solution, for every case, 
can be found in the literature. For instance, if the 
perturber is an electron, its exact interaction with the 
atom is the sum of Coulomb interactions with the 
various atomic constituents. If the distance between 
the atom and the perturber is fairly large, this can be 
replaced by the interaction of the atom with the 
electric field of the perturber, this field being assumed 
constant over the volume of the atom. The interaction 
energy is calculated using ordinary quadratic Stark- 
effect theory. There results the potential 


V (r) = —ke?/r', (3) 


k being the Stark constant, which depends on the state 
of the atom and increases rapidly as one goes to higher 
excited states. A more accurate potential can be derived, 
if necessary, by treating the interaction more accurately. 
Potential (3) is certainly incorrect for small r, and 
should be cut off appropriately near the atom. 


3. THE LINE SHAPE 


We shall compute the shape of the spontaneous 
emission line. The line shapes for induced emission and 
absorption can be deduced from it by the usual argu- 
ment of Einstein" involving detailed balancing. It is 
known” that the lines resulting from the classical path 
theory do not always satisfy the principle of detailed 
balancing. But it can be shown® that the present work 
is in agreement with that principle. 

The total power emitted in a dipcle transition from 
initial state 7 to final state f is given by the well-known 
expression 


(4w#/3c%) | (f| |i) |2, (4) 


where d is the dipole moment, ¢ the speed of light, and 
w the Bohr frequency,'®> w=E,;—Ey;. Starting from (4), 
one should be able, by considering all possible initial 
and final states, to derive an expression for the power 
radiated per unit frequency interval, P(w). As often 
happens in line-shape problems, it is actually easier to 
compute the Fourier transform of the line shape than 
the line shape itself. We shall compute the Fourier 
transform of (3c°/4w*)P(w), which we call #(s), 


+0 
v= f (3c3/4w*) P(w)em *dw. (5) 


—2 


1 A. Einstein, Physik. Z. 18, 121 (1917). 

2S. Bloom and H. Margenau, Phys. Rev. 90, 791 (1953). 

18M. Baranger, Rand Corporation Report No. RM-2118-AEC, 
Sec. (III, 13) (unpublished). 

4L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com 
pany, Inc., New York, 1955), second edition, p. 261. 

8 We shall use a system of units such that A=1. Thus, we shall 
make no distinction between an energy and an angular frequency, 
or between a momentum and a wave vector. t 
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P(w) may be obtained by the inverse formula 


+00 
(3c8/4w*) P(w) =F (w) = (29) f @(s)e*ds. (6) 


What we shall call the line shape is F(w), rather than 
P(w) itself. Since F(w) must be real, ®(s) obeys the 
equation 

$(—s)=4*(s). (7) 


We shall always compute ®(s) for positive s only, and 
use this condition to determine it for negative values 
of s. 

Our initial and final wave functions have the form 
(1). With our assumption of scalar additivity, the 
perturbers’ wave function ¥(x,,---xw) is a product, 


Y(X1,°° Xv) =Wi(Xi)o(Xe)- - Ww (Xy). (8) 


Each factor is a solution of a Schrédinger equation in 
potential V. There are two potentials, V; and Vy, one 
for each state of the atom. The corresponding 
Schrédinger equations are 


(KitV )Wa(x1) =ea(xi), 
(KitV pple) =a'Pp(xi), 


where K, is the kinetic energy of perturber 1, and « 
and ¢,’ its toial energy in each case. Thus, the initial 
wave function for the whole system is 


U;(Xa)Wiky* (X1)Wike* (Xo): + -Wikwt (xy), 


(9a) 
(9b) 


(10a) 


with energy 


Ext e:t+ eet +++ ey, (11a) 


while the final wave function is 


Uy(X4 Wf’ (Xi )Wike’t (Xo): > Wren’ (xv), (10b) 


with energy 


Estes t+ee'+--- en’. (11b) 


In the above, the subscripts k,, k,’, --- stand for the 
wave vectors of the plane wave parts of each function. 
We have «,=k,"/2m, etc.---, m being the mass of a 
perturber. The superscript + indicates that we chose 
outgoing scattered waves. This choice is completely 
arbitrary and does not affect the results. With these 
wave functions, expression (4) becomes'®™* 


(4eot/3c*) | (tus | d| ms) |?| (sea | Part) |?- > - 
X | Went | Pik) |*, 
and the frequency of the light emitted is 
(E;—E;s)+(e1— er’) ++ ++ +(en—en’). 


The factor |(w,|d|«;)|? in (12) is a constant, about 
which we can forget if we confine our interest to the 
shape of the line, and not its total intensity. The 


(12) 


(13) 


15a Expressions related to (12) appear in the work of M. Rudkjo- 


bing [Ann. astrophys. 12, 229 (1949)] and Kivel, Bloom, and 
Margenau (reference 10, p. 498). 
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important part of (12) is the overlap of the perturbers’ 
wave functions in the initial state with those in the 
final state. It is seen that the reason why the frequency 
of the light differs from its unperturbed value E;— Ey, 
is that some of the energy may be used for increasing 
or decreasing the total kinetic energy of the perturbers. 
Even if k differs from k’, Yix+ and Ws,* are not orthog- 
onal, and their overlap determines the line shape. If V; 
were identical to V;, the overlap would be 0 unless k 
were identical to k’, and then the frequency radiated 
would always be E;— Ey and the line would be sharp. 

From now on, we shall take the unperturbed line as 
the origin of frequencies, i.e., we shall forget about 
(E;—E,) in (13). In order to compute ®(s), we do not 
need to know P(w) explicitly. We may make a change 
of variables of integration in (5), and, instead of 
summing over w, we sum over all final states and average 
over initial states.'® w is replaced by (e:—e)’)+-:: 
+(ey—ey’), and the power radiated is given by (12). 
The probability of occurrence of a certain initial state 
(i.e., the density matrix) is a product pxipx2:*-pxy, 
where each px is equal to a constant times the Boltz- 
mann factor e~‘/*?, Thus, except for a factor, ®(s) is 
given by 
B)= LL par --pew| amt | pint) | - 

kn’ 


Keyes ee ka! s+ 


x (rent | Pity +) (2 exp[ — t(e— e+ +++ fen— en’)s }. 


(s) turns out to be the Vth power of another function, 
¢(s), which refers to a single perturber, 


#(s)=L¢(s)]*, 
¢(s)= py pre] yet | Pint) [Pentre 


(14) 
(15) 


This situation could have been anticipated, since, with 
our assumption of scalar additivity, the perturbers 
affect the atom independently, and the total frequency 
shift is the sum of individual shifts due to each per- 
turber. Each of these individual shifts has a probability 
distribution, whose Fourier transform is given by (15). 
To obtain the probability distribution of the total shift, 
we can use the well-known theorem" which states that, 
if N independent random variables have the same 
distribution, the Fourier transform of the distribution 
of their sum is obtained by raising to the Nth power 
the Fourier transform of an individual distribution. 
Our aim must be, therefore, to compute ¢/(s), the 
Fourier transform of the line shape due to a single 
perturber. Since, most of the time, this perturber is 
very far away from the atom and does not influence it, 
this line shape must consist mainly of a 6 function at 
the origin. But there is a small correction, of order U7’, 
U being the volume of the container, assumed to be 
very large. This correction arises in those rare times 
16 All states are normalized to unity. 


17H. Cramér, Mathematical Methods of Statistics (Princeton 
University Press, Princeton, New Jersey, 1946), p. 188. 
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when the perturber happens to be close to the atom. 
Thus, ¢(s) must have the form 


¢(s)=1—VU-'¢(s). (16) 


To get ®(s), we raise ¢(s) to the Nth power. If we call 
n the number of perturbers per unit volume (n= NU~), 
we obtain 


(17) 


We must therefore put ¢(s) in the form (16). F(w) 
will follow from (17) by a Fourier transformation. This 
very simple way of going from a one-perturber line 
shape to a many-perturber shape is also applicable to 
the classical path theory. 

Let us introduce the notations, 


H;=K+V;,, 
H;=K+V yj. 


(s) =exp[ —ng(s) ]. 


(18a) 
(18b) 
H; and H, are the Hamiltonian of the perturber, when 
the atom is in its initial and final state, respectively. 
Using them, we can eliminate the final states explicitly 
from (15), in the following way: 

9(S)= Done pu(Win® |Wrete' Wye | Pater 

=>. pxWint | citys iHia| Yt), 

It is instructive to note the connection between (19) 


and the corresponding equation in the classical path 
theory, which is'® 


e(6)=(e|-i f avena]) : 


0 


(19) 


(20) 


with 


AV =V,—V,=H;— Hy. (21) 


One can show the following relation 
etHsse-iHis— FT exp| —i f A Vath} (22) 
0 


where AV y is the Heisenberg operator associated with 
AV, 
AV y(t) =e #tAVe- Bt, 

and &., is the ‘“‘anti-time-ordering operator,’ which 
orders operators according to the time in their argu- 
ment, with time increasing from left to right. With the 
transformation (22), (19) and (20) become very 
similar, and it is evident how (19) becomes (20) if the 
classical approximation is valid, and one can replace 
the wave function of the perturber by a small wave 
packet. Another way of deriving the classical result is 
through the WKB approximation, as Weisskopf? did. 

In all the preceding, we have never mentioned the 
natural width of the lines, i.e., we have neglected the 
reaction of the radiation on the system. It actually 
turns out, in the overwhelming majority of experimental 


18 P. W. Anderson, Phys. Rev. 86, 809 (1952). 
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cases, that the pressure-broadened width is much larger 
than the natural width. Hence, we shall neglect the 
latter in all this work. Moreover, one can give the 
following argument to show that, in all cases where we 
observe the absorption or emission of light by a system 
in thermal equilibrium, the pressure broadening must 
be much more important than the natural broadening. 
If we are actually able to observe something besides 
the blackbody spectrum, it must mean that radiation 
is not in thermal equilibrium with the system. If it is 
not radiation that keeps the system in thermal equi- 
librium, it must be something else, namely interactions 
through collisions. And these interactions have to be 
strong enough to keep the system in thermal equi- 
librium, in spite of the disruptive effect of the non- 
equilibrium radiation. Therefore, they broaden the line 
much more than the radiation does. 


4. EXPRESSION OF g(s) IN TERMS OF AN INTEGRAL 
FREE FROM SINGULARITIES 


In order to simplify the writing, we shall often omit 
from (19) the average over initial states, in the remain- 
der of this paper. This does not mean that we think 
this average unnecessary or unimportant. Actually, one 
can dispense with it only for a rough estimate. But the 
average always comes at the very end of a calculation. 
Whenever a result depends on the energy of the 
incoming perturber, it should be averaged with the 
Boltzmann factor, e~*/*7. We shall sometimes remind 
the reader of this by writing a subscript Av on the 
important expressions. 

Our first task is to put ¢g(s) in the form (16). In 
(19), the wave function is normalized to unity. But it 
is more usual, for scattering wave functions, to normal- 
ize them to the volume of the container, 0. We do 


this, and write 
o(s) =U Kant | e*Hsee- iH is Win’). (23) 


Then, we transform ¢(s) by using the integral equation” 


& 
citing tna —i f dt e'#s'\Ve-HHst, (24) 
0 


To prove this equation, note that it is true for s=0, 
and that the derivatives of both sides with respect to 
s are equal. After substituting in (23) and taking 
e~“4it out of the matrix element, we find 


s 
o(s)=1-40f dt e~**"(iy*|e*FrtaV | yt). (25) 
0 
Hence we have, in the notation of the previous section, 


g)=i f dt e~*** yt | e*FtAV | Wat). (26) 
0 


19 R. P. Feynman, Phys. Rev. 76, 749 (1949), 
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In order to express g(s) in terms of an integral free 
from singularities, we substitute for (Yi,+| the expres- 
sion”? 


Went | =Wyut| +Wixt|AV(e—Hy—in). (27) 


This can be proved by multiplying to the right by 
(e—H,;). » is an infinitesimally small number, whose 
role is to insure that the right-hand side of (27) contains 
only outgoing scattered waves. With this transforma- 
tion, g(s) becomes 


=i f dt e~**“hjy+| eFStaV | Pit) 
0 


s | eitst 
+if at {Yt re va), (28) 
0 | e—Hy—tn 


In the first term, e‘”/‘ may be taken out of the matrix 
element, and cancels e~‘*'. In the second term, we 
introduce a complete set of intermediate states Psy, 
eigenstates of H; and normalized per unit volume (the 
boundary condition at infinity need not be specified), 
and we rewrite the matrix element in the following 
form: 


/ 


d 
[Roar ive 
8x3 


eie't 
<r |AV Yur") 


€—€—1n 
We have assumed that the Hamiltonian Hy does not 
have any bound states. If there are some, they should 


be included in the summation. Finally, we perform 
the integration over /. The result is 


g(s)=is(hyut| AV | Pint) 
1—e ile es 


ak’ ; 
+ [11 aV ex?) |@—— ss 
8x? (e—’)(e—’—in) 


(29) 


For reasonably behaved potentials, the matrix elements 
occurring in this expression are free from singularities 
for all values of k and k’. Hence, if we know the wave 
functions, we can in principle compute g(s), and hence 
the line shape, without meeting any unforeseen diff- 
culties. The computational difficulties, however, will 
in general be tremendous. Fortunately, in most cases 
involving electrons as perturbers, the impact approxi- 
mation can be made. We shall study it in the next 
section. But we wanted to show how the general 
problem could be solved completely, in the quantum- 
mechanical formulation, if one had sufficient incentive 
to go through the calculations. It is possible to write 
(29) in the form of a sum over partial waves, which 
makes it slightly simpler and contains only one- 
dimensional integrals. 

In the classical path theory, there exists a simple 
approximation to ¢(s) when s is small. One replaces 
JSe'AV (t)dt in the exponential in (20) by sAV. This is 

2” B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950) ; 
M. Gell-Mann and M. L. Goldberger, Phys, Rev. 91, 398 (1953). 
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the static approximation. Nothing comparable seems 
to exist in the quantum-mechanical theory. There is 
no particularly simpler form of (29) valid for small s, 
except a Taylor expansion. For the static approxi- 
mation to be valid, the classical approximation must 
first be possible. One can show readily, then, that an 
approximation to the second term of (29) by stationary 
phase integration yields the result of the classical static 
theory, while the first term of (29) is negligible. 


5. THE IMPACT APPROXIMATION 


In order to make easier a physical understanding of 
the impact approximation, we shall first restrict our 
considerations to the case where the potential V, 
vanishes. This is very often true in practice. The atom 
is smaller, more tightly bound, and less polarizable in 
its lower state than in the upper one, and Vy, often 
turns out to be much smaller than V ;. Since V s vanishes, 
we shall drop the subscript i on V,, Hj, and |ypix*), 
and we shall replace (Wy.*+| by (k!, since it is a simple 
plane wave. 

Let us start again from Eq. (26): 


g(s)=i f dt e~ ***(yp,t| eV |y,+), (30) 
0 


Now, (¥x*|e'** is the result of letting (yx+| propagate 
for time ¢ with the free Hamiltonian K. During this 
propagation, the scattered wave will recede from the 
origin, and no new scattered wave will be formed, so 
that (Wxt|e"X* looks very much like (k\e‘*, at least 
near the origin. At large distances, the two functions 
do not look alike, because the scattered wave has not 
had time to disappear. But we really want (Wy*|e‘*! 
multiplied by V|y¥x+), and V|y,*) is a function that 
vanishes except near the origin. Hence, for large enough 
t, (Wut |e**'V |yy*) will look just like e‘«(k| V|yy+). It 
follows that, if s is large enough, g(s) can be approxi- 
mated by 

g(s)~is(k| V |yx*), (31) 


which is just the first term of (29). Exactly how large 
s has to be, is a question which we shall answer later. 
And if the values of s that are important for the 
calculation of F(w) happen to be those for which (31) 
is true, F(w) will have a Lorentz shape. We shall devote 
the later sections of this paper to a rigorous examination 
of the conditions under which this is a good approxi- 
mation. In the meantime, we shall look into the 
significance of (31) with more detail. 
According to (17), &(s), for positive s, is given by 


(s) =exp(—in(k| V |yx*)s). (32) 
The corresponding line shape is 


F(w) = (w/m)[(w—d)?-+u* }, (33) 


with 
d=n@k| V lx"), 


w= —n3{k| V |yx*). 


(34a) 
(34b) 
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The symbols ® and 9g stand for “real part” and “imagi- 
nary part,” respectively. The quantity (k| V|yx*) is, 
except for a factor, the forward scattering amplitude. 
The exact relation between the scattering amplitude 
f(0,¢) and the matrix element (k’|V|yx+), where k’ 
has the length of k and makes angles 6 and ¢ with it, is” 


f(0,¢) = — (m/2x)k'| V | Wut). (35) 


Hence, the shift d is proportional to the real part of 
the forward scattering amplitude, and the width w to 
its imaginary part, 

(36a) 
(36b) 


d= — (2an/m)@(_f(0) Jw, 
w= (2rn/m) 3[ f(0) |av. 


The Boltzmann average must be taken. 

It should not be surprising that our result is expressed 
in terms of the forward scattering amplitude. If we 
look at the original expression (23) for ¢(s), which 
becomes here 


Ve(s) =i eikse iHs vx"), 


and if we imagine that, instead of taking a stationary 
state |Wx*), we take a wave packet, then e~‘#*|y,*) 
represents the wave packet propagated in potential V 
for time s, while (y+ \e'** is the wave packet propa- 
gated for the same time freely. When s is large, the 
inner product of the two should be very similar to the 
forward element of the scattering matrix. Indeed, the 
S matrix is °° 


(k’ | S| k) =(k’ | k) — 2id(e— e’)(k’ | V |), 


(37) 


(38) 
while our result for (37) is 


U—is(k| V |yx*). (39) 
The difference consists in replacing (k|k) by U, and 
275(e—e) by s, which is just what would happen if we 
were to restrict the integration in the calculation of 
the S-matrix to a finite volume VU and a finite time s. 
Again, the question, how large must s be before this 
becomes a good approximation, will be answered later. 

The width can also be expressed in terms of the total 
cross-section o, by virtue of the optical theorem,” 
which can be written (2 is the solid angle) 


9f(0)=(k tn) f a0) f(@)|*= (b/4o. (40) 


Thus, 
w= (4nv0) », (36c) 
where v is the velocity of the perturbers, x=k/m. 
This result for the width must be compared with 
that of the old Lorentz theory,” which says that the 
width is equal to the average collision frequency, i.e., 


211). Bohm, Quantum Theory (Prentice-Hall, Inc., New York, 
1951), p. 545. 

21. I. Schiff, reference 14, p. 105. 

27H. A. Lorentz, Proc. Roy. Acad. Sci. 


(Amsterdam) 8, 591 
(1906). 
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w=(nvo)y. In spite of appearances, the two results 
do not contradict each other. The Lorentz theory is 
valid when the atom has a sharp boundary. If a per- 
turber goes inside the boundary, it interacts very 
strongly and interrupts the radiation completely. If it 
stays outside, it does not disturb anything. Under 
these conditions, it is well known that, in the classical 
limit, the quantum-mechanical cross section equals 
twice the classical cross section, because it contains in 
addition the diffraction cross secticn. Hence, the two 
results are really identical. 

The fact that, when the impact approximation is 
valid, the width and shift of the line can be expressed 
in terms of the forward scattering amplitude and the 
cross section, means that, if it should become possible, 
some day, to measure the scattering of electrons by 
excited atoms, one could predict the width and shift in 
terms of experimental data very easily. In the mean- 
time, we may take the observed values of electron- 
induced widths and shifts as indirect measurements of 
the total and the forward differential cross sections. 
We shall show, in a later publication, that relations 
(36a, b) between the shift and width and the elastic 
forward scattering amplitude remain true when inelastic 
collisions can take place. Equation (36c) is also true, 
with o the total cross section. 

If V is spherically symmetrical, the scattering ampli- 
tude can be written, in a well-known fashion,” in 
terms of the scattering phase shifts, 5:, for the individual 
angular momenta, 


f(0) = (ik) 31 (21+-1) (2 *'—1) Pi(cos6). (41) 


For the forward scattering amplitude, we replace every 
Legendre polynomial by unity. Written in terms of the 
phase shifts, the shift and width become 


d= —([(an/mk)>.1(21+1) sin26; |w, 
w=((an/mk)>-1(2/+1) (1—cos26;) |w. 
These are the equations that were given by Lindholm.® 


They bear a striking resemblance to the result of the 
classical impact theory, which is® 


d= [ singdr, 
w= f (1-cose)dr 


In the above, the integral is taken over all possible 
kinds of collisions, i.e., every possible impact parameter, 
energy, etc. The differential dv is the frequency with 
which a particular kind of collision occurs. The angle ¢ 
is given by the following integral, taken along the 
classical trajectory, 


of V (t)dt. 


—o 


(42a) 
(42b) 


(43a) 


(43b) 


(44) 
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A calculation of 6; by the WKB approximation yields 
just —¢/2. To bring out the resemblance between 
(42) and (43), we may write (42) in the form 


d=[>01 nv2x(l+-4)k~ sin(— 26;) Jw. (45) 


In this equation, nv24(/+-})k~ represents the frequency 
of arrival of perturbers with angular momentum /, 
since 2r(/+43)k~ is approximately equal to the area 
between two circles of radii //k and (/+1)/k, respec- 
tively. Thus (45) constitutes the natural extension of 
(43a), when one wishes to take into account the fact 
that, in quantum mechanics, angular momentum is 
quantized. 


6. IMPACT APPROXIMATION WHEN BOTH ATOMIC 
STATES INTERACT WITH THE PERTURBERS 


Now, we return to the general case where both V; 
and V, are important, and derive the impact result for 
it. We start again from (26). (Wix*+|e'#/* is the result of 
propagating the wave (y;x*| for time ¢ with the Hamil- 
tonian H,;. During this propagation, the scattered part 
of the wave function gradually changes, and starts to 
look more and more like the scattered part of (Wyx*|, 
at least near the origin. At large distances, the scattered 
wave is still that of (Yix*+|, as long as ¢ is finite. But 
since this has to be multiplied by AV |y¥,x*+), which 
vanishes at large distances, the matrix element 
Wixt |e“4AV |Wixt) becomes practically equal to 
Wyutle**AV |yix*) for large enough ¢. When it is so, 
g(s) takes the form 


g(s)~is(W ryt |AV Wix* ey 


and the line has a Lorentz shape, with the following 
shift and width: 


d=nRWsu*| AV | Pint) av, 
w=—nIWsx* | AV |Pint)w. 


(46) 


(47a) 
(47b) 
We shall see later how large s has to be before (46) 
becomes true. 

These results can be expressed in terms of the 
scattering amplitudes f; and f; for the potentials V; 
and V,, respectively. To show this, we need the fol- 
lowing equations,”® valid for any potential V (p.v. 
denotes the principal value) 


Wut) =[k)+ (e—K+in)'V |yx*), 
Wat | =(k| +Qat|V(e—K—in), 
(e—K+in)“"=p.v.(e—K)"'— in5(e—K), 
(e—K—in)“=p.v.(e—K)-!+ ind (e—K). 


(48a) 
(48b) 
(49a) 
(49b) 


We write our matrix element as the difference of two 
terms, 


Wirt | AV | Pint) = Wart | Vil Wit) — Wat] Vs | Want). 


In the first term, we use (48b), applied to ¥;.+. In the 
second term, we use (48a), applied to yi.+. Then we 
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use (49). The result is 
Wut | AV |Wact)=(k| Vel Wit) —Wrat | Vy] k) 
+ Qi sat | V 5(e—K)Vii| Win’). 


The last matrix element may be written 


(50) 


(27) faven | Vy|k’)6(e— ’)(k’| Vi| Pint), 


and we can perform the integration over the length of 
k’, by writing 


d*k’ =mk'de'dQ, (51) 


thus leaving only an integral over solid angle 2. Then, 
we use (35) and obtain (the star means complex 
conjugate) : 


Wyat|AV | Pict) = — (24/m)Lfi(0) — f7*(0) J 
tie fans ¢) fi(0,¢). (52) 
The shift is gotten from the real part of this expression: 


d= | — (2an/m) &Lf:(0) — f;(0) ] 


Linv f dQ f7*(Q) fu) — 119) f(9))| . (53a) 


Av 
The width is gotten from the imaginary part, which is 


IWyut| AV | Pact) = — (2e/m) IC f:(0)+ f7(0)] 
+40 J dQ f 7* (Q) f:(Q)+ fr (Q) f*(Q)], 


but this can be transformed by use of the optical 
theorem (40), and one obtains 


w= (53b) 


jo faa fca)— f(9)|) . 


Equations (53) give the shift and width of the line in 
terms of the two scattering amplitudes. This time, it is 
necessary to know the scattering amplitudes at all 
angles, not only in the forward direction. The width is 
still of the form nve/2, but the effective cross section ¢ 
that enters is obtained by taking the difference of the 
two scattering amplitudes, then squaring and inte- 
grating over angles. If f; and fy; are identical, both 
shift and width vanish. If f; vanishes, the results of 
the previous section are obtained. 

Again we must point out the similarity between our 
results and expressions involving scattering matrices. 
We are trying to evaluate (23). Imagine that we take 
for wave functions some sort of wave packet. Then, 
we are asking for the inner product of the wave propa- 
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gated for time s with the Hamiltonian H,, and of the 
same wave propagated for time s with the Hamiltonian 
H,. The answer, for large s, must be the overlap of the 
two S matrices. The S matrices are’ (we are taking 
the Hermitian conjugate of one of them) 


(k’ | S;| kk) =(k’ | k)— 2915 (e— e’)(k’ | Vi| Pix), 
(k|.Sy1| k’) = (| k’)+ 205 (e— €’)(Wyat | Vy|k’). 


(54a) 
(54) 


Their product is 


f (d°k! /8m*)(k| St | k’)(k’ | S;|k) 


= (k| k)— 27i5(e— af Vil Want) — Wut | Vz|k) 


+ mi f (BR /8m)(b xt | Vy|k’) 
xXd(e— e’)(k’ | Viva?) (55) 


But, from (46) and (50), one sees that our result for 
Ug(s) is precisely the same as the right-hand side of 
(55), except for the replacement of (k|k) by U and of 
2r5(e—e) by s. 

The shift and width given by (53) can be expressed 
in terms of the two sets of scattering phase shifts, 5; 
and 67, by means of Eq. (41). However, using the 
considerations of the last paragraph about S matrices, 
we can guess what the result is going to be. The S 
matrix for an individual partial wave is e*"*!, i.e., if we 
send in the same ingoing wave as in a plane wave, we 
get out e?**! times the outgoing wave in a plane wave. 
The product of S; and Syt is just e*@"-*, for a given 
partial wave. Hence, we guess that the results will be 
the same as in the one-potential case, Sec. 5, except 
that the phase shift that appears there should be 
replaced by the difference between the two phase 
shifts. This is indeed what turns out. We obtain 
Lindholm’s equations? : 


d= —{(xn/mk)>. (2/+-1) sin2(6i:—5y1)} a, 
w={(an/mk)> 1(21+1)[1 —cos2(::—5 52) |} w. 


Again, these results constitute the natural quantum- 
mechanical extension of the classical results, which are 
again given by (43), but with ¢ defined by 


+0 
y= f AV (t)dt. 


x 


(56a) 
(56b) 


7. THE COLLISION VOLUME 


We shall devote most of the remainder of this paper 
to an investigation of the validity conditions of the 
impact approximation. The question which we really 
wish to answer is “When does the line have a Lorentz 
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shape?” Whenever the shape is almost Lorentzian, 
we shall consider the impact approximation valid. In 
other words, we want the neglected terms to be small 
compared to the width of the line, not to the shift. 
If the shift is of the same order of magnitude as the 
width, or larger than it, it will also be given correctly 
by the approximation. If the shift calculated by the 
impact approximation turns out to be much smaller 
than the width, then it is not reliable, since there could 
be corrections of the same order of magnitude. But, 
in such a case, the shift is not interesting anyway. 

Most of our considerations will be given for the case 
where one of the two potentials vanishes, as in Sec. 5. 
The general case is just as simple analytically, but is 
harder to picture in physical terms. 

The nature of the validity condition is very simple. 
In Sec. 5, we saw that (31) could be expected to be 
true if s was large enough. This restriction on s will be 
written in the form 


s>r, (58) 


and we shall call 7 the “collision time.” If the values 
of s that are important in determining the line shape 
happen to be much larger than 7, then the impact 
approximation is valid. Now, according to the impact 
approximation, the real exponential factor in ®(s) is 
exp(—nvos/2) [see Eq. (36c)]; hence the values of s 
that are important are of order (2/nvc). Therefore, 
we want 

2/nvo>>r, (59) 
or 

U<r", (60) 
with 
(61) 


U =r. 


We shall call U the “collision volume.” The validity 
condition, (60), can be stated: the collision volume 
must be much smaller than m~, the volume per per- 
turber. We shall derive an explicit expression for U in 
the next section. Another way of stating the condition, 
according to (59), is: the width of the line, computed 
in the impact approximation, mv¢/2, must turn out to 
be much smaller than the inverse of the collision time. 
In this form, the validity condition is the same as in 
the classical path theory. Indeed, the collision time r, 
as we shall calculate it, corresponds well in most cases 
to one’s intuitive idea of a collision time.” 

There is an additional validity condition, this one 
without classical analog. To show qualitatively how it 
arises, we imagine that we try to build a wave packet 
and to define a collision time in the classical manner. 
The smallest wave packet that can be built, without 
mixing waves of radically different energies, has a 
radius of order A, the wavelength divided by 2x. Thus, 
a lower limit to the collision time is 2A/v, and a lower 


*4 However, r may become infinite, if the cross-section o happens 
to go through 0, as in the Ramsauer-Townsend effect. U, on the 
other hand, is always finite. For a definition of + independent of 
that of U, see reference 13, Sec. (IIT, 9). 
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limit to the collision volume is oA. Hence we have the 
validity condition 


ohKn-, (62) 
which we shall derive more rigorously in the next 
section. 

Before deriving explicitly the expression for U, we 
want to try to guess at it. U must be positive, and 
can vanish only for a plane wave. It must give an idea 
of the volume in which the collision takes place, i.e., 
of the volume inside which the wave function propa- 
gates differently from that of a free particle of energy e. 
An expression that fulfills these conditions is 


(63) 


u= fas Vat (x) —Put(x)|?, 


where +(x) is the “asymptotic wave function.” This 
has the dimensions of a volume, since the plane wave 
part of y is normalized per unit volume. But what 
should we take for the asymptotic function? It seems 
too crude to take e**+ f(6,¢)e"/r. On the other 
hand, if we take ¥y*+(x) to be a function satisfying the 
Schrédinger equation for a free particle with energy « 
everywhere except the origin, and equal to ¥x*(x) at 
very large distances, then the integral in (63) does not 
converge near the origin, except for s waves. We solve 
this dilemma by going to momentum space. Call 
¥x+(k’) and y,*(k’) the Fourier transforms of ¥*+(x) 
and y,+(x), respectively. Then, we also have 


u= fav 82) | Wt (k’) — i+ (k’) 2. (64) 


y+ (k’) has the following form?®: 


Wit (k’) =(k’ | k)+ (e— e+ in)’ | V |). (65) 


(k’| V|¥x+) is a smooth function of k’, which vanishes 
for large |k’|. The part of it that is ‘on the energy 
shell,” i.e., for which |k’| =|k]|, determines the form 
of ¥,*(x) at large distances, i.e., the scattering ampli- 
tude. The off-shell part of (k’| V|yx*+) determines ¥,*(x) 
at finite distances. We shall define ¥,*+(k’) by 


Vat (k’) =(k’ | k)+ (e— e+ in) “Xk” | V | yx), 
where k” is a vector whose direction is that of k’, but 
whose length is the same as that of k. Thus, ¥x* is 
determined solely by the scattering amplitude, and can 
fairly be called the asymptotic wave function. We 
obtain ¥,*(x) from 


(66) 


Yt (x) = f oe sere speck, (67) 


Near the origin, its singularity is only of order 1/r, and 
hence the integral in (63) is convergent. 
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8. THE VALIDITY CONDITIONS 


In this section, we shall verify that the collision 
volume given by (63), (64), (66), is indeed such that, 
when (60) is true, the impact approximation is valid. 
We shall start from the exact expression for g(s) [see 
Eq. (29) ], 


g(s) =is(k| V| y+) 


a 
+ {- ~|(k’| V | yxt)|2- 


8x3 (e—¢’)(e—e’—in) 


1—e i(e—e’)s 
(68) 


and we shall examine under what conditions it can be 
replaced by its first term, as in (31). 

First, we shall compare the real parts of (68) and 
(31). According to the optical theorem, (40), the real 
part of (31) is 


—sI(k| V\yy+)= 4005 
= fae ‘Sar?) | (k’!| V | yt) |*arsd(e—e’). (69) 


On the other hand, one sees easily, using (49b), that 
the real part of (68) is equal to 


few, Sar) | (k’| V | yt) |?22(e— €’)-? sin?(e—e’)s/2. (70) 


Therefore, the question is: can we replace 2(e—«’)~? 
Xsin?(e—e’)s/2 by ws5(e—e’)? The two functions are 
indeed very similar. The first one is strongly peaked 
near e—e’=0, and integrates to ms (s is positive). Its 
width is of order s“'. The replacement is legitimate if 

(k’| V |¥x*)|* does not vary very much when e’ changes 
by amounts of order s~', near the energy shell. If we call 
de the amount by which ¢’ must differ from ¢€ before 
|(k’| V|yu+)|* has changed by an appreciable fraction 
of itself, de! must therefore be our collision time. 

But we wish to give a more precise argument. We 
shall take the difference between (69) and (70), and 
require that it be small compared to (69). With k” 
defined in the same way as in the last section, the 
right-hand member of (69) may be written 


(d°k’ /8n2) | (k’”| V| pct) |22(e— €’)-* sin®[(e— e’)s/2], 
(71) 


since the matrix element is not involved in the integral 
over ¢’. This is true with one reservation, namely that 
e be much larger than s~!. This is because 2(e—¢’)~ 
Xsin*{ (e—e’)s/2] integrates to rs only when ¢’ goes 
from —o to +. In (71), it goes only from 6 to . 
In order to insure that most of the contribution to 


(71) comes from positive ¢’, we require 


s>e. (72) 
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The difference between (70) and (71) can be written 
f (GPR /8n8)[| (| V | yret)| — | ("| V | ve*) | J 


C1 (k’| Vl at)| +R" | Vl pat) | J 
XK 2(e—e’)~* sin*L (e—e’) 5/2]. 


According to Schwartz’s inequality, this is smaller than 


7 onal 
| J Cleve) — |(k"| Vivut)| 
: 


2 sin*{ (e—e’)s/2] ‘ d’k’ 
(e—e€’)? | 8x3 


2 sin’ (e—e’)s/2] | 


(e—€')? a 


+ |(k”| Vy) |] 


For the integral in the first curly bracket, we may 
replace 2 sin*{ (e—«’)s/2] by its average value, 1, since 
the rest of the integrand does not have any singularity 
for e—e’=0. The integral in the second curly bracket 
is the sum of (70), (71), and a cross term. In it, we can 
replace 2(e—e’)~? sin*| (e—e’)s/2] by ms5(e—e’) for an 
estimate of the error. It is then equal to four times (69). 
Thus, the difference between the exact expression, 
(70), and the approximate one, (69) or (71), is smaller 
than 


foal asa Pl vxt)|— cil 

y pal | tad hal mLMLALAe 

“a | 
(73) 


This must be much smaller than one of them, say (69). 
Hence we require 


aR’ £\(k'| VYat)| — [Ck | V [vet] \? v0 
1f—(— ih ene =) <= 
8x e—e’ 2 


(74) 


Before discussing the significance of this, we shall 
compare the imaginary parts of (68) and (31). Their 
difference is the imaginary part of the second term in 
(68), which is 


fice Sx) | (k’| V |yt) |? 


Xp.v.(e—e’)~ sin[(e—’)s]. (75) 
We require that this be much smaller than the real 
part of (31), i.e., (69), since we want the corrections to 
be small compared to the width of the line. The pro- 
cedure will be very similar to the one followed in case 
of the real parts. We may write, if condition (72) is 
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satisfied, 


fev 8ar*) | (Kk | Vi pat)? 


X p.v.(e— €’) sin[(e—e’)s ]=0, (76) 
since the integrand is an odd function of (e—e’). 
Thus, (75) can be written 


f= (kV | at)| — [CK | Vat) ) 
8x? e—e’ 


(k’| V | dat)| + | (k| Vt) 
x( ~s : sin(e—e)s]). 


e“¢ 


According to Schwartz’s inequality, this is smaller than 


| f= [(k’| V | yet) | — [| V [det | ) h 
| 8x3 e—e 
| d°k’ | 
. 5 [| (k’| V| pat 
J gai 


_ sin’L(e—e’)s ] |! 
y,? \ ee | 


+ | (k’’| V e— ' 
(e—e’)? 
In the second curly bracket, we shall approximate 
(e—e’)~* sin’ (e—e’)s] by as5(e—e’), since both func- 
tions have the same integral. Then, our estimate for 
the difference between the imaginary parts becomes 
identical with (73), the estimate for the difference 
between the real parts. 

Thus, the two conditions that make (31) a good 
approximation to (68) are (72) and (74). We saw in 
Sec. 7 that the values of s that are of importance are 
of order 2/nvo; hence we substitute this in our condi- 
tions. (72) becomes 1¢/2e<n-!, which is the same as 
(62), since «= k?/2m=2/2X. Condition (74) becomes 


d®k! | (k’ V xt)! — (k”’ V v,t)| 2 
af- (- )<n Ps) he) 
8x e—e 


therefore the left-hand side must be the collision 
volume. The use of Schwartz’s inequality in deriving 
(77) implies that our collision volume is an overesti- 
mate. It can be shown that, in certain cases, the factor 
4 on the left-hand side of (77) is not necessary. On the 
other hand, there are other cases where it must be kept. 
Since (77) must be understood as a strong inequality 
anyway, this slight arbitrariness is not of too great 
importance. In many of the qualitative discussions, 
later in this work, we shall omit the 4. But we should 
put it in if we want to be on the safe side. We shall 
modify the collision volume further, by replacing the 
difference of the absolute values by the absolute value 
of the difference. The result is always larger, but much 
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more tractable. Thus, U’ will be defined by 


aR’ |(k’| V | yt) —(k" | V lat) |? 


, (78) 





, 
je: 
which is the very definition we gave in Sec. 7. Then, 
the second validity condition is 


4U Kn, (79) 


which is the same as (60), except for the factor 4. 


9. ANALYSIS IN PARTIAL WAVES 


When the potential V is spherically symmetric, the 
collision volume can be written as a sum of contributions 
from the various partial waves, 


U=>°.U 1. (80) 


The transformations that lead from the plane wave 
representation to the partial wave representation are 
completely standard, and therefore we shall only give 
the result, which is 


U = 4eX(21+ vf [Fi(r)—Fi(r) Pdr. (81) 
0 


In this, F;(r) is the radial wave function for the /th 
partial wave, according to the expansion 


Wut(x) => 1(2/+1)i'e'P)(cosd) (kr) F i(r). (82) 


Fi(r) vanishes at the origin, and outside of the region 
of interaction it is equal to 


cosé, f:(kr)— sind; gi(kr), (83) 


where f; and g; are defined in terms of spherical Bessel 
and Neumann functions,”® 7; and m, by 


fi(x) =xji(x), 


On the other hand, F;(r) is what we called the asymp- 
totic wave function, and it is equal, for all radii, to 


(85) 


gi(x) =2xn;(x). (84) 


cos6; filkr) ne sind; Gi(kr), 


where @; is defined by 


x 


91(x)=2r pv. f (x?— y’)" fi(y)ydy. (86) 


0 


gi(x) is approximately equal to g;(x) for large x. But 
for smal] x, while g; blows up like «~', g; stays finite. 
For even /, the difference between g,; and g; is a 
polynomial in a~*, which just removes the singularity 
of g; at the origin. For odd /, the relation between the 
two functions is more complicated. 

We may define a “‘collision range,” p;, as the ratio 
of U; to o, the partial cross section, which is 


5 L. I. Schiff, reference 14, p. 77. 
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4arX?(2/+1) sin’5;: 


Pi= U; oO 1= (sind ;) ‘f [Fi(r)—F i(r) Par. (87) 
0 


This range bears some resemblance to the “effective 
range” of nuclear physicists.** However, it differs from 
it by the fact that we are using the square of the 
difference between the two functions, while they use 
the difference of the squares. Our range vanishes only 
when the potential vanishes, while the effective range 
may vanish in other cases. 

In an actual problem, if the number of angular 
momenta that contribute to the scattering is small, or 
if there are some important resonances, one must 
estimate U by looking separately at every angular 
momentum. In going through a resonance, in particular, 
the amplitude of the wave function inside the potential 
increases sharply, and the collision volume is corre- 
spondingly increased. But if a large number of angular 
momenta are effective, it is often possible to make 
some simple, general statements. 

Such is the case when there are many angular 
momenta for which the phase shift is very large. This 
may happen, for instance, with the potentials propor- 
tional to a negative power of r, that are often used in 
pressure broadening work. Let us say that the phase 
shift is large for all angular momenta smaller than 
ro/X. Then, one can show that these angular momenta 
contribute 42r,*/3 to the collision volume, which is 
just what one would expect. There is still a small 
contribution from larger angular momenta, but this is 
never very large with the type of potential that we 
mentioned. Hence we want 47r,*/3 to be much smaller 
than m~. In other words, the impact parameter for 
which the phase shift if unity must be much smaller 
than the radius of a sphere of volume ~'. This is the 
same as the classical validity condition. Indeed, this 
is a classical problem. Condition (62) is redundant in 
that case, since o is of order ro”, and 4 is certainly much 
smaller than ro. 

Another important case is that in which many 
angular momenta are effective but the phase shifts are 
all small. This might happen, for instance, if the 
potential is of the ‘‘finite range” variety, for instance 
exponential or square well, with a range much larger 
than the wavelength. Since all phase shifts are small, 
the Born approximation is valid, and we can replace 
the matrix element (k’| V|¥x*), in the definition of the 
collision volume, by (k’|V|k). It follows from the 
properties of Fourier transforms that this varies by an 
appreciable fraction of itself when k’ varies by amounts 
of order a~', where a is the range of the potential. The 
corresponding variations in ¢’ are of order v/a. We saw 
at the beginning of Sec. 8 that this was the inverse of 


26H. A. Bethe and P. Morrison, Elementary Nuclear Theory 
(John Wiley and Sons, Inc., New York, 1956), second edition, 


p. 55. 
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the collision time. Hence, the collision volume is 
U =v07r/2=0a/2, and validity condition (79) becomes 


oan“. (88) 


Condition (62) is redundant again, since a must be 
much larger than 4. 


10. VALIDITY OF THE IMPACT APPROXIMATION 
WHEN V; DOES NOT VANISH 


When V, is not negligible, the analysis of the last 
three sections can still be followed, with only minor 
changes. The validity conditions are still (62) and 
(79), but o and U’ must now be defined as follows: 


o=—2 dW ryt | AV | Pix? ) 
(2) — f,(Q)|? 


= 4rX? ¥ (2141) sin?(5,.—5,2), 


BR |u| AV | Pint) —Wrur | AV | Pint) |? 
u=f oe ld ; | 
8x3 e—e’ 


$vOT. (90) 
The last line defines r. We have assumed that V; did 
not have any bound states. If it does, they should be 
included in the summation over k’. 

In order to understand these results, we must realize 
that it is only the difference between the two potentials, 
AV, that is effective in broadening or shifting the line. 
Hence, o is the cross section that one would compute 
starting from the difference between the two scattering 
amplitudes, or the difference between the two phase 
shifts. We might call it the “effective collision cross 
section,” or the “optical cross section.” It may be 
much smaller than the individual cross sections o; and 
a,, for potentials V; and V;, respectively. Similarly, 
U may be much smaller than U; or Us, computed 
according to Sec. 8. This is because U is not the volume 
of space where ¥,x* differs appreciably from a free 
wave function, but only the volume where it differs 
appreciably from an eigenfunction of H,. The situation 
with respect to the collision times is different. A little 
reflection will show that 7 can be expected to be of the 
same order of magnitude as 7; or r,s, whichever is 
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larger. From this estimate of 7, one obtains a convenient 
estimate of U, through multiplication by 20/2. 

It may happen that 7;, r;, Ui, Uys, o;, and a; cannot 
be defined, while 7, U’, and o exist. This is the case, 
for instance, if the line is emitted by an ion. Both V; 
and V,; contain the long-range Coulomb interaction 
between the ion and the charged perturbers. But the 
expressions for a and U’ still converge to finite results, 
although more care is needed in making simple esti- 
mates. 


11. CONCLUSION 


We hope to.have shown by this work, that it is 
possible to make a quantum mechanical theory of 
pressure broadening, along the same lines as the classical 
path theory. Even if our initial approximations were 
not absolutely accurate, they were worth making in 
order to show the basic simplicity of the theory, and 
its similarity with well-known classical theories based 
on equivalent assumptions. They can be removed, and 
this will be done in another paper. 

We also hope to have given the reader a feeling for 
the impact approximation and its region of validity. 
One last word is called for here. Conditions (60) or 
(79) state that the collision volume is much smaller 
than the volume per perturber. Hence, at any given 
time, the average number of perturbers inside the 
collision volume is much smaller than unity. This seems 
to imply that the collisions occur one at a time, and 
are separated by large time intervals. This is true, 
provided that, by the word ‘‘collisions,” we mean 
“strong collisions.” Otherwise, it is a very misleading 
statement, because weak collisions, i.e., those with 
small phase shifts, do not make a full contribution to 
the collision volume, and it is perfectly possible to have 
several weak collisions going on at the same time, 
without necessarily endangering the validity of the 
impact approximation. It remains true, however, that 
this approximation is a low-density limit, and if m is 
increased too much it will eventually stop being valid. 

The author owes many thanks to Dr. E. Plesset and 
Dr. R. Latter, for enabling him to perform part of this 
work in RAND’s stimulating atmosphere. Several con- 
versations with Dr. A. Broyles, Dr. W. Karzas, and 
Dr. F. Zachariasen were most useful. The author is 
also indebted to Professor H. Bethe and Professor A. 
Kantrowitz, for arousing his interest in pressure 
broadening, several years ago. 
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The theory of pressure broadening is re-examined, in order to include the possibility of overlapping lines, 
which are a regular feature of pressure broadening in an ionized gas. It is found that a simple treatment can 
be given using the impact approximation. This approximation is examined in detail, and its validity condi 
tions are discussed. When it is valid, it is permissible to replace the exact time-dependent interaction between 
the atom and the perturbers by a time-independent effective interaction. The latter is not Hermitian, how 
ever, and therefore every level acquires a width. The shape of a group of overlapping lines is then worked out, 
and is found to consist of a sum of Lorentz line shapes, plus some interference terms. In the particular case 
of an isolated line, the results given previously by Anderson are obtained. Finally, a study is made of the 


simplifications brought about by rotational invariance. 


1. INTRODUCTION 


HE problem of overlapping lines arises naturally 
when one tries to compute the pressure broaden- 
ing in an ionized gas. The free electrons and the ions 
in the gas disturb the atom that is emitting the light. 
The effect of the ions can usually be taken into account 
by the theory of Holtsmark,! or static theory, or Stark 
broadening theory. According to this theory, the elec- 
tric field of the ions splits the line through the Stark 
effect. The resulting pattern is then averaged over all 
electric fields with the appropriate probability distribu- 
tion. The electrons, on the other hand, move too fast 
to be treated in this way. But the impact theory? is 
usually valid for them.* In order to take inte account 
ions and electrons simultaneously, the procedure must 
be, therefore, to apply the impact theory to the elec- 
trons when a certain ionic field is present, then to 
average the result over ionic fields. Since the effect of 
the ionic field is usually to split the line into a number 
of components, we are faced with the problem of apply- 
ing the impact theory to a number of very close lines, 
which, when broadened by the electrons, will overlap. 
Overlapping lines also arise occasionally in other 
pressure broadening problems, of course, but they have 
not been considered in any of the theoretical treatments. 
The most complete study of the impact theory is that 
of Anderson,‘ and it is restricted to isolated lines. The 
most up-to-date treatment of hydrogen line shapes in 
ionized gases is that of Kolb,® but his work had to stay 
incomplete because of this difficulty. Kolb’s results are 

* Work sponsored by the U. S. Atomic Energy Commission. 

1 J. Holtsmark, Ann. Physik 58, 577 (1919); Physik. Z. 20, 162 
(1919); 25, 73 (1924). [See also the following reviews of pressure 
broadening theory: A. Unséld, Physik der Sternatmosphdren 
(Springer-Verlag, Berlin, 1955), second edition, Chaps. 11 and 13; 
S. Ch’en and M. Takeo, Revs. Modern Phys. 29, 20 (1957); R. G. 
Breene, Jr., Revs. Modern Phys. 29, 94 (1957). ] 

2 E. Lindholm, Arkiv Mat. Astron. Fysik 28B, No. 3 (1941); 
H. M. Foley, Phys. Rev. 69, 616 (1946); P. W. Anderson, Phys. 
Rev. 76, 647 (1949). 

3M. Baranger, Phys. Rev. 91, 436(A) (1953). 

4P. W. Anderson, reference 2. 

5 Alan C. Kolb, “Theory of Hydrogen Line Broadening in High- 
Temperature Partially Ionized Gases,” University of Michigan 
Engineering Research Institute, ASTIA Document No. AD 
115 040 (unpublished). 


restricted to the wings of the lines, where the over- 
lapping problem does not arise. It is obviously desirable 
to extend the theory to the core of the lines, which is 
the most characteristic and interesting part. 

In this paper, we shall generalize the impact theory 
to make it applicable to overlapping lines. Thus, this 
work is an extension of the work of Anderson,‘ and we 
shall obtain Anderson’s results again in the particular 
case of an isolated line. Like Anderson, we make the 
impact approximation. This consists essentially in 
assuming that the average collision is weak, although 
it does not preclude the possibility of a few strong 
collisions. But the time interval between the strong 
collisions is much larger than their duration. This is the 
approximation which results in an isolated line having 
a Lorentz shape. It is discussed thoroughly, and the 
conditions for its validity are investigated, in Secs. 3 
and 4. It turns out to be very often valid for electrons 
in ionized gases. We shall assume, in addition, that the 
perturbers’ move completely independently of each 
other, without mutual interactions. In the case of an 
ionized gas, we may have to correct this later to take 
into account mutual screening of the perturbers beyond 
the Debye radius. We shall put no restriction on the 
nature of the interaction between the perturbers and 
the atom. The collisions may be inelastic as well as 
elastic. 

The main result of this study is the following: when 
the impact approximation is valid, it is possible to 
replace the fluctuating, time-dependent interaction 
between the atom and the perturbers by a constant 
effective interaction, 3. We might call 3¢ the average 
interaction, but it is not just equal to the time-average 
of the true interaction. It is not Hermitian, and is 
related to the collision matrix, as we shall see in Secs. 3 
and 6. The spectrum of the light emitted is the same as 


®° By “weak” and “strong” collisions we mean those which 
result in a small (compared to unity) and large change in the wave 
function of the light-emitting atom, respectively. 

7 The name “‘perturbers” will be used, from now on, to desig 
nate the particles that cause the line broadening. We shall always 
call the particle that is emitting the light “the atom,” although 
it may be an ion or a molecule. 
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if the Hamiltonian of the atom were the sum of its un- 
perturbed Hamiltonian and 3. Since 3 is not Hermi- 
tian, the eigenvalues of the Hamiltonian are comple> 
and an isolated line has a Lorentz shape. The shape of a 
group of overlapping lines is worked out in Secs. 5 and 6. 

This paper contains no applications of the theory. 
Work is now in progress on the shape of hydrogen lines 
in an ionized gas, and will be reported later. In another 
paper, to be published soon, we shall show how the 
motion of the perturbers can be treated quantum 
mechanically, with little modification of the basi 
results. In the present work, the perturbers are assumed 
to follow classical paths. 


2. THE SPECTRUM 


In this section, we shall derive general formal expres- 
sions for the spectral distribution of the light emitted. 
We shall be very brief, since these expressions have 
already been given by Anderson.‘ We neglect the natural 
line width, which, in practice, is usually much smaller 
than pressure broadening effects. The perturbers are 
assumed to move on given classical paths, and their 
motion is not influenced by what happens to the atom. 
Thus, their contribution to the Hamiltonian of the 
atom is a given time-dependent function. This neglect 
of the reaction of the atom upon the perturbers is the 
source of some theoretical difficulties (see later in this 
section), but seems justified in practice. The paths of 
the perturbers are usually taken to be straight lines, 
for convenience, but this is not necessary. 

The first step must be to write down a formula giving 
the intensity of the light emitted or absorbed by a 
quantum-mechanical system with an arbitrary time- 
dependent Hamiltonian. Such a formula is a straight- 
forward consequence of the principles of quantum 
electrodynamics and has already appeared in the 
literature many times.* If we call P(w)dw the power 
emitted or absorbed in frequency interval dw about w, 
we have 


P(w) = (4044/30) F (w), (1) 


9 


r 
F(w) = (2rT)“! f dte'**(W,(t) d W:(t))| . (2) 


In this equation, y;(¢) is the initial state and y,(/) the 
final state of the system, in the Schrédinger picture. 
Positive w’s correspond to emission, negative w’s to 
absorption. The same two initial and final states may 
give rise to both emission and absorption, a phenomenon 
which is usually important only for very low frequen- 
cies. c is the speed of light. m, is the number of photons 
per quantum state after the emission or before the 
absorption, i.e., for whichever state of the radiation 
field has the larger number of photons. m, is unity for 


8’ P. W. Anderson, reference 2; S. Bloom and H. Margenau, 
Phys. Rev. 90, 791 (1953). 
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spontaneous emission. For absorption or induced emis- 


sion, 2, is connected to the intensity of the light beam 
in the well-known manner.’ d is the vector electric 
dipole moment of the system, in the Schrédinger pic- 
ture, i.e., time-independent. We are considering only 
electric dipole radiation. The absolute square in (2) also 
involves a summation over the three components of d. 
Equation (1) has already been summed over all angles 
and polarizations of the light. Finally, T is a very large 
time, which in the limit should be taken infinite. In the 
following, F(w) will be called “the spectrum,” or, in 
case of an individual line, “the line shape.” This is 
slightly incorrect, but convenient. The true line shape 
contains in addition the factor (4w‘n,/3c’). 

The observed spectrum is obtained by summing (2) 
over all final states, averaging over all initial states, 
and averaging over all possible types of motion of the 
perturbers. We denote this latter average by the sub- 
script Av. We denote by p; the probability of a given 
initial state (the density matrix). Thus, the complete 
spectrum can be written 


. n 
F(w)= (2rT) f a f dt'e@(-t@(tt'), (3) 
with 


b(t, => 5 pd Wil’) | dw ('))- ye () | d Wilt) Jw. (4) 


It is not essential to sum over all initial and final states. 
If a line is isolated, one obtains the shape of this line 
alone by omitting the summation in (4), and picking 
the appropriate initial and final states. But if several 
lines overlap, we must sum at least over all initial and 
final states that contribute to the overlapping lines. 
The next step consists in saying that #(/,(’) depends 
only on the time difference ‘/—/’. This is evident since, 
after the average over all types of perturber motion has 
been performed, there is nothing to distinguish one time 
from another in the behavior of the system. Hence we 
can choose ¢ and {—?’=s as new integration variables. 
The integral over / is trivial, and just cancels the factor 
T— in front. The integral over s can be extended from 
to +, since it turns out to converge at both 
ends. In (4), ¢’ can be set equal to 0 and ¢ to s. There- 


F(w) = (27) f 


0 


— 2 
fore, we get 
é #s(s5)ds, 
with 
B(s) => iz pil (Wi(O) | d|W(0))- Wr(s) | di vil(s)) ]w. (6) 


The quantity ®(s) is what Anderson‘ calls the ‘“‘correla- 
tion function.” It is also the Fourier transform of the 
spectrum. It always turns out to be easier to compute 
the Fourier transform of the spectrum than the spec- 


°W. Heitler, The Quantum Theory of Radiation (Oxford Uni 
versity Press, New York, 1944), second edition, Sec. 11 
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trum itself. To make F(w) real, we must have 
&(—s)=[(s) ]*, (7) 


where the asterisk means complex conjugate. This is 
easily seen to follow from (4). Therefore we shall always 
be content to calculate (s) for positive s, and for nega- 
tive s we shall use (7). Alternatively, one can write 


na 


F(w)=7r® f e'**(s)ds, 
0 


where ® means the real part. 

We can modify (6) by introducing the Schrédinger 
evolution operator, T7(s), which transforms a state at 
time 0 into a state at time s, 


T(s)|W(0))= |W(s)), (9) 


and which is unitary. Using it and using the density 
matrix p, we can formally perform the summation in (6) 
and obtain ®(s) in the form of a trace, 


(s) = Trl d7*(s)-d7(s)p |w. (10) 


The asterisk on an operator will always mean Hermitian 
conjugate. 

We end this section by mentioning some difficulties 
which result from our neglect of the reaction of the 
atom upon the perturbers. When we said that (4) 
depended only on /—/’, we implicitly assumed that the 
density matrix p was the same at all times. In a system 
in thermal equilibrium, it would be a Boltzmann dis- 
tribution. This will not happen, however, unless we 
take into account the change of energy of a perturber 
in an inelastic collision with the atom. If we neglect this 
change, the atomic density matrix cannot stay con- 
stant, and in fact the atom will eventually reach infinite 
temperature, with all states equally likely. This is 
absurd, and therefore we must hope, or verify, that 
the times s that are important in (5) are not so large 
that the density matrix has time to change appreciably 
from the initial Boltzmann distribution. To state the 
criterion in another way, p must be practically time- 
independent, hence it must commute with the evolution 
operator T(s). Then, there should be no difference 
between #(s) as written in (10) and the following: 


©(s)=Tr[d7*(s)-dpT(s) |w. (10a) 
We shall see that this is actually true with the impact 
approximation. The same difficulty arises in another 
manner when one tries to verify that the “principle of 
detailed balancing” is satisfied. This principle states 
that, when our system is in thermal equilibrium with 
radiation, the number of photons of a particular fre- 
quency emitted per unit time equals the number 
absorbed. Bloom and Margenau” have pointed out that 
this may not be true with the assumption of prede- 


1, Bloom and H. Margenau, reference 8. 
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termined classical paths. Again, the trouble does not 
arise when the impact approximation is valid. 


3. THE IMPACT APPROXIMATION 


In this and the next two sections, we shall consider 
the case where we can neglect the interaction of the 
perturbers with the lower state of the atom. We call 
it the one-state case. This case is easier of physical 
interpretation than the general case or two-state case. 
Besides, it arises often in practice, since the atom is 
more tightly bound and less polarizable in its lower 
state. We shall consider the case of emission, i.e., the 
lower state is the final state. 

The problem is to compute ®(s), given by (6) or (10). 
We shall introduce the final state explicitly, since we 
do not need to sum over all final states. On the other 
hand, since we are interested in overlapping lines, we 
must sum over initial states. Thus, we start from"! 


(s)=Tr Da [dlpyarei#/*: Wal dT (s)p wv. 


We have introduced a degeneracy index, a, for the 
final state, on which we must sum if the final state is 
degenerate. E,, the energy of the final state, will be 
taken as the origin of energies. Thus, we replace e'”/* by 
unity. We define a Hermitian operator D by 


D=). d\Wya)' Wra d. 


If j, m, and parity are good quantum numbers for the 
final state, D is a spherically symmetric operator, i.e., 
it can have matrix elements only between two states 
with the same j, m, and parity. With these conventions, 
@(s) becomes 


(11) 


(12) 


&(s)=Trl DT (s)p ]. (13) 


The problem, now, is to evaluate the average of T(s). 
T(s) is the evolution operator for the total Hamil- 

tonian, which is the sum of Ho, the unperturbed atomic 

Hamiltonian, and V 7(t), the total interaction. It obeys 


the Schrédinger equation 
idT /ds =[Hot+Vr(s) |T(s). (14) 


One can also define an interaction representation evolu- 
tion operator, U(s), by the equation 
T(s) =e U/(s). (15) 


Then, it is well known that U(s) can be written 


U(s)=T exp] —i f vba} 


V 7’ (t) = etHot V r(he iHot. 


(16) 


with 


(17) 


In the above, T is the time-ordering operator, which 
makes operators act in the order prescribed by the time 
in their argument, with time increasing from right to 


ll We assume that the units are such that A=1, and hence we 
make no distinction between an energy and an angular frequency. 
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left. Equation (16) can be proved by checking that 
T(s), given by (15), actually obeys the differential 
equation (14). 

The interaction V7’(t) is a sum of interactions, 
Vi'(t), Vo'(t), «+: Vw’ (t) due to the various perturbers. 


Thus we may write 


U(6)=Ten| -i f vi (bat) 
xexn| —i f vsr(oat) (18) 


vul)=2{[em(—i f va) 


N being the total number of perturbers in the con- 
tainer. We have expressed U,,(s) in the form of the 
Nth power of an expression relating to a single per- 
turber. It then bears a striking resemblance to the 
result of the simpler theory which uses the adiabatic 
approximation. This result is” 


(19) 


8 ? 
P(s)= esn( —1 f vat) 
0 Ay 


However (19) is enormously more complex than (20), 
first because the expression whose Vth power we are 
taking is an operator, second because the operation T 
produces a hopeless entanglement'® of the operators, 
out of which it would be very difficult to extricate any 
simple result in the general case. 

At this point, we make the impact assumption. It 
says that two strong collisions never occur simultane- 
ously. Then, the operators in (19) are ‘‘naturally dis- 
entangled,” i.e., the collisions take place one after the 
other and the order in which the operators are written 
in (18) is also the order required by time-ordering. 
Really, it is only the strong collisions that are separated 
from each other. There may be several weak collisions 
going on at the same time, or together with one strong 
collision. But those can be treated by perturbation 
theory, because they are weak, hence they never get 
entangled with each other, because it is only in the 
higher orders that entanglement starts to appear. 
A discussion of this point, and some validity conditions, 
will be given in the next section. 

Assuming no entanglement, then, we can compute 
Ux(s) by computing first an expression relating to a 
single perturber, 


[z exp( —i f v'(odt) . 


2 P. W. Anderson, Phys. Rev. 86, 809 (1952). 
3 R, P. Feynman, Phys. Rev. 84, 108 (1951). 


(20) 


(21) 
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then raising it to the Vth power, while keeping the 
collisions in chronological order. Let us try now to 
calculate (21), by averaging over all possible states of 
motion of the perturber. From the validity conditions 
which will be given in the next section, one can conclude 
that the important values for s are much larger than a 
typical collision time. This is because the average 
collision is weak, hence it takes many collisions to 
produce a U,(s) appreciably different from unity. 
In the overwhelming majority of situations, the bracket 
in (21) equals unity, because the perturber does not 
make any collision in the time interval 0 to s. Once 
in a great while, a collision occurs in this time interval. 
The probability of this happening is of order NV. 
The probability of two collisions occurring is of order 
N-*, and can be neglected. We consider all possible 
types of collision, i.e., all possible values for the impact 
parameter, energy of the perturber, angles, etc. We 
call dv the frequency of a particular type of collision 
when all the perturbers are present. Then, the fre- 
quency with a single perturber is V~'dv, and the prob- 
ability of such a collision occurring in time dt is N~'dvdt. 
We talk about the collision as if it occurred instan- 
taneously, since s is much larger than the collision time. 
If a collision occurs at time ¢ between 0 and s, the 
bracket of (21), instead of being unity, equals 

etFetSe— ‘Het (22) 
where 5S is the collision matrix, or S-matrix, for a colli- 
sion occurring at time 0. S is a unitary matrix given by 


S={ exp =i f 


—® 


+00 


(23) 


v' (oat, 


for a collision whose time of closest approach is 0. It 
is clear that, if a collision does not occur at time 0, its 
result is (22) and not S itself, since the atomic state at 
time ¢ is really e~‘“°* times what it was at time 0. 
Finally, the deviation from unity in (21) due to a 
collision of a given type occurring in time interval di at 
time / is 

N~dvdt(e*# ot Se *Hot— 1), (24) 
We obtain (21) by considering all types of collision and 
all times between 0 and s. Therefore (21) is equal to 


1+-N f areitol f (Sta Jeo (25) 
0 


This may be written 


1-—iN- f K’ (t)dt, 


0 


KH’ (t) = et otgCe- tHe, 
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and 


(28) 


K=— if 1—S)dv. 


To obtain U,(s) we raise (26) to the Nth power, with 
the proper time-ordering, thus: 


8 


Ux (s) =F exp -if 5’ (t)dt 


(29) 


Then, T4,(s) is obtained by (15): 


T(s)=e~#°Z exp] —i [ KH’ (t)dt 


=expl —i(Ho+%)s]. (30) 
This last equation can be proved by showing the 
identity of the derivatives with respect to s.'* 

We have thus shown that, when the impact approxi- 
mation is valid, it is permissible to replace the true 
time-dependent interaction V r(t) by a time-independent 
quantity, 5K, given by (28). Since 5% is not Hermitian, 
the energy levels have an imaginary part, i.e., a width. 
To compute 5, we must know the collision matrix S. 
The calculation of S is a standard problem in time- 
dependent quantum mechanics. It may be a very 
difficult one. Fortunately, 3C is not very sensitive to 
the details of S, since it involves a sum over all types 
of collision, and we can hope that a rather crude 
approximation to S will yield a rather good 3. We refer 
the reader to Anderson’s paper‘ for approximate meth- 
ods of calculation of S. As a first approximation, we 
can divide all collisions into two categories, weak ones 
and strong ones. For the weak ones, we compute S by 
time-dependent perturbation theory. For the strong 
ones, we say that the radiation is completely inter- 
rupted, i.e., we replace S by zero. Further refining may 
be necessary to properly take into account collisions 
of intermediate strength. It may also turn out, es- 
pecially for close collisions, that it is necessary to treat 
the motion of the perturbers quantum mechanically 
when calculating S. This can be done, in principle, and 
will be the subject of a future publication. In general, 
it may be objected that our approximation of pre- 
determined classical paths is a very bad one to use 
when calculating matrix elements of 3C, or S, between 
two states of widely different energy. The answer is 
that we do not need such matrix elements. The only 
matrix elements we shall need are either on the energy 
shell or close to it. 

The determination of the line shape, using Eqs. (13) 
and (30), will be given in Sec. 5. Now, we shall return 
to the question of the validity of the approximation. 


13a Equations (13) and (30) bear a close formal resemblance to 
some results obtained in a rather different connection by P. W. 
Anderson, J. Phys. Soc. Japan 9, 316 (1954). I am indebted to 
Dr. Anderson for pointing out this analogy. 
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4. VALIDITY CONDITIONS 


Starting from (16), we can write 


st+As 
Uxn(s+As)= | T exp] —7 f V 7’ (t)dt 


xT exp -i f V 7’ (t)dt | 


0 | Ay 


(31) 


The impact approximation is valid if it is possible to 
find As such that (1) As is so large that the first factor 
on the right-hand side of (31) is statistically inde- 
pendent of the second factor, and the two may be aver- 
aged separately; and (2) As is so small that the average 
of the first factor is very close to unity, and may be 
written 

1 —ie* Forge *HorAs, (32) 
If these two conditions are satisfied, (31) may be 
written 


Un (s+As) = (1—te#os3Ce—*40*As) Uy,(5), (33) 


‘HoT7,,(s), (34) 


dU a (s)/ds= —ie*#*3Ce 


a differential equation whose solution is (29), and the 
impact approximation is valid. In order to satisfy the 
first condition, As must be taken much larger than a 
typical collision time. By this we mean the collision 
time of a collision which makes an appreciable contri- 
bution to the integral (28) giving 3. If As is so large, 
there will be many collisions in the interval As. How- 
ever, because of the second condition on As, most of 
these collisions will be very weak. There can be at 
most one strong collision in the interval and most of the 
time there will be none. 

Let us first consider the case where there is no strong 
collision in the interval As. We can write the first 
factor on the right-hand side of (31) as 


st+As 


T exp -+ f V/(d)dt 


stAs 
Xexp -if V./(t)dt}---, (35) 


including all the collisions that take place in the inter- 
val. The collisions in this expression are entangled. 
However, let us forget about that for a moment, and 
compute (35) as if they were not entangled. Since each 
collision is very weak, the contribution from each of 
them is very close to 1. The first collision contributes 
1+M,, the second 1+Mo, etc., where M,;, Mo, -:: 
are very small matrices. When we multiply all these 
expressions together, we get 


1+(Mit+Mo+---) 


+higher-order terms such as M,M». (35a) 
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However, because the product (35) is required to be 
very close to 1 still, the higher-order terms are negligible 
compared to the first-order term, (M,+M.+:-:). 
If now we try to take the entanglement into account in 
the calculation of (35), we see that (35a) is still correct 
except for the fact that the higher-order terms are now 
different. But since those are negligible, the result is 
the same, whether there is entanglement or not. Since 
the average number of collisions of a given type in 
interval As is Asdy, this result is, after the averaging, 


1+as f Mar 1+Aseos fis-pe e~'Hos = (36) 


By comparing (32) and (36), we see that 3C is indeed 
given by (28). 

We now consider the rare case where there is one 
strong collision in the interval As. This collision is so 
much stronger than the others that we can forget about 
all the others in computing (35), at least during the 
collision time of the strong collision. Thus, the question 
of entanglement does not arise here and (36) still holds. 

Thus, we have shown that the impact approximation 
is valid, and the interaction may be replaced by a time- 
independent 5C, whenever U’,,(/) is very close to unity 
for times of the order of a typical collision time r. 
Another way to put it is as follows. Call T the time 
that it takes for U’y(¢) to become appreciably different 
from unity. We require 7>>r. An order of magnitude for 
T is given by the inverse of the correction introduced 
by 3 in the eigenvalues of the Hamiltonian, i.e., the 
inverse of the level width w, or of the level shift d, 
whichever is greater. Hence, we can write the following 
validity conditions": 


(37a) 
L (37b) 


WT 
d<Kr 


We shall mention here, because we shall use them 
later, the additional validity conditions which one 
finds'* when the motion of the perturbers is treated 
quantum mechanically. They are 


(38a) 


WCE, 


de, (38b) 
where ¢ is the energy of the perturbers. If, in a certain 
problem, (38) is not satisfied, while (37) is, it is an indi- 


4 These validity conditions are really not the most general ones. 
But they are sufficient in most cases, and we did not feel justified 
in going into the more general discussion necessary to treat the 
subject completely. Actually, the impact approximation is valid 
and the interaction can be replaced by something time-inde 
pendent whenever (37a) is true, even if (37b) is not. This may 
happen, for instance, if the total interaction is due to a large 
number of perturbers at all times. Then, the time-average of the 
interaction constitutes the main part of the correction to Ho, 
and the levels are shifted much more than they are widened. 
In this case (28) has to be somewhat Modified unless (37b) holds. 

48 Work to be published. 
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cation that the impact approximation breaks down 
through quantum-mechanical effects. 

Let us end this section by giving two examples of the 
validity conditions (37). First, suppose that the forces 
between the atom and the perturbers vary smoothly 
with distance, as forces between atoms and molecules 
usually do (long-range forces). Then w and d are of the 
same order of magnitude. We may estimate the collision 
time by saying that v7 (v is the velocity) must be of 
order of magnitude co}, where a is the ‘‘classical cross 


section,” defined by 
(39) 


and w is the average perturber density. Then the validity 
condition is 

<n, (40) 
or “the radius of the cross-section disk must be much 
smaller than the average nearest neighbor distance.” 
Another way of saying the same thing is ‘“‘the S matrix 
for an average nearest neighbor collision must be very 
close to unity.”’ The other example is the case where the 
strength of the forces is approximately constant with 
distance until a certain range a, after which it drops 
sharply (finite-range forces). Then v7 is of order a, and 
both w and d must turn out much smaller than v/a. 


5. THE LINE SHAPE IN THE ONE-STATE CASE 

The Fourier transform of the line shape is given by 
(13) and (30). The density matrix p should be propor- 
tional to exp(—Ho/kT), where & is Boltzmann’s con- 
stant and T the temperature. As we pointed out at the 
end of Sec. 2, we must check that this effectively 
commutes with 7,,(s) for the important values of s. 
This is a consequence of conditions (38) which require 
that the shift and width of the levels be much smaller 
than the energy of the perturbers, and therefore than 
kT. Then, p varies too slowly with energy to affect the 
shape of the individual lines, and we can consider it as 
a constant for each line or group of a few lines. 

The line shape itself is obtained from (8). We may 
perform the integral with 7,,(s) in the operator form 
(30). The imaginary parts of the eigenvalues of Ho+5 
are of the right sign to make the integral convergent 
at infinity. We obtain (p is a constant) 


mo F(w)=—39 Trl D(w—Ho—-X)], (41) 


where 9 means the imaginary part. At this point we in- 
troduce the eigenstates of Ho+5C, | ¢;), and the eigen- 
values, w;—iw; (w;>0): 

(Ho+3C) | 9;)= (wi;—7w,) | ¢,). (42) 


Since Ho+5 is not Hermitian, the states | ¢;) are not 
mutually orthogonal. But we can define another set of 
states, (X;|, such that 


(X;| ¢:) =5:;, (43) 


Dsl ¢iXXi| =1. 


and therefore 
(44) 
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Then (41) can be written 
mp 'F(w) 
=— 9); (X;|D(w— Ho—K)“| ¢;) 


=—9 >; (w—w;+iw,)“(X;| D| ¢;) 


i L(w—w,)?+w? 


W—W; 


(w— yn hae? 


-I(X;|D\¢ °)} (45) 


One sees that the shape of a group of overlapping lines 
is not composed solely of a sum of Lorentz line shapes, 
but there are also some asymmetrical terms. For large 

, each of these terms becomes proportional to w~!. In 
order that the total intensity be convergent, the sum 
of their coefficients must vanish. This is indeed the case 
since this sum is — 9 TrD, and the trace of a Hermitian 
operator is real. Hence, the asymmetrical terms are 
important only in a region of overlapping lines.'*” 

It is possible to transform (41) to a different form 
which also shows the nonexistence of terms propor- 
tional to wt. We write 


mp 1F (w) 
= (27) Tr{ DL (e— Ho—K*)' — (w— Hp —X)" J} 
= (21) Tr{ DD (w— Hp—K*)" (w— Hy —-X) 
X (w— Ho— — HH o—K*) 
—H —X*)(w—Hy—X)] 
Hy—K*)7K4*(w— Hyp—K)}, 


=—Tr{D(w— (46) 


where 5? is the anti-Hermitian part of 3C. This can also 
be written in terms of components, like (45). If we are 
far from any line center, we may forget about the anti- 
Hermitian part of 5 in the two reciprocals. And, if we 
are far, not only with respect to the widths, but also 
with respect to the shifts, we may also forget about 
the Hermitian part of 5, thus getting 


mp F(w)~— Trl D(w— Ao) "K%(w—Ho)"]. (47) 


Equation (47), for the case where H? is computed by 
perturbation theory, has been given by Kolb,'® in a 
completely different notation. It is valid only in the 
wings, while (41) and (46) are valid everywhere. 
Finally, if we are much farther away from a group of 
lines than the separation between the lines, we may 
replace Hy by some sort of average energy, Eo, and 
write 
mp 'F(w)~— (w— Ey)? Tr(DRX?). (48) 
4b The purpose of the preceding argument is to bring out the 
general analytical form (45) of the line shape. However, for an 
actual calculation of the line, it is usually not convenient to solve 
the eigenvalue equation (42). It is easier to calculate the trace (41) 
directly in the representation where Hy is diagonal. The number 
of lines and columns in each matrix should be the number of 
overlapping lines, hence the calculation of the reciprocal presents 
no problem in simple cases. The same remark applies also to Sec. 6. 
1 Reference 5, p. 63. 
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Even if the lines appear to be well separated, this may 
be very different from what one would get by adding 
together the individual Lorentz functions for the 
individual lines. 

We shall now show how the results of the no-overlap 
theory of Anderson‘ are obtained. We restrict ourselves 
here to nondegenerate levels. Anderson also considered 
degenerate levels in great detail. We whall investigate 
them in Sec. 7. To get Anderson’s results, it must be 
permissible to compute the eigenvalues of Ho+H by 
first-order perturbation theory. Thus, if |y;) and E; are 
the eigenstates and eigenvalues of Ho, we take 


w;—iwi=E+;i|K/y,), 


and we use the states |y,) instead of | ¢,) and |X,). 
We see then that the second term in (45) vanishes, 
since a diagonal matrix element of D is real, and the 
spectrum is (with the density matrix reinstated in the 
summation) 


(49) 


tF(w) =>. pi W;|Div;), (50) 
(w— FE; —d;)* +w, 
with 


d;=RY; | Riy,), (51a) 


wi=— IY; |H\yY,) 


Since we have used perturbation theory, (50) is valid 
only when % is small compared to the spacing of the 
levels of Ho, which restricts it to nonoverlapping lines. 

Anderson’s results involve only the diagonal elements 
of %, or of the S matrix. We can always write 


(51b) 


W'S \vi)=aye**', (52) 


where ¢; is a real phase shift and a; a real positive num- 
ber not larger than unity. By (28), then, the shift 
and width of line 7 are given by 


d;= f a; sing.dy, 
fa-e cos¢,)dv. 


If all collisions are elastic, a; is unity and one obtains 
a well known result of Lindholm. If all collisions either 
are completely inelastic (a;=0), or have a very large 
¢i, the shift vanishes and the width equals the collision 
frequency. This is the Lorentz'® theory. 


(53a) 


(53b) 


6. THE TWO-STATE CASE 


Let us now return to the general case, where both the 
initial and final atomic states interact appreciably with 
the perturbers. Since we may have overlap effects both 
in the initial and final states, we must use the general 
formula (10), which we rewrite here in terms of com- 


16H. A. Lorentz, Proc. Roy. Acad. Sci. 
(1906), 


(Amsterdam) 8, 591 
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ponents, using Latin letters for initial states and Greek 
letters for final states, 


&(s)= >} [(a\d)a)(a, 7*(s)|8)-(8\d) bd) 


abcaB 
XK (b| T(s)\c)<e p a) Jay. (54) 
We can make this two-state case very similar to the one- 
state case of the last three sections by using a stratagem 
which we shall call ‘doubling.’ It consists in consider- 
ing a new function space which is the direct product of 
the function space of the atom by itself. In other words, 
each state of the “doubled” system is associated with 
two states of the atom or, more precisely, with an 
initial state and the complex conjugate of a final state. 
We take the Hamiltonian of the doubled system to be 
such that its eigenvalue, for each state, is the difference 
between the two eigenvalues for the two atomic states 
of which it is formed. Thus, each eigenvalue of the 
doubled system corresponds to a line of the atom, i.e., 
the difference between two energies. Therefore, we shall 
call the doubled space “‘line space.”’ 
We define three operators in line space, ©, A, and p, 
by the relations 


(a T*(s) B)b| T(s)\c)=(bB+| O(s) cat), (SE 
(a\ d|a)-(8'd|b)=((aa* | A! bB*)), 


(c| p|a)bay=((cy* | p| aat)). (57) 


In these definitions, |a*), |8*), |y*), are the complex 
conjugate states of ja), |8), |), i.e., their components 
are the complex conjugates of those of ja), 8), |¥). 
This slight complication is necessary in order to make 
the newly defined operators linear. A is Hermitian. 
We can now write (54) as 


&(s)=Tr[ AO, (s)p |, (58) 
which is the same as (13), except for the fact that all 
operators are in line space. We must evaluate the 
average of ©(s), and we do this in a way completely 
analogous to the evaluation of the average of 7(s) in 
Sec. 3. We see that we may write 


©(s)=T7;(s)T;*+(s), (59) 


where the subscripts i and f indicate that the operators 
act on the first and the second, respectively, of the two 
states that combine to form a line. The superscript + 
means complex conjugate, and is not to be confused 
with the Hermitian conjugate superscript *. T;*(s) is 
the transpose of 7;*(s). 

We need not repeat the discussion of Sec. 3. The re- 
sults are the same. When the impact approximation is 
valid, the average of ©(s) is given by 


Ow(s) =expl—i(Hoi— Hoyt +3)s ], (60) 
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c= ~if 1—S,S;*)dp. 


KH is an operator in line space which cannot be decom- 
posed into the sum or the product of operators acting 
on subspaces 7 and f separately. The matrices S; and 
S; are given by (23). The argument of Sec. 4 shows 
that the conditions for validity of the approximation 
are again (37), where d and w are the real part and the 
negative of the imaginary part, respectively, of the 
change in line energy produced by &, and 7 is a typical 
collision time, i.e., the time during which the inter- 
actions of the perturber with the initial and final atomic 
states are appreciably different, for a collision that 
makes a significant contribution to 3. As for the 
density matrix, we shall assume that it does not vary 
appreciably over the range of initial energies that enter 
in a given group of overlapping lines, and therefore we 
shall consider it as a constant. 

The argument of Sec. 5 also carries through here. 


with 


(61) 


The line shape is given by 


(62) 


_ 
} 
J 


Tp IF (wy) =-—Jg Trl A(w— Ho +H , —JKH) . 
_ — Trl A(w— Ho: +Hoj+—K*) I 
X5°(w—HotHyt—)]. (63) 


We can also write this in terms of components, by 
introducing the eigenstates and the eigenvalues of 


Ho. — Hot +%, 

(Hoi— Host +3) | 9; 
and the states ((X;;| such that 
((X5| ¢i)) =4;;. 
Then, we can show as before that 


R((X;| A} v;)) 
24 ay 2 


WwW; 
rp 'F(w)=>- 
(w—w,) 


WW; 
— I((X;| A) gx) ], (66) 
(w—w,;)?*+w? 


and we can make the same remark about the behavior 
of the asymmetrical terms for large w. Far away in the 
wings, (63) reduces to 


Tp) IF (w)& — Trl A(w— Ho + Hoy ) l 


XKH4(w— Hot Hot) ‘iy, (67) 


This last expression has also been given by Kolb," in a 
completely different notation, for the case of perturba- 
tion theory. 

Anderson’s results! for isolated lines (without de- 
generacy) are obtained when it is permissible to solve 
the eigenvalue problem (64) by first-order perturbation 
theory. Then, we use states that are eigenstates of 
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Ho; and Hy*, and the spectrum becomes 


Ta) 
“aa 


TF (w)=>> pa 
aa (w—h,tkEy—daa)?t+Wae- 


X ((dat | Aj\aat)), (68) 
with 


daa = ®{(aa* | 5 | aat)), (69a) 


— I{aa™ | K | da*)), (69b) 


Waa~ 


((aa* | A| aa*)) = | (a! d}a)|?. (70) 


Using (61), we can express the shift and width in terms 
of the collision matrix, 


=8 f (00° SiSy* | aat))dv 
-s f@ S| a)(a| S*\a)dv, 
= rf (aa 1—S,S;*| aat))dv 
= f (1-0 S| a)(a|S*\a))dv. (71b) 


If we call ae~*** and aye~'* the diagonal elements of 
S, as in (52), the shift and width become 


d= fess sin( ¢;— gy)dy, 


daa= 


(71a) 


(72b) 


w= fa —aiay Cos( gi— ¢y) dv. 


Again, these equations include as special cases the 
results of the adiabatic theory of Lindholm? and of the 
Lorentz’* theory. 


7. SIMPLIFICATIONS DUE TO SPHERICAL 
SYMMETRY 


In many problems the unperturbed Hamiltonian H, 
is spherically symmetric and the effect of the collisions 
is also spherically symmetric, i.e., there is no preferen- 
tial direction for the velocities of the perturbers. This 
spherical symmetry enables one to make some im- 
portant simplifications in the answers that we have 
obtained. Anderson‘ did this for his theory of isolated 
lines, and we shall do it in this section for the more 
general case. 

We shall consider first the one-state case, which is 
rather trivial. We have already pointed out that D, 
Eq. (12), is a spherically symmetric operator, i.e., 
it can have matrix elements only between states of the 
same j, m, and parity. If the collisions happen in a 
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spherically symmetric manner, the same is true of %, 
Eq. (28). Hence, in the right side of (41) all operators 
are spherically symmetric, and we can split the spec- 
trum into a sum of spectra belonging to different values 
of the quantum number / and of parity. In other words, 
two overlapping levels with different parities or j 
values may be treated as nonoverlapping. The eigen- 
value problem for Ho+5 becomes simplified in the 
way customary for spherically symmetric perturbations. 

There is one additional point concerning the calculation 
of # by (28). Since we know that 3 is going to be 
spherically symmetric, it is useless to compute the 
matrix elements of S between states of different 7 
values or parities. They will disappear anyway in the 
integral over all types of collision. As to the matrix 
elements between states of the same j and parity, it is 
not necessary to calculate them for all possible orienta- 
tions of a collision. It is sufficient to pick a particularly 
simple orientation, for instance, impact vector in the 
z direction, perturber path in the x direction. Those are 
what Anderson calls the “collision axes.”’ Then, in 
order to average over all directions, instead of rotating 
the perturber, we rotate the coordinate axes. The result 
of this is to average over m the matrix elements between 
states of the same m, and it is 0 for the other matrix 
elements. In other words, 5 is given by the following 
equation (the subscript p is the parity), 


(am, JC bm») = — 16 jaibdmampOparr 
x f drLin— 2541) 1S, (am|S,|bm)], (73) 


where S, is the matrix S computed with the collision 
axes. 

Now, we shall take up the two-state cases, which is 
the really interesting one. It is still true, of course, that 
A and & are spherically symmetric, but spherical sym- 
metry in line space is an unusual notion which needs 
some explanation. First, it is well known that the 
matrix elements of the dipole moment are, as far as 
their dependence on the magnetic quantum numbers 
goes, proportional to certain Clebsch-Gordan coeffi- 


‘cients.!” Instead of d,, dy, d., we shall use. 


dy=d,, d\=(dztid,)/V2, d_,;=(d,—id,)/vV2, (74) 


as components of the dipole moment, and instead of 
(see Sec. 6) 
(a'd)a)-(8|d' 5), 
we shall write 
(a\d,\a){B\d,* |b). 


(75) 


The proportionality relation that we just stated will 


17 This is the Wigner-Eckart theorem. [See M. E. Rose, Ele- 
mentary Theory of Angular Momentum (John Wiley and Sons, 
Inc., New York, 1957), p. 85.] 





THEGRY :OF 


be written 
{ama| dy|ama) = (a|d\ a) JaMa| M| JaMa), (76) 
where (a|d a) is independent of ma, ma, and u, and 
(jama|w| JaMa)=(2jatl) IC (jalja; Mama). (77) 


C is a Clebsch-Gordan coefficient in the notation of 
Rose.'? It is real. The complex conjugate of relations 
(76) and (77) are 


(am,|d,*| ama) = (a\d*\a){ jamMa\b*| jaMa), (78) 


(jaMa|m*| fama) =(2jat1) C(falja; Mama). (79) 


It follows from the properties of Clebsch-Gordan coefh- 
cients that 


DX (Jama! | jaMa)( jaMa|M*| jam’) 


(245 1) 1§mama’, (80) 


> (jama\u* 


uma 


° . . / 
JaMa)\JaMa\ Mh! JaMa ) 


(2jat1)15mama’ (81) 


DD (jama|H| JaMa){jaMa|M*| jama)=1. (82) 


uMaMa 


This is all subject to the condition that j, and jq differ 
by no more than one unit. Otherwise, the Clebsch- 
Gordan coefficients vanish. 

According to Anderson, the fact that 5€ is spherically 
symmetric has the consequence that we can write 


YS Camatmaat KH | bmy8*mg*)){ Jomo |u| james) 
mymg 

=(jaMa Mb JaMa)((aat|h)bBt)), (83) 
where ((aa*+|/|b8+)) is independent of any magnetic 
quantum number, including u. The proof of (83) goes 
as follows: all we need to show is that both sides of the 
equation transform in the same way under rotations, 
since (jaMa\u|jaMa) is completely specified by its 
behavior under rotations. When we do make a rotation, 
5 in the left-hand side of the equation does not need 
to be rotated, since it is spherically symmetric. We do 
not need to rotate | bm,) and (6mg) either, since m, and 
mg are being summed over. Al] we have to rotate is 
(am,|, |ama), and wu. When they are rotated, we get 
certain linear combinations of other components. Those 
are just the same linear combinations as when we rotate 
(jaMa|\M| jaMa), q.e.d. 

We shall consider ((aa*|4\)8*)) as a matrix in 
“reduced line space.” ‘‘Reduced space”’ is a function 
space which has only one state in it for every set of 
(2j7+1) magnetic substates of ordinary atomic function 
space. Thus, reduced space does not have any magnetic 
quantum numbers, but the other quantum numbers are 
the same as for ordinary space. Reduced space can be 
doubled, like ordinary space. If we know %, the matrix 
h can be computed by multiplying both sides of (83) by 
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(jaMa|m*| jama) and summing over ma, Ma, and u. 


According to (82), we get 


((aat| h | bBt))= ba 


HMaMhMams 


. *|: 
(JaMa KM | JaMa) 


X ((amaatma* KH bmy8tmgt)){ joms| uw! jams). (84) 
If now we consider any function of 5, f(35C), it is also 
true that we can write 


~ (amaatma*| f(5) | bm mst )){ Jom |u| Jgmg) 


mpm 
bmg 


(JaMa| | JaMa)( (dat! f(h)|bB*)). (85) 
This can be proved by expanding /f(5C) in a power 


series. Consider, for instance, the function 3C?. We have 


> (amatm,* 5K?! bm,8tms* 


mbm 
wbm 8 


(Jom |u| jams) 


((ama* ma” |3C|cmey*m," )) 


X ((omeytm,* | K| bmoBtms*)){ joms| w| jams). 
By Eq. (83), this can be written 


~~ Camatm,+ | K 


emeymy 


Cm ym." }) 
X(Jjeme| mM) Jymy)((cy*|h! bB*)). 
By a new application of (83), this is equal to 


(JaMa M JaMa oo ((aat| h} cy*)) ((cy*| h| bB+)) 
=(jaMa|M| JaMa)((aat| h?| b8+)), 
q.e.d. 

The expression that we need to calculate in order to 
obtain the line shape is the right-hand side of (62). 
According to (56), (76), and (78), a matrix element of 
A can be written 
((am,a*ma* | A! bm,Bt+mgt)) 

=Diu (jaa uM JaMa) jgmg a Jems) 
X ((aat| 5) bB+)), (86) 
with the definition 


((aat | 5| bB+)) = (a! d|a)(B| d*!b). (87) 


Since 3, Ho;, Host are all spherically symmetric, we 
can apply the considerations of the last three para- 
graphs when performing the sum over magnetic quan- 


‘tum numbers in the trace in (62). Since an equation 


similar to (84) holds for any function of any spherically 
symmetric operator, the result is the following equation 
for the line shape: 


mp F (w)=—9 Trl8(w—hoithyt—h)], (88) 


where all operators are now in reduced line space. h 
is given by (84), 6 is defined by (87), and ho; and Ao, 
are operators whose eigenvalues for a reduced state are 
the same as those of Ho; and Hos* for the (2j+1) states 
from which the reduced state was derived. To obtain 
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the line shape, we must now treat Eq. (88) in the 
same way we treated (62). But (88) represents an 
enormous simplification over (62) since we now have 
only one state where we used to have (2j+1), and the 
order of all matrices that enter into the calculation is 
correspondingly reduced. 

The matrix / defined by (84) vanishes whenever the 
angular momenta j, and jq differ by more than one 
unit, whenever j, and jg differ by more than one unit, 
and whenever the product of the parities of a and a 
differs from that of b and 8. The matrix 6 defined by 
(87) may be taken to vanish under exactly the same 
circumstances and, in addition, it vanishes unless the 
parities of a and a differ and those of } and 8 differ too. 
As a consequence, the only doubled reduced states that 
need to be considered in the calculation of (88) are 
those for which the angular momentum of the final 
state does not differ by more than one unit from the 
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angular momentum of the initial state, and for which 
the two parities are different. In other words, we only 
need to consider doubled states that correspond to 
actually observed lines in the spectrum of the atom. 
Thus, the work of Sec. 6 is further simplified. 

The “reduction to collision axes” is possible also here, 
as in the one-state case. When we calculate 3 by (61), 
it is not necessary to average over all possible orienta- 
tions of the collision. It is sufficient to compute 5 with 
a convenient set of “‘collision axes.’’ The summation in 
(84) does the averaging over all directions for us. This 
is because ((aa* | h  b8*)) is independent of any magnetic 
quantum number, and hence it will be the same for 
any orientation of the collision. It is easy to see, with 
the help of (80) and (81), that the two-state case of (61) 
and (84) reduces to the one-state case of (28) and (73) 
whenever one of the two components of a line is un- 
affected by the collisions. 
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Photodetachment Cross Section and the Electron Affinity of Atomic Oxygen* 


Lewis M. Branscoms, Davip S. Burcu, STEPHEN J. SMITH, AND SYDNEY GELTMAN 
National Bureau of Standards, Washington, D. C. 
(Received February 14, 1958) 


Experiments and theory on the continuous absorption of radiation by atomic-oxygen negative ions are 
described and discussed. The absorption cross section for photon energies not too near threshold is obtained 
directly from one of the experiments. Theory and experiment are combined to give the cross section in the 
vicinity of threshold and a precise value of the electron affinity of atomic oxygen. The latter result is EA(O) 
= 1.465+0.005 ev. The data are used for computation of the radiative attachment coefficient, and other 


applications of the experimental results are discussed. 


INTRODUCTION 


HE absorption of continuous radiation by the O 

ion leads to the photodetachment of the extra 
electron.!? This process is partially responsible for the 
release of electrons and the destruction of negative 
ions in the sunlit ionosphere,’ and provides a source of 
opacity in certain spectral ranges for high-temperature 
plasmas containing oxygen.‘ The potential astrophysical 
importance of O- absorption is suggested by the 
influence of H~ photodetachment on the solar con- 
tinuous spectrum.’ Comparison of the experimental 
photodetachment cross section with values calculated 
using approximate atomic wave functions and potentials 


* This work was supported in part by the Office of Naval 
Research. 

1H. S. W. Massey, Negative ons (Cambridge University Press, 
New York, 1950), second edition, p. 84 ff. 

2 Lewis M. Branscomb, Advances in Electronics and Electron 
Physics (Academic Press, Inc., New York, 1957), first edition, 
Vol. 9, p. 43. 

3D. R. Bates and H. S. W. Massey, J. Atmospheric and Terrest. 
Phys. 2, 1 (1951). 

4R. E. Meyerott, The Threshold of Space (Pergamon Press, 
London, 1957), first edition, p. 259. 

5 R. Wildt and S. Chandrasekhar, Astrophys. J. 100, 87 (1944). 


may be helpful in the theoretical study of related 
processes less susceptible to experiment, for example, 
elastic scattering of electrons by atomic oxygen.® From 
the photodetachment cross section one can compute 
the radiative attachment cross section by the principle 
of detailed balancing. Radiative attachment provides 
the limiting rate for ion formation at low pressures. 

The photon energy Eo at the threshold for continuous 
absorption from the lowest state of O~ to the lowest 
state of O is equal to the binding energy of the ion and 
hence to the physical electron affinity of the oxygen 
atom. Observation of this threshold then provides a 
direct method for determining the oxygen affinity, 
EA(QO). An accurate value for this affinity is needed 
both for the interpretation of physical processes 
involving O~ and for determination of other thermo- 
chemical constants numerically related to the oxygen 
electron affinity. 

Previous determinations of EA(O) from the photo- 

®L. B. Robinson, Phys. Rev. 105, 922 (1957); Hammerling, 
Shine, and Kivel, J. Appl. Phys. 28, 760 (1957); A. Temkin, 
Phys. Rev. 107, 1004 (1957); T. Yamanouchi, Progr. Theoret. 
Phys. (Japan) 2, 33 (1947). 
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detachment threshold gave the values’:® 1.45+0.15 ev 
and 1.48+0.10 ev. These results are in good agreement 
with determinations based on thresholds for O~ produc- 
tion by electron impact, providing the latter are 
interpreted using the ‘correct molecular dissociation 
energies,’ but disagree with the studies of electron 
attachment at a hot filament.'’"! From NO, Clarke” 
found EA(O)=1.50+0.2 ev, and Kerwin" points out 
that an even more precise value can be calculated from 
the appearance potential for N* and O~ ions in Clarke’s 
data by using /(N)=14.532 ev. This gives EA(O) 
=1.47+0.05 ev. From his studies of CO, Lagergren'® 
finds the appearance of zero kinetic energy C* and O 
ions at 20.95+0.05 ev, implying EA(O) = 1.42+0.05 ev. 

The previous’’* experimental determinations of the 
O- photodetachment cross section suffered from rather 
low wavelength resolution. This limitation was imposed 
by the low signal-to-noise inherent in the experiment, 
which limited the accuracy of the threshold wavelength 
determination and prevented the use of monochromatic 
light to measure the wavelength dependence of the 
cross section. 

The work reported here was initiated when improve- 
ments in the experimental techniques permitted 
independent measurements of the photodetachment 
cross section at different wavelengths and improved 
the accuracy of the measurement of the threshold 
wavelength by more than a factor of ten. The most 
important changes from the instrument described 
previously® are (a) the addition of a high-intensity 
mass analyzer which selects the ions before they enter 
the reaction chamber and (b) the introduction of a 
new optical system using a carbon arc source and band- 
pass interference filters to produce intense mono- 
chromatic radiation. The details of this apparatus will 
be described in a separate publication. 

This paper describes (a) a precision determination of 
the oxygen electron affinity; (b) more reliable measure- 
ments of the photodetachment cross section at short 
wavelengths, to permit a more accurate extrapolation 
into the ultraviolet ; (c) an investigation of the influence 
of the fine-structure splitting in the ground states of 
O- and QO; and (d) a more accurate calculation of the 


7 Lewis M. Branscomb and S. J. Smith, Phys. Rev. 98, 1127 
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8S. J. Smith and L. M. Branscomb, J. Research Natl. Bur. 
Standards 55, 165 (1955). 

*H. D. Hagstrum, J. Chem. Phys. 23, 1178 (1955). 

0 TD). T. Vier and J. E. Mayer, J. Chem. Phys. 12, 28 (1944). 

MM. Metlay and G. E. Kimball, J. Chem. Phys. 16, 744 
(1948). 

2E. M. Clarke, doctoral thesis, Universite Laval, Quebec, 
Canada (unpublished). 

‘8. Kerwin (private communication). 

4 Atomic Energy Levels, C. E. Moore, National Bureau of 
Standards Circular No. 467 (U. S. Government Printing Office, 
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radiative attachment coefficient, which is very sensitive 
to the shape of the photodetachment curve near 
threshold. 


THEORY OF O- PHOTODETACHMENT 
is ?P arising from the con- 
In the photodetachment 


The ground state of O 
figuration (1s)?(2s)?(2p)°. 
process one of the 2 electrons makes an electric 
dipole transition to a continuum orbital, which may be 
designated Ed or Es depending on which of the two 
allowed final angular-momentum states it occupies. 
The correct procedure for calculating the cross section 
for the process 

hv+O-(?P) — O(P)+e 

requires the evaluation of the dipole matrix element 
between the bound and continuum states of a nine- 
electron atomic system. With the simplification that 
the total wave functions may be constructed from an 
appropriate combination of one-electron orbitals, the 
cross section 1s 

a(A) = (16/3)9(R/A) fo(Me+2M .?). (1) 
All quantities are in atomic units; that is, ¢ is in units 
of my", & is the electron wave number in units of 1/(o, 
and X is the wavelength of the incident radiation in 
units of a. The factor fy represents the effect of the 
overlap integral of the core orbitals which remain 
bound in the transition. The radial dipole matrix 
elements are 


x” 


M, -{ P(2p r)rP(Es | r)dr, 


and 


x 


u.- f P(2p\r)rP(Ed|r)dr, 


0 


where P is r times the radial wave function. 

This cross section has been calculated by several 
authors, with results which differ rather widely 
from one another. The nature of these calculations 
will be discussed and compared with the experimental 
results near the conclusion of this paper. 

For the analysis of the present data near threshold, 
it is convenient to know the theoretical shape of the 
cross-section curve in that region. To obtain this, we 
note that the asymptotic forms of the continuum 


16—18 


functions are 


P(Es|r) — k“ sin(kr+np), 


3 
P(Ed\r) > k“ (. 
Rr 


~ ') sin(kr+no) 


3 
—— cos(kr+np) }. 
k 


r 


16D). R. Bates and H. S. W. Massey, Trans. Roy. Soc. (London 
A239, 269 (1943). ; 

17T. Yamanouchi, 
(1940). 

18M. M. 
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Since the atomic potential is short-ranged, we can 
consider an effective range 7) at which the ‘“‘inside” 
solutions are joined to the ‘outside’ solutions given 
above. The s matrix element may be written as 


M.= P(2p\r)rP(Es r)dr 


+k f P(2p r)r sin(kr+no)dr, 


and similarly for M,. In the limit of zero energy the 
Ith phase shift, 7:, behaves" as 


nye tk? (Bo+8ikF-+Bok'+ - --), 


where »; is an integer depending on the number of 
bound states of angular momentum /# that the potential 
can accommodate. If we consider a square well potential! 
of depth D, the ‘“‘inside” solution for the s-wave is 


1 sin(kr+no) 
P(Es r) sink’r, 
k_ sink’ro 
where k”=k?+ (2m /h?)D. If one substitutes this into 
(2), makes the series expansions for the trigonometric 
functions, and performs the integrations term-by-term, 
one finds 


M, — botbike-+bok'+--- 
ky 


A similar treatment of the d-wave yields 


Mam ok? +cookt+-:--. 
k-0 
The limiting form of the cross section near threshold 
becomes 


k 
(ap ta,k?+aok*+ aides | (3) 
k 0 


Expressed in units of the detached electron energy E 
and the threshold photon energy Eo, this becomes 


o > (Ext E)E*(ao'+a;'E+a,)’F+ ---). (4) 


The limiting forms of the dipole matrix elements 
have been obtained above with the aid of a square-well 
potential model, but they can be shown to hold for 
any short-range potential. 

The photodetachment of electrons from atomic 
negative ions is one of the processes covered by 
Wigner’s” general treatment of the threshold behavior 
of reactions having two final products. Since the 
interaction between the final products (e and QO) is 
short-ranged, Wigner’s result for “neutral particles” 
is applicable and gives ¢ — k**! as k—> 0. The dipole 
selection rule for the transition of a bound # electron 

19N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Clarendon Press, Oxford, 1949), second edition, p. 36. 

2” E. P. Wigner, Phys. Rev. 73, 1002 (1948). 
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Fic. 1. Energy levels of O~ and the ground state of atomic 
oxygen. Each transition is labeled with the product of the statis 
tical weights of the initial and final levels. 


requires that /=0 or 2, giving the same limiting depend- 
ence on electron wave number as is obtained in (3). 
Only the coefficients in Eq. (4) depend on the bound- 
state wave functions and potential. The cross section is 
roughly parabolic in the ejected electron energy. 

The expected shape of the photodetachment curve 
at the threshold is complicated by the fine-structure 
splitting of the ground states of both the negative ion 
(?P3;,3) and the neutral atom (*Po,1,2). These levels are 
sketched in Fig. 1. Thus we see that the actual detach- 
ment threshold, O-(??;) + O('P2) occurs at a longer 
wavelength than the transition O-(?P;) > O(P2), 
which corresponds to the oxygen electron affinity. 

To take this splitting into account in the interpre- 
tation of our photodetachment data, we must have an 
estimate of the magnitude of the O~ splitting. We find 
for this 230 cm™', or about 0.026 ev, from a polynomial 
extrapolation of the ground-state splittings of the 
isoelectronic atoms: F, Net, Nat*, and Mg***. In the 
vicinity of 8500A wavelength, this corresponds to 
about 160 A. For the relative population of the two 
ground-state components in our O~ beam, we assume 
a distribution proportional to the statistical weights 
of the states. The analysis of the experimental data 
then provides a numerical factor giving the ratio of the 
actual contribution of the splitting effect to that 
resulting from these rough estimates. From Fig. 2, we 
see that the expected effect of the splitting is small, and 
that it is closely approximated by adding to the detach- 
ment cross section neglecting splitting a small contri- 
bution 160A wide and of magnitude 10/54 of the 
main curve. 
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EXPERIMENTAL DETAILS 


Photodetachment is detected 
measuring the current of electrons which are detached 
when a beam of O~ ions is illuminated in high vacuum 
with intense visible or infrared radiation. The theory 
of the experiment, relating experimental quantities to 


experimentally by 


l 


the cross section, has been published previously. 
Since only relative quantities were measured in the 
present work, it will suffice to use as the basic relation: 


ron 


p 


‘fo A) e(A)T(A)AAX. 


Here P.x, is the experimental photodetachment 
probability per ion, defined as the ratio of electron 
current to ion beam current; @ is the ion velocity; 
o(X) is the photodetachment cross section; ¢(A)dA is 
the unfiltered radiant flux in a wavelength range \ to 
A+d\ at some point of the ion path through the 
radiation, and 7(A\) is the transmission function of an 
optical filter inserted in the light beam. 

In previous studies of O”- photodetachment 


signal-to-noise ratio did not permit the isolation of 


the 


narrow bands of radiation, and it was necessary to 
determine o(A) by solving a family of integral equations 
like (5). 


absorbed or retlected wavelengths shorter than selected 
cutoff wavelengths. With a certain filter 7”(A), 


A number of optical filters were used which 


. 


Pug Z a (A) e(A)THA)AAX. 


The determination of o(A) from data obtained with 
such a tantamount to 
differentiating the data with respect to the cutoff 


sequence of cutoff filters is 
wavelength and requires a very large signal-to-noise 
ratio. It also requires long-time stability of the spectral 
distribution of the source, precluding the use of high- 
intensity carbon arcs. 

In the present experiment 
different applications of Eq. (5), were used to determine 
a(A). The first of these methods is applicable only 
when the cross section is a slowly varying function of 


two methods, using 


wavelength, while the second can be used only in the 
vicinity of threshold. The regions of validity of the 
methods do not quite overlap in the case of O-, but 
a sensible joining of the results can be effected. 


Method I 


For photon energies more than 0.2 ev above the 


photodetachment threshold the cross section changes 
sufficiently slowly that selected bands of radiation, 
about 500A wide, were used to find o(A) directly. 
When monochromatic 


W (A) = g(AVT(A) & 6(A—N’), 


21 1., M. Branscomb and S. J. Smith, Phys. Rev. 98, 1028 (1955 


radiation can be used, one has 
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nment cross 
nsitions depicted in Fig. 1 


ss section, neglecting the toe, is closel 


section hoton et 
The total cr 
by the « 

the separate 


y approximated 


as that of 


urve, which has the same analytic form 


where X’ is the wavelength of the monochromatic light. 
Then Eq. (5) can be altered and rearranged to read 


o(N’) & Pexpv/r\'Wi, 


in which HW, is the measured radiant 
tional to the integral of W(A) over wavelength. If the 
experimental spectral radiant power function, W (A), 
is not precisely monochromatic but o(A) varies linearly 
over the range of wavelength of the filter involved, the 
value of the cross section at the second moment, Ao, 
of W (A) is 


power propor- 


a(A2) & Pexp?/AiW, (8 
where A, is the first moment, 
WA). 

In this spectral 
bolometer. A sheet of clear Corex D glass, placed at an 
angle in the converging beam of filtered radiation, 
reflected about 8°% of the light small 
integrating sphere. The bolometer measured the intensity 


or center of gravity, of 


range IV was monitored by a 


into a white 


of integrated light in this sphere. The entire optical 
system was carefully calibrated to minimize wavelength- 
dependent systematic errors in the radiometry. 
Typical filter transmissions are shown in Fig. 3. 
The wavelength range covered by these filters is 0.4 
to 2.44. With a 30-ampere carbon arc producing a 
1-cmX 2-cm image in an / 
combination transmitting in the visible region of the 
spectrum would illuminate the ion beam with about 
one watt of chopped radiation. About 10-° amp of 


1.5 optical system, a filter 


300-ev OT ions would then produce a photodetachment 
current of the order of 10 amp. The signal-to-noise 
ratio under these conditions is limited by the noise in 
the electron current produced by collisional detachment 
by the residual gas atoms in the reaction chamber, and 
would be about 20 with a typical vacuum of 2X10 
mm Hg. 
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Fic. 3. Curves of transmittance vs photon energy of typical 
band-pass filter combinations of the type used in Method I dis 
cussed in the text. 


Method II 


Very near the threshold (within about 0.2 ev) the 
cross section changes too nonlinearly over the width 
of one of the band-pass filters for (7) to represent a 
close approximation to o(A). On the other hand, the 
spectral distribution of the carbon arc is very nearly 
constant over the narrow wavelength range from 
0.75 uw to threshold. This permits Eq. (6) to be written 


(9) 


Prof tt or fo) T?(A)AdX, 


where ® is the mean value of $(A) in the 0.1- interval. 
The arc intensity is then monitored before the radiation 
is filtered. The filters whose transmittances are shown 
in Fig. 4 are then interposed in the light beam, and the 
negative-ion detachment probability P.xp’ is then 
measured for each of the seven filters. The trans- 
mittances 7’(A) were very carefully measured on a 
Cary spectrophotometer, with special attention being 
given to the effect of internal reflections between the 
filters. 

To find the threshold shape of (A) we must solve 
seven simultaneous integral equations like (9). These 
do not give a unique solution for the cross section, if we 
admit sufficiently complex functions for o(A). Hence, 
we must take certain assumptions if we are to obtain a 
unique experimental determination of the threshold 
shape and wavelength. We assume (a) that the theo- 
retical threshold expansion, Eq. (4), converges suffi- 
ciently rapidly so that it is adequately represented over 
the first 0.1 ev above threshold with a,’ and all higher 
coefficients set equal to zero, and (b) that the extra- 
polated value for the ground-state splitting of O~ is 
adequate. These assumptions lead to the following form 
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of the photodetachment cross section near threshold: 


10 7yB\ {J (Ai—A) |} 
( -)|* | for do<A<) 
s4\ AA 


| Kom 
AoA 
yA, (Ao—A) 
+( yl | for A<Xo, (10) 
r AoA 


in which ¥ is a constant of proportionality, B is a factor 
introduced to compensate for the uncertainty in the 
relative populations of the *P, and *P, states of O-, 
and Ao and 2, are respectively the wavelengths of 
onset of photodetachment from the ?P; and *P, states. 
If more terms of Eq. (4) were used in the construction 
of (10), constants A», As3, etc., would appear corre- 
sponding to a’, a;’, etc. 

As we shall see in subsequent discussion, it is not 
experimentally feasible to determine higher order 
coefficients A», As, etc., from the available data. 
However, we are encouraged by two circumstances to 
use the relatively simple form of Eq. (10). First, all of 
the theoretical calculations of the O~ photodetachment 
cross section have given results which are accurately 
fit by (10) over the first tenth of an electron volt using 
a small value of A, and no higher coefficients. Secondly, 
if the actual cross section cannot be approximated by 
this threshold form, the statistical analysis of the data 
would reveal this fact. But, as will be seen, values of 
the parameters can be found for which (10) is in 
excellent agreement with the data. Should some 
theoretical evidence be developed that the curve should 
have a more complex structure at threshold, the experi- 
mental data can be used to test the acceptability of the 
proposed shape. 
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FILTERS USED TO DETERMINE OXYGEN AFFINITY 
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Fic. 4, Curves of transmittance vs photon wavelength of filter 
combinations used in Method IT discussed in the text. 
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RESULTS AND DISCUSSION 
Results from Method I 


The values of the O~ photodetachment cross section 
obtained with the band-pass filters are shown as points 
in Fig. 5. Each point is the average value obtained 
from a number of measurements with a band-pass 
filter, and the associated error bar shows the root- 
mean-square deviation of the measurements from the 
average value for that band-pass filter. The results do 
not demonstrate the existence of structure. The dashed 
line is the most reasonable curve for the cross section. 

The experiment as performed gives relative values 
of cross section. These were put on an absolute scale 
for presentation in Fig. 5 by comparison of the data 
with the absolute integrated cross sections previously 
measured.* In the earlier experiment the detachment 
probabilities from O~ were measured by using radiation 
from a 1-kw wolfram projection lamp filtered with a 
series of Corning sharp-cutoff absorption filters. There 
the proportionality in Eq. (5) was made an equality 
by absolute measurement of the spectral radiant flux, 
the ion velocity, and the geometrical constants. We 
now introduce the presently obtained relative cross 
section into the integrals [Eq. (5) ] corresponding to 
the several filters used in the earlier experiment. The 
normalization factor which makes these integrals equal 
to the previously measured detachment probabilities 
then serves to put the present measurements on an 
absolute basis. 

To provide a check on the normalization, we made 
an experimental measurement of the ratio of photo- 
detachment probabilities of O~ and D~ with a narrow 
band-pass filter centered at 5375 A. This ratio is 
0.20+0.03, giving o(D~)=(3.18+0.48)K10-"" cm’. 
This result is consistent with both the theory of 
Chandrasekhar” (o0=3.59X10-'" cm?) and that of 
Geltman® (¢=3.38X10-'? cm*) at this wavelength. 
This agreement between an experimentally measured 
value of ¢(D~) and a value given by a theory for which 
the integrated cross section has been shown previously 
to be correct” indicates the correctness of the procedure 
used in normalizing the relative o(O~) data to an 
absolute scale. 


TABLE I. Experimental photodetachment probabilities. 


Pexp 
(P*+AP") 


Filter 


E 1.665+0.023 
F 1.000+0.015 
M 0.503+0.009 
D 0.415+0.007 
H 0.142+0.004 
J 0.053+0.003 
K 0.037 +0.002 


* S$. Chandrasekhar, Astrophys. J. 102, 395 (1945). 
3S. Geltman, Phys. Rev. 104, 346 (1956). 
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Fic. 5. Photodetachment cross section of atomic-oxygen 


negative ions vs photon energy. The dotted line is drawn to pass 
through the points which were obtained by Method I described 
in the text. The solid line was deduced by making use of Method 
II. The small projection at the threshold region is due to the 
assumed splitting in the ground state of O-. 


Results from Method II 


The electron affinity and the cross section between 
threshold and 1.575 ev were determined from the 
second method described in the section on experimental 
details. Table I shows the experimental probabilities 
resulting from use of the filters whose transmittances 
are depicted in Fig. 4. Since these data were analyzed 
by statistical methods, some description of the pro- 
cedure for assigning errors is pertinent. The data of 
Table I were collected in two runs on separate days, 
between which the equipment had been totally shut 
down. In both runs the filters were used in a cyclic order 
designed to reveal any systematic variation of experi- 
mental conditions. In the first run each filter was used 
five times. The results for each filter were averaged 
and the unweighted standard errors of the mean were 
calculated. In the second run, each filter was used to 
make a group of from one to seven measurements 
taken in immediate succession. Five such groups were 
obtained for each filter. The group averages and mean 
deviations were computed. The average over groups was 
then calculated for each filter and the standard errors 
were obtained from the group mean deviations 
weighted by the number of measurements constituting 
the group. Finally, the results of the two runs were 
averaged and the square root of the sum of the squares 
of the standard errors for the two runs was attached 
as the error, AP". 

The factors which multiply y, yAi, and yB in Eq. 
(10) were calculated for five values of Xo in the neighbor- 
hood of 0.845 uw (1.467 ev) and for a range of \ from Ao 
to 0.700 uw. Each case of Eq. (10) so calculated was then 
multiplied by and the seven filter transmittance 
curves. Each resulting function was integrated, as 
indicated by Eq. (9), by the use of Simpson’s rule 
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with intervals of 0.005 u. A set of seven “‘theoretical”’ 
probabilities for photodetachment, 


pi=yFo'+yAFi'+yBF,’, (11) 


was thus obtained for each Ao. Here the three F’s result 
from the A integrations over the three terms of Eq. 
(10). The problem was now continued by machine 
methods. A least-squares adjustment of the p' to the 
experimental probabilities P‘ was performed for each 
value of Ao. The results of the adjustment were the 
values of y, yAi, and yB giving the best fit at each 
Ao, and the standard error S(Ao) of the fit. The quantity 
S(Ao) is defined by . 


1 n 2 
s-(4_$ 1)! 
u—M =! 


where the 6; are the deviations of the p‘ from the P', 
w,; are the weights used in the calculation [w;=10~° 
(AP*)*], 2 is the number of data, and m is the number 
of constants to be determined. Since the weights are 
proportional to the squares of the reciprocals of the 
experimental errors, the experimental quantity to be 
compared with the S(\o) values is 


1 n } n b 
Saq=|— : (10 9] -(- - ) x10 3 
n—m 1 n—m 


Figure 6 is a plot of S(Ao) for several programs of 
computation. Figure 6(a) indicates the result when 
A,=0 is entered as input information. In this case 
n=7 and m=2, whence S.xp=1.18X10™. S(Ao) has a 
minimum in the region of 0.847 u but is everywhere 
larger than S.x,. Therefore a nonvanishing value for A, 
must be used. To obtain Fig. 6(b), A; also was allowed 


to vary. 
Now m=3 and Sexp=1.32XK10~*. We see that the fit 
is greatly improved and that all values of Ao between 
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Fic. 6. Variation with onset wavelength A» of standard error 
of fit of Eq. (10) to data of Table I for three programs of compu- 
tation: (a) A;=0; (b) A; determined by fit; (c) same as (b) but 
with data of filter E deleted. In each case the dashed line repre- 
sents the experimental error. The part of the curve to the right 
of the vertical bars corresponds to the physically excluded condi 
tion B<0. 
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0.845 and 0.8504 can be consistent with experiment. 
From this fit the best values of A; and B are determined 
to be — 2.7 u and 0.06 (dimensionless), respectively, at 
Ao=0.8475 uw. This value of A;, however, gives a 
maximum for Eq. (9) at AX~0.75 uw while the point-by- 
point data indicate a decreasing cross section. 

It may be seen from Fig. 4 that a considerable part 
of the area under the transmission curve for filter E lies 
above an energy greater than 0.1 ev above threshold. 
To check the effect on the data of filter E, the calcu- 
lation was reprogrammed with weight zero given P¥. 
The result is depicted in Fig. 6(c) and it is clear that 
P® is relatively unimportant in determining Xo, since 
all values of the latter between 0.845 and 0.849 uw are 
capable of satisfying the experimental data. However, 
the fit for Ao greater than 0.847 uw is best for negative 
values of B, which are physically inadmissible. Accord- 
ingly, we take the best value of Ao to be the midpoint 
of the remaining acceptable interval, \)o=0.846 wu. 

The restrictions imposed by requiring B20 and 
S(Ao) Sexp give limits of error on Ao of ~0.001 yu. 
However, it must be remembered that Eq. (10) is an 
approximation and the inclusion of more terms may 
give larger limits between which Ay may vary. We do 
not expect the width of the acceptable range of the 
S(Ao) curve to increase appreciably, provided experi- 
mental errors in determining the coefficients of terms 
added to (10) are not important (see below). Neverthe- 
less, we prefer to extend the limits of error of Xo to three 
times the value given above, feeling that this should 
allow for all contingencies. Accordingly, our result for 
the threshold wavelength is 


Ao =0.846+0.003 yu, 
EA(O) = Eo=1.465+0.005 ev. 


An attempt to refine the calculation further by 
appending a term (yA2/A)[(Ao—A)/AcA]! to the part 
of Eq. (10) valid when \<Ao was made, but the results 
did not constitute an improvement. In order that the 
extra term be sufficiently accurate to warrant its use 
in determining Ao, the transmissions of some of the 
filters must be known accurately in regions where they 
are as small as 0.01%. Also, the requirement that 
another parameter be determined raises S.x) more than 
S(Ao); all values of Ao between 0.840 and 0.850 4 can 
be consistent with the experiment provided sufficiently 
extreme values of A, A», and B are used. At \y=0.846 pv 
the best fit occurs with 4;=—4.2u, 42=10.7y?, and 
B=0.3. Equation (10) with the extra term added and 
with these values for the parameters is plotted in Fig. 5 
(solid line) where it has been normalized to fit smoothly 
into the point-by-point data. 

In summary, we find an electron affinity of 
1.465+0.005 ev, and a photodetachment curve of the 
general form given in Fig. 5. In the threshold region we 
find the data consistent with the expansion of Eq. (4), 
with a,’ negative and the signs of subsequent terms 
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alternating. The effect of the fine structure is small, 
and we have only shown that B is less than one. It has 
been necessary to include the effect in the analysis; 
otherwise the accuracy of the affinity determination 
would have been overestimated. 


Comparison of Experiment with Theory 


The O~ photodetachment cross section has been 
evaluated by several authors'®'* over the region of 
wavelengths covered by the present experiment. The 
results of the two older calculations were presented on 
the basis of an electron affinity of oxygen of 2.2 ev.! 
It is very simple to correct their results to the present 
affinity of 1.465 ev, since the matrix elements depend 
only on the total electron energy (or photon energy 
above threshold) and not on the photon wavelength. 
These affinity-corrected theoretical curves and the 
experimental curve are plotted in Fig. 7. The large 
divergence of the three calculated curves, both with 
respect to shape and magnitude, indicates how sensitive 
their results are to the approximate wave functions 
used. Thus, it is worth brietly reviewing the underlying 
approximations in each of the calculations. 

Both Yamanouchi"? and Bates and Massey'® use the 
O~ Hartree-Fock function for P(2p |r); hence the effect 
of exchange between the bound electrons is included. 
Bates and Massey’s P(£s r) is a solution of the radial 
wave equation with exchange using the Hartree-Fock 
field of O in the *P state plus a polarization-type 
potential based upon a calculated polarizability of O. 
Yamanouchi obtains P(Es\r) using a Hartree-Fock 
field which has been averaged over the *P, ‘D, and 1S 
states which arise from the ground configuration of O. 
The difference between the *P and the mean Hartree- 
Fock field is insignificant. These two calculations use 
fc&0.9, and P(Ed'r) is obtained from the d radial 
wave equation without exchange. 

The approach of Brueckner and Klein'* is to employ 
an oxygen atom potential consisting of the Hartree- 
Fock field plus a polarization field with a polarizability 
parameter adjusted so as to yield a bound p level, of 
binding energy 1.45 ev.’ The polarizability determined 
in this way agrees surpisingly well with the previously 
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Fic. 7. Comparison of experiment with various theories 
for the photodetachment cross section of O-. 
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calculated'® value of this parameter for the oxygen 
atom. The ground and P(Es/|r) continuum radial 
functions are both calculated from this potential and 
all effects arising from the core electrons are ignored, 
i.e., fo=1. P(Ed'r) was approximated by the corre- 
sponding field-free radial function. This approach has 
the advantage that the length, velocity, and accelera- 
tion forms of the dipole matrix element are equal.” 
Exchange is not explicitly considered in the Brueckner 
and Klein calculation, but it may be implicitly ac- 
counted for (in bound states) by the requirement that 
the potential yield an eigenvalue at the observed 
binding energy. 


Radiative Attachment to Oxygen Atoms 


The principle of detailed balancing™ provides a 
means of determining the radiative attachment cross 
section from the photodetachment cross section. The 
radiative attachment coefficient, defined as the product 
of electron velocity and attachment cross section, is 
given as 


a=58.07E-}(E+ Eo)? (g_/go)ouer(E), (12) 


where E is the electron energy, Eo is the energy with 
which the electron is bound in the ion, g- and go are the 
statistical weights of the ground states of ion and atom 
respectively, and oaet(EZ) is the photodetachment cross 
section expressed as a function of energy of the detached 
electron. The quantities E and £p are in electron volts 
and oget(£) in cm”. 

As discussed earlier, the ground state of O~ is split 
into two components with J values of } and 3, while 
there are three components of the ground state of the 
neutral atom, 0, 1, and 2. The statistical weights are 
2 and 4 for the states of O~ and 1, 3, and 5 for the 
states of O. Now earlier it was assumed that, except for 
the small toe appended to the main part of the curve, 
the total photodetachment cross section combining all 
transitions between the different levels could be closely 
approximated by a single smooth curve with the same 
analytic form. The assumption is equivalent to neglect 
of the splitting for the region of the curve at photon 
energies above Eo. The values of g are then the sums 
for atom and ion; go=9 and g-=6. Neglect of the 
attachment from the lowest state of O into the upper 
state of O~ for electrons of energy less than the splitting 
of the levels will cause an error of the same order as 
that introduced by the assumption discussed above. 
The effect of the toe was therefore deleted in the 
calculation of a. 

The result of a calculation of (12), using 3 for g_/go 
and the composite curve of Fig. 5 for the photo- 
detachment cross section (neglecting the toe), is given 
in Fig. 8. Note that the abscissa of Fig. 5 is photon 

* J. D. Jackson, National Research Council Report No. 2610, 


Chalk River, Ontario, 1951 (unpublished), p. 2ff 
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Fic. 8. Coefficient of attachment of electrons to 
oxygen atoms ts electrons energy. 


energy and must be converted to electron energy (by 
reduction by 1.465 ev) for use in Eq. (12).?5 

If the limiting form for cae from Eq. (4) with a 
proportionality constant 8 be used in Eq. (12), the 
attachment coefficient may be written 


a= 38.718(E+ Eo) 1+0.807A ,E 


+ (0.807)2AsE?---]. (13) 


With our normalization and values for A;, As, and Eo, 
the constant of proportionality of Eq. (4) is 8=1.08 
X10-" cm?. At E=0, 


a=38.71BE. =1.31X10- cm? sec. 


If Eq. (13) be differentiated, the initial slope is found 
to be 


(da /dE) peo = 38.71BE¢?( 3+0.807A 1Eo) ( 14) 


and, for our values of 8 and Eo 


(da/dE) g-o=0.879(3+1.182A 1) 

X10-' cm’ sect ev. (15) 
It will be observed that the initial slope is quite sensi- 
tive to the value of A;, the logarithmic slope 
(1/a)(da/dE)|\z.0 having the value zero, for <A, 
= — 2.54 yw, and —1.34 ev for our value of Ay= — 4.2 uy. 

For purposes of calculation of upper atmosphere 
formation of O-,”*** we have calculated the tempera- 
ture dependence of the mean radiative attachment 
coefficient for oxygen atoms in a gas of electrons with a 
Maxwellian distribution. The result of this calculation 
is displayed in Fig. 9. 

2» We wish to call attention to an error in the presentation of a 
curve of a published previously. In Fig. 10 of the article in reference 
8, and in Fig. 8 of the article in reference 2, curve A should be 
moved to the left by 1.48 ev and the portion of the curve which 
then lies in the negative-energy region should be deleted. 


26... M. Branscomb and S. J. Smith, Trans. Am. Geophys. 
Union 36, 755 (1955). 
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CONCLUDING REMARKS 


There are numerous applications of the results of 
this experiment to associated problems of physics. 
We shall mention briefly only four: the determination 
of EA(C), calibration of appearance-potential scales in 
mass spectroscopy, the midday concentration of O~ in 
the upper atmosphere, and the rate of production of 
O*(!S) and O*('D) by photodetachment in the upper 
atmosphere. 

Lagergren'® has determined experimentally a relation 
between the electron affinities of carbon and oxygen: 


EA(O)—EA(C) =0.35+0.05 ev. 
Making use of the value of EA(O) given above, we find 
EA(C)=1.12+0.05 ev. 


The appearance potential for an ion produced by a 
certain reaction is defined as the minimum electron 
energy required to produce the ion in an electron- 
molecule collision. Mass spectroscopic studies of 
negative ions have been hampered by a paucity of the 
spectroscopic data needed to establish a calibration 
of the equipment used in such studies. One of us?’ has 
prepared a note which explains in detail how the value 
of EA(O) reported above may be combined with other 
spectroscopic data to provide a calibration of negative- 
ion appearance potential scales using thresholds for 


ion pair formation in CO, NO, or Os. 


The mean attachment coefficient & 


shown in Fig. 9 
can be utilized along with models of the upper atmos- 
phere*** and data on electron densities obtained by 
vertical radio soundings” to obtain the rate of produc- 
tion of O~. The results indicate that the rate is greatest 
at heights of ~100 km above middle latitude at noon 
on a summer day when its value is ~90 cm™ sec’. The 
photodetachment cross section shown in Fig. 5 can be 
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Fic. 9. Mean attachment coefficient vs temperature in atomic 
oxygen for a Maxwellian distribution of electron energies. 

27 L. M. Branscomb (to be published). 

25 Kallman, White, and Newell, J. Geophys. Research 61, 513 
(1956). 

* M. Nicolet and P. Mange (private communication). 

® Tonospheric Radio Propagation, National Bureau of Standards 
Circular No. 462 (U. S. Government Printing Office, Washington 
25, D. C., 1948), p. 38 ff. 
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combined with data on the solar flux* to calculate the 
rate at which this process destroys O~ in the atmosphere. 
The rate is found to be p~1.4 per negative ion per 
second at noon. If photodetachment is the dominant 
process of those responsible for destruction of O~ in the 
upper atmosphere, then, under steady state conditions, 
the density of O~ is 


n(O-)~64 cm=3, 


at the location and time described above. 
Radiation from the upper atmosphere resulting from 
the processes 
O*('S) — O*('D)+hy, 
O*('D) — OCP)+hy, 


has often been observed.” Photodetachment of the 
atomic oxygen ion may help provide the population of 
excited states in twilight periods. Multiplying the 
right side of Eq. (1) by the ratio of statistical weights 
of OP) and O*('S) or O*('D) alters the equation to 
make it appropriate to the processes resulting in the 
excited states of the atom. The product fo(M,?+2M.’) 
for O-— O('P) can be calculated from the data 
displayed in Fig. 5. A knowledge of the energy differ- 
ences between the excited and ground states of the atom 
from spectroscopic data then allows computation of the 
cross sections for the processes giving the atoms in 
their excited that 
fo(M2+2M,’) does not change appreciably from its 


states, provided we assume 


ground-state value. These cross sections are plotted 
in Fig. 10. In combination with the data on solar 


31) Smithsonian Physical Tables (Smithsonian Institution, 
Washington, D. C., 1954), p. 722. 
2S. K. Mitra, The Upper Almosphere (Royal Asiatic Society of 


Bengal, Calcutta, 1947), first edition, p. 470. 
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Fic. 10. Photodetachment cross sections vs photon energy for pro- 
cesses leading to different final states of the oxygen atom. 


flux®* we find, again at noon, 


p(1S) =0.78X 10-4(negative ion) sec", 
p(!D) =0.77 X 107 (negative ion)~! sec. 
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Theory of Line Broadening in Multiplet Spectra* 
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A theory of line broadening in the impact approximation is de 
veloped which includes the case of overlapping lines. It is assumed 
that the collisions which give rise to the broadening do not cause 
transitions between states with different principal quantum 
numbers. The theory has been worked out in detail in two cases: 
(1) the broadening arises only from perturbations of the upper 
state with arbitrary splitting of the substates. This approximation 
may be used if the perturbations of the lower state are relatively 
unimportant (e.g., the higher series members of the Balmer lines), 
and is exact if the perturbations do not affect the lower state as 
in the case of the ground state of hydrogen perturbed by electron 
collisions; (2) complete degeneracy of the initial and final states. 
This approximation is also valid on the far wing of the line if 


INTRODUCTION 


HE shape, width, and shift of spectral lines depend 
upon the environmental conditions under which 
they are formed. If the theory of line broadening can 
be developed to the point where one can make reliable 
quantitative calculations of the frequency distribution 
in spectral lines such environmental parameters can be 
measured spectroscopically. This is one of the methods 
employed for analyzing the structure of stellar atmos- 
pheres where line profiles can be used to measure such 
things as ion and electron densities, excitation tempera- 
tures, and the relative abundance of the elements. The 
Balmer lines of hydrogen are particularly useful in 
these determinations. Laboratory measurements of line 
profiles are important in a variety of applications. With 
an adequate theory one can learn something of inter- 
molecular and interatomic forces, or if the interactions 
are known then spectral lines can be used for diagnostic 
purposes. In recent years experiments in high-tempera- 
ture physics and, in particular, controlled fusion re- 
search have been hampered by a shortage of reliable 
spectroscopic methods for measuring plasma densities. 
This work was motivated by these various problems 
and expecially by high-temperature experiments at 
Kiel and Michigan by W. Lochte-Holtgreven and O. 
Laporte and their co-workers. Both of these groups 
found that electrons as well as ions must be taken into 
account in describing Balmer line profiles, in contrast 
to earlier work where it was thought that the electrons 
could be neglected. In the Kiel experiments,’ a water- 
stabilized arc was used to produce a plasma in which the 
Balmer lines were spectroscopically analyzed. The total 
* Jointly supported by the U. S. Atomic Energy Commission 
and the Office of Naval Research. 
1G, Jiirgens, Z. Physik 134, 21 (1952). 
2H. Griem, Z. Physik 137, 280 (1954). 
3 W. D. Henkel, Z. Physik 137, 295 (1954). 
4P. Bogen, Z. Physik 149, 62 (1957). 


there is splitting, i.e., for frequencies large compared to the 
splitting, and is a generalization of Anderson’s theory. The formal 
theory is worked out by two different methods. The method of 
calculation for nearly degenerate initial and final states with 
splitting is indicated. Method I is particularly suited for calculat 
ing the wing distribution while Method II is more suitable for 
finding the intensity distribution at the line center for overlapping 
lines. The line profile is made up of a sum of dispersion profiles 
and asymmetric terms which arise from interferences when the 
transition operator is not diagonal. The shift and half-width 
parameters are found from the roots of a secular equation and 
depend on the splitting as well as the density, temperature, and 
the character of the perturbation. 


pressure was one atmosphere and the temperature was 
measured (~12000°K) from the Balmer line intensi- 
ties. The chemical composition and degree of ionization 
were then calculated from the Saha equation. Thermal 
equilibrium was indicated since temperatures measured 
from several lines as well as the continuum were in 
agreement. One of us tried to describe these results 
theoretically by taking into account the influence of 
both ions and electrons.’ Later, at Michigan,’ plasmas 
were obtained by means of a shock tube in which tem- 
peratures and densities can be calculated from the 
theory of shock waves and measured velocities. The 
experimental results were in essential agreement with 
those obtained at Kiel. A theoretical analysis showed 
that the electron broadening of the Balmer lines was 
of the same order as the ion broadening.* This theory 
was restricted to the line wing. Present experiments at 
NRL’? showed again the shortcomings of available 
theories of line broadening by ions and electrons in a 
plasma and the urgency of a more adequate theory. 

In many of the problems of practical interest we have 
to deal with overlapping lines in which the initial and 
final states are nearly degenerate, i.e., there is a splitting 
of the atomic substates which may be comparable to 
the line widths. The splitting may be a property of the 
unperturbed atom or molecule in question, or it may 
be caused by external fields or by the electric fields of 
slowly moving ions in a plasma. There is no theory of 
overlapping spectral lines that is applicable to the 
general situation of interest here. We shall not make an 
attempt to review the extensive literature in the field 


5E. B. Turner, dissertation, University of Michigan, 1956; 
University of Michigan Engineering Research Institute, ASTIA 
Document No. AD 86309 (unpublished). 

6 A. C. Kolb, dissertation, University of Michigan, 1957; Uni- 
versity of Michigan Engineering Research Institute, ASTIA 
Document No. AD 115040, (unpublished). 

7 McLean, Griem, Kolb, and Milligan (unpublished). 
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of line broadening, but shall limit ourselves to a brief 
discussion of theoretical work which has a bearing on 
the immediate problem and which has already removed 
some of the major difficulties. 

The classical impact theory was developed by 
Lorentz,* who considered that the broadening was due 
to the interruption by collisions of a wave train that is 
unperturbed during the time between collisions. These 
interruptions were assumed to destroy completely the 
coherence of the radiation. This is the classical basis of 
more recent “strong theories.’ These 
theories yield dispersion profiles with line widths that 
are essentially equal to the frequency of collisions. 
Holtsmark" also approached the problem from a 
classical point of view, but assumed that a static en- 
semble of perturbing particles shifts the frequency of a 
spectral line and that the resultant line profile is found 
static configurations. 


collision” 


by averaging over different 
Margenau"” and Kuhn" later generalized the Holtsmark 
statistical theory and established criteria for the under- 
lying assumptions. At about the same time, Weisskopf" 
gave a physically more satisfactory impact theory in 
which the collisions were assumed to cause broadening 
by changing the phase of the emitted radiation. This 
theory suffered, however, from the ad hoc assumption 
that only phase changes greater than a certain phase 
shift of order unity were an important source of broaden- 
ing. This assumption is certainly false for broadening 
due to a succession of weak collisions, i.e., electron 
broadening of the Balmer lines. In 1939 and 1940, 
Spitzer'® attempted to synthesize the impact and sta- 
tistical theories and found that they both follow from 
a single formalism. He derived criteria for the validity 
of the impact theories and also recognized that collision- 
induced transitions, in addition to phase changes, cause 
broadening. This theory was limited to the case where 
only the upper state is degenerate and to the line wing, 
but was later generalized for the case when the final 
state is also degenerate.® It was shown that Spitzer’s 
conclusion that electron broadening is not important 
for the broadening of Lyman a needed modification. 
Improvement of the phase-shift theory followed as a 
result of the work of Lindholm,!® Burkhardt,'’? and 
Foley'* who gave formulas for the width and shift of 
spectral lines with the general perturbation Aw =C/r"(f). 


8H. A. Lorentz, Proc. Acad. Sci. Amsterdam 8, 591 (1906). 

®R. Karplus and J. Schwinger, Phys. Rev. 73, 1020 (1948). 

10 J. H. Van Vleck and V. F. Weisskopf, Revs. Modern Phys. 
17, 227 (1945). 

1H. Holtsmark, Ann. Physik 58, 577 (1919); Physik. Z. 20, 
162 (1919); 25, 73 (1924). 

2H. Margenau, Phys. Rev. 40, 387 (1932); 48, 755 (1935); 
82, 156 (1954). 

13H. Kuhn, Phil. Mag. 18, 987 (1954); Phys. Rev. 52, 133 
(1937). 

4 V. Weisskopf, Z. Physik 75, 287 (1932). 

18 L. Spitzer, Jr., Phys. Rev. 55, 699 (1939); 56, 39 (1939) ; 58, 
348 (1940). 

16 E. Lindholm, Arkiv Mat. Astron. Fys. 32A, 17 (1945). 

17 G. Burkhardt, Z. Physik 115, 592 (1940). 

18H. M. Foley, Phys. Rev. 69, 616 (1946). 


MULTIPLE? SPEC TRA 

These authors, however, neglected the effect of collision- 
induced transitions (nonadiabatic effects) and used 
interaction constants, C, calculated from the energy 
shift for static perturbations. These more general phase- 
shift theories were improved by Anderson” in 1949 
with the inclusion of nonadiabatic effects for completely 
degenerate initial and final states, i.e., no splitting. 
This theory was applied to the microwave and infrared 
region and follows with some specialized assumptions 
from our treatment. Later Margenau, Bloom, and 
Kivel” treated adiabatic and nonadiabatic effects in 
the broadening of hydrogen lines by electron impact 
using the Born approximation, but neglected the ion 
field splitting of the normally degenerate hydrogen 
energy levels. 

It appears, therefore, that a general impact theory for 
overlapping lines which takes into account both phase 
shifts and nonadiabatic effects is still lacking. The 
theory presented here is an attempt in this direction 
and is not restricted to first-order perturbation theory 
for the individual collisions. With these results one can 
compute the shift and half-width to any desired order 
in the perturbation. Application of these results to lines 
of hydrogen and helium broadened at high temperatures, 
whether subject to a linear or quadratic Stark effect, 
will be the subject of a subsequent publication. The 
electrons will be treated according to the present theory 
while the action of the more slowly moving ions is well 
described by the statistical theory for hydrogen-like 
atoms if, at high densities, the correlation between the 
ions is taken into account.”)* It may be remarked that 
the result derived by one of us® for the wing intensities 
of the Balmer lines agrees with the more general results 
of this paper, which apply to the whole profile for arbi- 
trary splitting, half-width, and shift. 


GENERAL FORMULATION 


The spectrum of dipole radiation emitted by a quan- 
tum-mechanical system is given by the thermal average 
of the trace of the Fourier transform of the dipole- 
dipole correlation function, 


(1) 


1 x 

J (w)=Tr | dle ~‘puliu(0) 
) 
- x ar 


Here, p is proportional to the density operator and y(t) 
is the dipole moment operator at the time ¢. The sub- 
script 7 denotes the thermal average. We now focus our 
attention on multiplet spectra where the perturbation 
energy \V(¢) is small compared to the unperturbed 
energy of the radiating system. In that case we can 


Pp. W. Anderson, dissertation, Harvard University, 1949; 
Phys. Rev. 76, 647 (1949). 

* Kivel, Bloom, and Margenau, Phys. Rev. 98, 495 (1955). 

*1G. Ecker, Z. Physik 149, 254 (1957). 

* Q. Hoffman and O. Theimer, Astrophys. J. 126, 595 (1957). 

*3 J. Van Kranendonk, dissertation, University of Amsterdam, 
1952 (unpublished). 
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approximate p by 
p= eB (HO+V (t)) ig BHO, (2) 
where 8-'=kT and H, is the unperturbed Hamiltonian 
describing an isolated radiator. 
The dipole operator y(t) can be written in terms of 
the transition operator as 


u(t)=Tt(t,0) exp(iHot/h)y(0) exp(—iHot/h)T(t,0). (3) 
The operator 7(¢,0) satisfies the Schrédinger equation 
ihdT /dt = V(t)T, (4) 


where V(t) is the perturbation Hamiltonian in the 
interaction representation, 


V(t) =exp(iHot/h)V (t) exp(—iHot/h); (5) 
and 71(t,0)=T~'(¢,0) is the operator adjoint to T(t,0). 
The quantity Ho+ V(t) is the Hamiltonian of a radiat- 
ing system perturbed by interactions with surrounding 
particles. These interactions cause transitions among 
the eigenstates of Ho and result in a broadening and 
shift of the normally sharp spectral lines. 

For a statistically stationary distribution the thermal 
average depends only on the time interval |f|. It 
follows that the spectral intensity can then be written 
in the more convenient form 


x 


J(e)=Re Tr f dt e-PHo-iwt{u(t)u(O)}r. (6) 


This result also follows directly without statistical 
arguments if one works in a representation where the 
unperturbed dipole moment yu (0) is real, i.e., in the 
coordinate representation. The thermal average is 
taken over the perturber trajectories which we treat 
here in the classical path approximation. However, the 
formalism developed here can be generalized without 
difficulty to treat the perturbers quantum mechani- 
cally also, if necessary. 
METHOD I: CALCULATION OF THE 
CORRELATION FUNCTION 


At the initial time /‘=0, the time development 
operator is taken to be unity: 


T(0, 0) =1. (7) 


We now compute 7(/,0) under the assumption that the 
broadening arises from a succession of collisions occur- 
ring at random times /; (impact approximation). 7 (1,0) 
after the first collision is denoted by Te,(t,) and is 
found from the iterated solution of the Schrédinger 
equation (4): 


ae Oe | Hy : 
To\(t;) =>. LEO exp (in) f PPe 
n=0 n! (ih)" h - 


7 " Hy 
fe Voy(71)* ++ Voiltn)dry- > -dT, exp(-i—), si 


AND H. 


GRIEM 


where 


~ Ao Ho 
Voy( Tn) ~exp( irs) Vou(Tn) exp —i ~), 
hh h 


and Vo;(t—t,;) is the interaction Hamiltonian for the 
first collision. P,, is the chronological operator.* 

The time development operator after many collisions 
is found by using the result of the first collision as the 
initial condition for the next and so on, 


T(t,0)= [I To;(t;)=I], To;(t,;). (9) 


tj=0 


The dipole-dipole correlation function is therefore 


{u(t)u(0)}r={Lexp(—7Hot/h)[] To; (t;) ]tu (0) 


Xexp(—iHot/h)[];To;(t;)u(0)}r. (10) 


We now calculate the trace for multiplet transitions 
between initial states (a,a) and final states (0,8). The 
Greek letters refer to quantum numbers describing the 
substates of a radiating system with principal quantum 
numbers denoted by Latin letters. For simplicity, we 
suppress the Latin indices in the bras and kets: 


a,a)= (Qa), 


b,B)= |B). 


(11) 


In the following analysis the low-frequency radiation 
due to transitions (a,a’) — (a,a’’) and (6,8’) — (6,8’’) 
is not considered. This radiation lies in a different part 
of the spectrum and will not interfere with radiation 
arising from transitions between states with different 
principal quantum numbers. In addition, the approxi- 
mation is made that the collisions do not cause transi- 
tions between substates corresponding to different 
principal quantum numbers. This means we neglect 
quenching due to collisions. With these approximations, 
that is 


(a’|u(0) |a’’)=0, 
(8’\u(0) |B’) =0, 


the spectral intensity becomes, on writing out the trace 
with hw— (Eqn — Eg) =hAwas’, 


(a’ | T (1,0) |B’) =0, 


J ap(w) = Re > 
a’ a’ B'B’’ 


X {(a" | TT; *(t;) |a’”)(a’” | u (0) | 8’) 
X (8 | TL; e;(t;)|8")(8"" |u(0) |a’)} r. 


We now decompose the transition operators To;(t;) 
into a set of operators T.;*(t;), To;*(t;)- - - which operate 
in the subspaces of a, 6, c---, respectively. This follows 
from the physical assumption that the transition opera- 
tor does not have matrix elements connecting states 


%F, J. Dyson, Phys. Rev. 75, 486 (1949); 75, 1736 (1949). 


exp( —8Ew) f dt exp(— Awa’'g’t) 


(13) 
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with different principal quantum numbers. We have, 
therefore, 
(a’ | T7;*(t;) |B’) =0, 
(a’ | To;>(t;) |B’) =0, 
(a! | To;>(t;) |a””) = To;(t;)ba'a’’, 
("| To ;*(t;) B”\= To ;*(t;) 597g". 


(14) 


The thermal average is now 


{(a" | T]jTo;"(t,) |a”)(8" | TT oj(t)) |B") }r 


= {(a'| (8’ | [];To;*t(t;)To;*(t;) |B") |a"’)}r. (15) 


The probability that there are n; collisions of the 
type o; with a probability P(¢;)do; in the time interval 
dt; is given by the Poisson distribution 


1 
[ N0;P(o;)do,dt; |" exp(—N0;P(o;)do,dt;) (16) 
n;! 


where 2; is the velocity of the jth perturber and V is 
the number of perturbers per unit volume. With this 
weight function, the thermal average (15) is given by 


Y (a’| 8’ TT Wy T2,2*(t;) To,°(t;) "| B") |e”) 


=o’ (sv exp} V [ P(,)ode, 
| 
x f afro )ToMt)—1)] 5”) a"), (17) 


where we have replaced the sums over the collision 
parameters by integrals. 
To simplify the notation, we define a new operator 


aslt) =N f Plo)edoL Tot) To;(t;)—1]. (18) 


In terms of this operator, the thermal average (17) is 
now 


t 
{ Jr= (a! (a exo| f ai) 3") a’). (19) 


By expanding the exponential in a power series and 
taking matrix elements, one can show that the diagonal 


elements are given by 
diagonal{ }r=(a’ | (8’| exp(®.»(0)t) |B’) |a’). (20) 


The general formula for the spectral intensity with 
(19) is 


J p(w) = Re a 
a’a’’B’B’’ 


| « 
Xexp( — Bw) a’ | ( | J dt exp| - tAwargrt 
+f eatou}e)|e). an 
0 | 


(a’”| 4(0) |8")(B"" | u(0) | a’) 


IN 


MULTIPLET SPECTRA 


TOTAL INTENSITY 


The off-diagonal matrix elements of the Fourier 
integral in Eq. (21) do not contribute to the total in- 
tensity of the multiplet. This follows by integrating 
J »(w) over all frequencies and noting that 


L 


J deesp(—idearat) =80, (22) 


D 


and that the integrand of Eq. (21), evaluated at ¢=0, 
is unity. Therefore, we have for the total intensity 


f dw J ax(w) = > (a’ | u(0) |B’) |? exp(—BEz,’). (23) 
a’ Bp’ 


—x 


This is the usual expression for a line spectrum with no 
collision broadening. Therefore, the total intensity of 
the multiplet is independent of the line width in the 
impact approximation. 


DEGENERATE STATES 


In general, the matrix elements of fo'Pa»(t;)dt; are 
oscillatory. For example, if perturbations of the initial 
state, but not the final state, contribute to the broaden- 
ing, then ®,,(t;) > ®a(t;) and, with (8) and (18), we 
find 


t [exp (twe'at)— 1] 
(a! f eeccnae a”) = SS 
0 Weta’ 


X (a’ |, (0) | a’). 


(24) 


If the initial state is degenerate, then this matrix ele- 
ment is proportional to the time. Furthermore, for a 
given Awa’s, times of the order Awa’3' contribute to 
the Fourier integral. Therefore, if waa Awa’s” 'K1 the 
above matrix element is again proportional to the time. 
This approximation can then be used on the line wing 
for frequencies large compared to the splitting. 

With the approximation /o'a»(t;)dt;=®a5(0)t, the 
Fourier integral can be performed: 


x 


f dt exp —iAwa’g:t+Pa4(0)t— ef] 


0 


lim 
e0+ 


1 
=, _ (25) 
1Aw,’g/ — Par (0) 


and the spectral intensity is given by 


Ja(w)= Re b is 


a’a’’B’ Br’? 


l 1 
Xexp(—BEa)( a! (s > eR ") a”), (26) 
| tAwas— Par(0) 


where Eg=Eq=Ea-:-—Ean. The problem is now 
reduced to calculating matrix elements of the inverse 
of the operator [iAwas—®as(0) ]. This involves matrix 


(a’” | u(0) |8’)(B’" | w(0) |’) 
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elements of the transition operator for a single collision 
occurring at the time ‘=0. 

A power series expression for J,,(w) is useful for 
calculating the wing distribution to any desired order 
in the perturbation. The result is 


> Ddoexp(—BE,)(a”|u(0)|~’) 


a’ a’’B’B’’ on 


ya r\ 7 oe Par” (0) . ” ” 7 
xX (BY u(O) a Ca’ CB 8 a”): 427) 
(tAwag)"*! 


This form of the equation for the spectral intensity 
would be useful in many astrophysical applications 
where the wing of the theoretical distribution deter- 
mines the observed line profile because of the large 
optical depths that are involved. 

For comparison with laboratory measurements of 
line profiles, it is important to know the distribution 
function for small frequencies, i.e., the central portion 
of the line where the intensity is higher. For this pur- 
pose we seek a representation where the inverse operator 
[iAwes—Pa»(0) | is diagonal. The situation is compli- 
cated by the fact that &,,(0) is not a Hermitian operator 
and does not have real eigenvalues, a., or orthogonal 
kets, |Was)), where 


P,,(0) Was))=das Was )}. 


J al w) =Re 


(28) 


The kets |Wa»)) are related to the kets |a)|8), of the 


unperturbed Hamiltonian, Ho, by 
‘ iar 7 i 
lars’) = Diarra a’'a’? P a) B })- 


Substitution into the eigenvalue equation (28), and 
multiplying by (a’”’| (8’”"|, yields 


DarsCarra’®’®' Lal” | (B’"" | Pav(0) p’") a’’) 


(29) 


(30) 


The roots of the secular equation 


a!” (8’"" | a4(0) BY» | a!) — dar pbatta’Ogra'7| =O (31) 


yield the eigenvalues, das, of the operator ®,,(0). With 
these roots one can solve the homogeneous equations 
(30) for the expansion coefficients, Cara’ ®’, and then 
determine the eigenfunctions |Was)). We now write 


|Wa's’)) = R|a’)| 8’), 
Carta?’ = (3”"| (a’’|R a’) 3° , 


(32) 

where 

(33) 

and introduce a set of functions ((I'4g| which are re- 

lated to the bras, (8|(a|, by the inverse R transform 
(Pas | =(a|(8|R7. (34) 


It is assumed here that Cq’q’8’’®’ has an inverse. The 
functions ({T'as| and |Wag)) are orthogonal : 


(Tarp |Warrpr)) = ("| (8"| RR™| 8") |") 
_ (a’ | a’ 3" B”" ). 


(35) 


AND H. 


GRIEM 


For simplicity, we now work out the case when only 

the upper state is perturbed; then 7°(¢,0)=1, |Was)) 

Wa), (Tas) > (a|, and ©,,(0) > ,(0). The more 
general case is an obvious extension. We have now 


1 
> (B\n(0) wa! - a”) u(0)|B) 
a’a’’ 1Awe3— P_(0) 


= L (8/u(0)|\Wa 4 Ta’ 


a’ 


1 
» : a) 
1Awas—Pa(0) 


X (Par | (0) 8). (36) 


However, 


1 ba’a’’ 
(re va) 
iAwas—Pa(0) tAwas— Qa’’ 


so that the spectral intensity is given by 


da” Re(Tq’| Us Wa’) 


(37) 


J av(w) =>> exp( ~8.) 
a’ (Awag—Aq’')?+ (aq)? 


<f. 


(Awap— da’*) Im(Ta| Us Wa’) 
. | (38) 
(Awag—da’*)?+ (dq’")” 


where U's=u(0)|8)(B\u(0) and ag=a,g’+idg'. 

The line shape is given by a sum of dispersion profiles 
and asymmetrical terms. The shift and half-width are 
found from the eigenvalues of &,(0). The asymmetrical 
terms do not contribute to the total intensity and con- 
stitute a generalization of the Anderson theory of line 
broadening. 

NEARLY DEGENERATE STATES 

The roots of the secular equation also depend on the 
splitting if the degeneracy is removed. This result can 
be demonstrated by a slight generalization of the present 
method and again by Method II. 

If 7°(t,0)=1, then by using an operator identity” for 
time-ordered exponential operators, the spectral in- 
tensity can be written 

Ps 


J av'(w) = Re Tr f dt U ge~6Ho 


0 


Hy ' 
Xexp| tileto—i- | exp| f 21a] 
1 0 


x 


J p(w) =Re Tr f dt e~®#0Us exp[ —i(w+wa)t | (39) 
0 


| Ho |' 
x ; exp| (-+2.10)/] 
| h | 


1 


i(w-+wp)—i(Ho/t) —,(0)' 


25 A. W. Séenz and R. C. O’Rourke, Revs. Modern Phys. 27, 
384 (1955). 


=Re Tre~*“l/, 














LINE 


where the trace is over the substates a of the initial 
state. This result can be generalized still further for the 
case where the final state also has degenerate splitting 
by introducing operators H* and H,°, in addition to 
T*(t,0) and 7T°(t,0), which operate in the a and 6 
spaces, respectively. 

Now the trace of any operator Q can be written in 
terms of ('4| and |Wa 


oe .@] Wa 


> ala ROR | a) 
TrROR=Tr0. 
Therefore, J4s(w) is given by 


J av(w)=Re 3) (Pa: | eF#9U g| Par) 


a’a’’ 


1 
x( Te. a). (41) 
1(w +w3— Ho h) —,(0) 


If the |y,) now satisfy the eigenvalue equation 
h iH ot h,(0) Wa = c.. Wa 'y (42) 


then the eigenvalues a,’, are found from the roots of 
the secular equation 


(Eqn /A— dq bara tia” |b.(0)!a’’)! =0. (43) 


The spectral intensity then reduces to 


(44) 


(Ta: | Use BHo Va’ } 
Jur(w) =>. Re ‘i ) 


W—-W3—- Za’ 


REDUCTION TO THE ANDERSON FORMULA AND 
THE PHASE-SHIFT APPROXIMATION 


If the transition matrix is diagonal, then ®,,(0) has 
only diagonal matrix elements and 


1 
Co (wv 3”) «") 
1AW 8 — P,»(0) 


6 a'a@’’O8"8" 


tAw,a’ a — (a’ (B’| @,,(0) |B’) a’) 


The spectral intensity is therefore 


exp(—BE,:) (a’ | u (0) 6’) ne tad 
J ap(w) - pi ( ), (46) 
a’p’ (Awa p — Yaa")? + (Ya'ar")” 


where 


(a’ | (B"| Ba(0) |B’) a!) =Yara Hives’, (47) 
which agrees with Anderson." However, this formula is 
valid only under very special circumstances and does 
not describe, for example, the broadening of hydrogen 
lines by electron impact. 

The phase-shift approximation of Lindholm!'® and 
Foley'® follows from this expression if the matrix ele- 
ments of the perturbation Vo;(¢;) are also diagonal. In 
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MULTIPLET SPECTRA 


that case (47) reduces to the usual expression 


(a’ | (B’| Ba» (0) |B’)! a’ V f Plojese, 


1 x 
x{esn/ J ((a’ | Voj(r)|a’)— (8"| Voj(r) |B’ ni )| 
hv _. 
(48) 


METHOD II: CALCULATION OF THE 
CORRELATION FUNCTION 


Closed analytic expressions for the spectral intensity 
of a multiplet will be derived for the case when per- 
turbations of the final (or initial) state wave functions, 
do not contribute significantly to the broadening. In 
that case we can take the operator 7°(t,0) [or T2(¢,0) ] 
to be unity. This is the situation for the Lyman series 
of hydrogen and certain rare-gas lines, for example. It 
is also a good approximation for the higher members of 
the Balmer series where perturbations of the upper 
state dominate the broadening. In the next section we 
shall consider the case where both the perturbed initial 
and final states contribute to the broadening. 

In the following analysis we take T°(t,0) to be unity 
and calculate first the quantity {(a’ | T*(1,0)|a’’)}r. We 
have for the change of the transition operator due to a 
collision in a time interval, ¢; to ¢;+dt;, which is long 
compared to the duration of a collision but sufficiently 
short to contain only one collision of the type a; (impact 


approximation) : 


dT°=T*(t;+dl;, 0)— T*(t;,0) 


=([T*(t;+dt;, t;)—1]T*(t;,0). (49) 


The factors on the right side are statistically inde- 
pendent since the collisions are assumed to be uncorre- 
lated. The thermal average is therefore 


{dT} p=) ‘f Plo)edo T(t) ~{]dt;{T*}7, (50) 


where we denote the change in 7°(¢,0) during the 
interval of time d/; by Ts;*(t;) as before. In terms of 
the operator ® introduced earlier, we have 

{dT} 7=®,(t;){T*} rdt;. (51) 
Taking matrix elements yields the following set 


of coupled differential equations with wa—wa 


= (Ey — Eq’) h=wa'a'’: 
d 
{ (a’ Te a’’)} _ > (a’ ©, (0) al’) 


er 


dr a 
Xexp(iwarart){(al"”|T*\a"")}7, (52) 


where, from the definition of ®(¢;), the operator ,(0) 
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is given by 


o 1 1 
8,0) =N f Ploedo; 2 pipes f 
n=1 9! (ih)” 


+++ Voj(ta)dr1: + -dtn. 


x 


These equations are to be solved with the initial 


condition 


{(a’ | T*(0,0) |a”’)}r=ba'a"’. (54) 


The set of equations for the thermal average of the 
matrix elements of the transition operator can be 
transformed into a set of linear first-order equations 
with constant coefficients by the substitution 


{(a’ | T?| a’’)} =exp(iwaraT)Ra’® (1). (55) 
One then obtains 


lWe'a’’Ra'® +dRaq*'/dr 
=P a [44(0) Jara Rarr®”; 


[4.(0) Jara’ =a’ |,(0)|a’”). 


where 


With 


R,*"'(s) -| dr e~**R,*''(7), 


this set of equations is reduced to a set of algebraic 
equations : 
DarAaa™ (s\Ra®’ =bq"", (58) 
is a column vector with components da’a’’ 
A®@"'(s) with 


where 64%” 
and we have introduced a new matrix 
components 


Agta (s) = (s— 1de''a!" Oa! a!!! — [.(0) Jee’. (59) 


Solving for R,*’’(s) and taking the inverse transform, 
we find 


Rai" (7) 


, (60) 


II -(s—S,2’")™"*” 


where Adj stands for adjoint and the S,*” are the roots 
of the set of determinantal equations 


1 pitty (AdjAgrar’®”"(5))8ar®” 
J ds D&T. 


QHtd _inty 


| A2’’(s)| =0, (61) 


and m,*”’ is the multiplicity of the root S,*’’. If there 
are no multiple roots, we have 


Rarr®’ (1) =LpGara® (Sp®’ bar” exp(S,*"r), (62) 
where for convenience we put 
Guar" (Sp*”) 


s—S,°" 
-(—— = Adjdwar"()) . (63) 
II-(s—S,*") a=Sp" 


AND H. 


GRIEM 


Substitution of these results into the Fourier integral 
expression for the spectral intensity yields 


J ap(w) = Re Z, 


ttattt 
a 


(a’” | (0) |8)(8|u(0) |a’) 


ala 


Xexp(—BEw)> 


> idwarp—S 2” 


As in Method I, this expression has two types of 
terms which are of the form 


Y Awt+y’ 
(Awty’ +7 (Awty’) +7" 


and, in particular, for a’=1, a’ =2, 8=0, i.e., a three- 
state atom, the spectral intensity reduces to 


| (1/4(0)|0) |? 
J ap(w) = Re; ————— 
| 2712 


Y12—- 712" 
x ire ‘S ; 4 se Wi v7 
Awrwtyi2 —Y¥12 thwwtye2 +712 


VYietyi2 


(0| (0) | 2)(1 | 4(0) |0) 
+ —— SENS a 


2712 


Poy Po, 
a 
tAwiwtyi2"—V12  tAwiwtyi2" +712 


+terms with 1, 2, indices reversed I (65) 


¥12= (3 (—P11 — P22 two)? 
+1 9B) — Dy Poo two) |}, (66) 
¥12’ =3(—Oy,4+422—tw21),  Y12" = 3 (— P11 — 22+ tw21). 


It can be verified that the wing intensity depends on 
Aw and not on Aw and that the frequency distribu- 
tion is independent of the splitting on the far wing. 


BOTH INITIAL AND FINAL STATES PERTURBED 


If the initial and final states are completely de- 
generate, one can easily generalize the method described 
in the previous section. It can be shown that the solu- 
tion of this problem also applies to the case when the 
frequency is large compared to the splitting, wa’a and 
waa, if the degeneracy is removed. The results to be 
derived here are therefore of interest in general on the 
line wing if there is splitting and if the broadening is 
caused by perturbations of both the initial and final 
state. 

We find with the assumption wea =ws’s=0 that 
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the set of differential equations for the thermal average 


1S 


d 
{(a’| (8’| T*T?| B’’) | a’’)) 


adr -5 


or ae” 


K {(a’” 3!” TT B’’) a’’)} nr, 


(a’ | (B’ | Bap (0) |B’) | ar’”’) 
(67) 
which we rewrite for simplicity in the form 


d ; tt 
(T2T) argit’B 


dr 
= SY (45 (0) Jearararreg7 (TAT) grrr grr 0B" 


a 


(68) 


The solution of this system of equations parallels our 
previous treatment if we identify each index, a’, with 
a pair of indices (a’,8’) and replace [,(0) Jara by 
[4a8(0) Jargra’ra’’. Otherwise the results are formally 
identical. 

Obviously the case of an atom with both initial and 
final states nearly degenerate can be treated also by 
Method II, because we can reduce the system of dif- 
ferential equations for the matrix elements of the 7 
operator to two sets with constant coefficients by sub- 
stitutions corresponding to that used in the case of one 
nearly degenerate state. One obtains separate sets of 
equations for initial and final states because there are 
no collision-induced transitions between these states. 


CONCLUSIONS 


This generalization of previous impact theories leads 
to new terms that are not of a simple dispersion char- 
acter. If there is splitting of the initial state, then the 
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shift and half-width parameters depend on the splitting 
as well as on the form of the interaction, the density, 
and the temperature. The general theory also demon- 
strates that the line profile is made up of a sum of 
terms which have different damping constants that 
correspond to the various processes that contribute to 
the broadening. The description of a line profile by a 
dispersion distribution with a single complex damping 
constant or in terms of a single “‘relaxation time”’ is not 
correct except, possibly, when the collisions are very 
strong. The general result is that each broadening 
process has its own characteristic relaxation time that 
can be found from the roots of an appropriate secular 
equation. In addition, the formalism is not restricted 
to the Born approximation (weak collision approxima- 
tion) and one can calculate directly the shift and half- 
width parameters to any order in the. interaction, 
Vo;(t). This makes possible the calculation of the errors 
introduced by the usual cutoff procedure at small 
impact parameters. Often at small impact parameters 
the classical path approximation also breaks down and 
one must use a completely quantum-mechanical de- 
scription of the perturbers as well as the radiator. In 
that case the transition matrix for a single collision, 
or equivalently the S-matrix, must be computed from 
scattering theory. This does not change our formalism 
and can be included without difficulty. The theory also 
describes the excitation of forbidden lines by impacts. 
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Angular distributions and polarization of 8 particles are considered on the basis of the most general 
assumption possible regarding the form of the interaction operator, including effects due to Coulomb field 
and finiteness of nuclear dimensions. Results are obtained for allowed transitions, first-order forbidden 
transitions in intermediate and heavy nuclei (Coulomb transitions), unique transitions [Aj=2 (yes) ], and 


0 — 0 (yes) transitions. 


1. INTRODUCTION. ELECTRON WAVE FUNCTION 
WITH COULOMB FIELD AND FINITE 
NUCLEAR DIMENSIONS 


ame recent experimental data'* are apparently 
incompatible with the previously accepted concept 
that only scalar (S) or tensor (7) interactions are sig- 
nificant in 8 decay and also with the two-component 
neutrino theory. It would therefore seem to be of 
interest to consider the angular distributions and po- 
larization of 8 particles on the basis of the most general 
assumption possible regarding the form of the inter- 
action operator 


H=>.(V,ON.)(POa(CatysCa’ WW) +c.c. 


In accord with the notations usually accepted, a de- 
notes here the type of interaction (S, 7, P, V, or A), 
O, are the corresponding matrices, 


0 1 
n=—( ), 
1 


C, and C,’ are complex constants, V, and ¥,, are heavy- 
particle operators, and y, and y, are light-particle 
operators. 

Some results on effects involving allowed transitions 
were obtained by Jackson, Treiman, and Wyld,* Ebel 
and Feldman,‘ and Shmushkevich*® on the basis of the 
general Hamiltonian (1.1), taking into account the 
nuclear Coulomb field. In a previous paper® (to be 
referred to in the following as I), we obtained results 
for allowed as well as for first forbidden transitions. 
However, only S, 7, and P interactions were considered 
and the ratio C,’/C, was assumed to be the same (and 
equal to —1) for various types of 8 interactions. The 
purpose of the present paper is to obtain results which 
are free of these restrictions. Moreover, the finite size 
of the nucleus will be taken into account. 


(1.1) 


1 Ambler, Hayward, Hoppes, Hudson, and Wu, Phys. Rev. 106, 
1361 (1957). 

2 Herrmannsfeldt, Maxon, Stahelin, and Allen, Phys. Rev. 107, 
641 (1957). 

3 Jackson, Treiman, and Wyld, Phys. Rev. 106, 517 (1957); 
Nuclear Phys. 4, 206 (1957). 

4M. E. Ebel and G. Feldman, Nuclear Phys. 4, 213 (1957). 

5]. M. Shmushkevich, Zhur. Eksptl. i Teoret. Fiz. S.S.S.R. 
33, 1477 (1957). 

6 Berestetsky, Ioffe, Rudik, and Ter-Martirosyan, Nuclear 
Phys. 5, 464 (1957). 


We shall write down the wave function for an elec- 
tron in the field of a nucleus possessing a charge Ze 
uniformly spread throughout a sphere of radius Ro. 
The electron wave function can be obtained in the same 
way as in I with an accuracy to terms of the first order 
with respect to the ratio of the nuclear radius to the 
electron wavelength. It is 


Wp, o(K) 
“ee rai+Bc:i(o-p/p)(o-4r/Ro) |u, 


[Botip-r8itac-i(e-p/p)(e-r/Ro) |\(o-p ad 
fis2) 


where p is the electron momentum (in dimensionless 
units) at infinity; ¢« is the total electron energy 
[e=(p’+1)!]; is the spin projection on the direction 
of p; “, is a two-component spinor, 


1 0 
v() )) 
0 1 


3 


a,= aigi(rje 81, 


ao= aogo(r)e ‘ 150 


3 
Bo= do go(r)e—*’, Bi= ay'gi(rje : 


iZ 2/e+1\! 
Bc= {[1+ ( ) ps ford jew, 
2 137 3\e—1 


4 2/e—-1\3 
ao= 14+ ( a ) ps or)a0— 48, (1.4) 
2 137 3X\e+1 


137pR, At 
po = —=(e@—1)! ’ 
Z 2Z 


51’ 


with g;(r) and @o(r) the radial wave functions in the 
region r<Rpo. For uniform distribution of the charge 
within the nucleus, 


i Sv7z7>* 
gi=1-—_-(—< ) + 
21+-3 8\137 Ro 


Q/Z\1 Pr 
oi={1-[1+-( ) ke 
8\1377 J5Ro? 


a | / eo, 
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NONCONSERVATION 
and a, a,’, 6), 6; can be expressed in terms of the radial 


wave function amplitudes aj, and phases 6;, tabulated 
by Sliv and Volchok’: 


r\} r\} 
gee oo 8 a 4s Cy FT yo 43 90 
2pe 2pe 
( ) ( 
/ , 
ay = a4; aq = 
2pe 


e 


6;=6 


=; —}5 50’ = 54,33 


T 


2 pe 
iss oe 

The main difference between the function (1.2) and 
the expression derived without taking into account the 
finiteness of the nuclear dimensions [see I, Eq. (3) ] is 
that r/Rp is involved instead of r/r and the values of 
a; and 8, differ somewhat from those in the case of a 
purely Coulomb field. (The largest differences are for 
ac, Bc, a, and 8,. The relation between ap and 8» which 
is important in the case of allowed transitions is prac- 
tically the same as in the case of a purely Coulomb 
field.) As shown in I [Eq. (35) ], in the most general 
case the 8-decay scattering matrix can be expressed in 
terms of the following combinations of coefficients a; 
and 6; (1=0,1,C): 


=a;*a,—B,*B;; 


—B;* 


Anc=a,;*a~.t+B,*8:; 


Xnr=a,*B. +B,*ax; 


Mah 


Nik= —1(a,*Bx (1.6) 


Qk). 


For a uniformly charged spherical nucleus the quanti- 
ties Aix, Mik, Xix, and nix can easily be expressed through 
the amplitudes aj, and phases 6;, with aid of (1.3) 
(1.5). It is convenient in this case to separate the real 
and imaginary parts of these quantities and write 
(a= 1/137, y:=[1— (aZ)?}!, y2=[4— (aZ)?]}!) 


p/)Xo3 noo/Aoo= (aZ/€) Ao; 


00 Aoo= (Y1 €) fo; Xoo/Aoo0= ( 


Pp 
Xo1 p_ : A coon ae N01 
=—Xo +713aZXo, ; = 
doo € doo 


3aZ aZe 
fo +7 Ho1 ; 
de p 


Mo, 


Acc 


(aZ)* 
4 


7 uce (aZ)? yy, 
\e = TI 


Aoo doo 4 € 


Xee (aZ)? p 


Aoo 4 


7L. A. Sliv and B. A. Volchok, “Tables of Coulomb Phase 
Shifts and Amplitudes Taking Into Account the Finite Nuclear 
Size” (unpublished) [translation: Atomic Energy Commission 
Report AEC-tr-2875, May, 1957]. 
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TABLE I. Numerical values of coefficients pix, Xiz, and nx for 


uniformly charged nuclei with Z=55 and Z=79. 


P 


=79 
Ho Xo 


no 


0.995 
0.989 
0.947 
0.897 


1.008 
1.005 
1.002 
1.001 


1.005 
1.002 
0.980 
0.933 


0.998 
0.996 
0.979 
0.958 


1.003 
1.002 
1.001 
1.000 


1.003 
1.002 
0.993 
0.974 


aZ 


=| foc’ +1 


Koc 


Ad 
oc )3 


No 2 € 


(aZ)? 
—(joc!+ifjoc”) ; 
2 


noc 


Xoo 


Mic aZ fic 
"Daas - Zz 
Xic’— jaz%s0" J. 


mc 3(aZ)* aZLe 
= fie —% Nic ), 
doo Se p 


The yx’, Ava”, Bix’, Hix’, etc. are real. The factors before 
the quantities with the indices 0, 0; 1, 1; 0, 1 are chosen 
in such a manner that for Z— 0 the quantities tend to 
unity.® 

The coefficients A,x’, A,;x”’, etc. are evaluated for two 
values of Z: Z=55, (A=137) and Z=79 (A=198) and 
various values of the energy. The functions g)(r) and 
go(r) in (1.4), which depend weakly on r, are averaged 
over the nuclear volume, it being assumed that 

Ro=1.2X10-"A! cm) 


21+3\8/ \5/\1377 © 
The results of the numerical calculations are presented 
in Tables I and II and Figs. 1-9. 


Aic 
Noo 


Xie 


3D 2 | 
Sy 


(7?\= and 


gi=i- 


TABLE II. Numerical values of coefficient ratios for uniformly 
charged nuclei with Z=55 and Z=79. 


Z=S5 
Xc/de 


Z=79 


pe/dec no/r uc/ACc Xo/re nc/ rc 


0.996 
0.995 


0.993 
0.990 


0.976 
0.958 
0.929 
0.906 


1.010 
1.004 
1.000 
1.001 


1.003 
0.991 
0.940 
0.848 


1.015 
0.989 
1.004 
1.005 


0.996 
0.974 
0.923 
0.800 


8 For a purely Coulomb field, that is, for Ro—0, the roe”, 
poe’, Xoc’”’, and noc” vanish and the remaining coefficients with 
indices OC and also CC and 1C in this case, have values which 
differ from unity by terms of the order of (aZ)*. 
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Fic. 1. Fermi function F(Z,¢)=Aoo determining the total decay 
probability. The coefficients jo, Xo, and mo do not differ signifi- 


cantly from 1 and are presented in Table I. 
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Fic. 2. Variation of quantities \,; in a given energy interval; 
the remaining coefficients u:, X:, and 7; differ from \,; by not 
more than 1%. 


In the general case, when all five types of interaction 
are considered and an arbitrary degree of parity non- 
conservation is assumed, the calculations can be per- 
formed in a manner which is entirely analogous to that 
applied in I. The reader therefore is referred to the 
Appendix for details of the calculations; in the present 
paper we shall focus our attention on the results ob- 
tained. All results presented below pertain to electron 
decays. Corresponding formulas for positron decays can 
be obtained from these formulas by making the 
substitutions 


Z->-Z: C.——C,* and C,’-C,'* ifa=S, A, P, 
C.-C,* andC,’>—C,"* if a=V, T. 


RUDIK, 


AND TER-MARTIROSYAN 


2. ALLOWED TRANSITIONS 


The most general expression for the differential decay 
probability of a nucleus polarized along the axis n; with 
emission of an electron of energy « in the direction n, 
and of a neutrino of energy g=¢o—e in the direction v 
can be represented in the following form in the case of 
allowed transitions: 


dQ, dQ, doo dQ, dQ, 
Wde— —=—e(e—1)!(e9—€)*Fde— —, 1) 
4n 4nr 2’ da 4 


where Aoo [usually denoted as F(Z,e)] is the Fermi 
function, and 


v v 
F=Fo+xF9 (nj: v)+-xF \(n,: nj) +-0);F2(nj- n,) (nj: v) 
c c 


v ri 
+.) F3;- £0;;-F 2) ( n,°v)— xF yn;- { n.Xv) ; ( 


( ( 
2 is the electron velocity, x is the degree of polarization 


¢ 
=! 

Xoi(Z255) 
Xo (2255) 


ue Tor (2°55) 
, 


4 
Ko (2279 








;. 3. Coefficients Xo1’, wor’, X01’, and nor’. 
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Fic. 4. Coefficients Xo”, o1’”, X01”, and nor”. 
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of the nucleus x=(j.)/j (j is the nuclear spin, (j:) is 
the mean value of its projection on direction nj), 
3¢ 4,°) 


mI -1] 
y(j+1) 


1 , for 7’ 


O 


4h 


j+1 


Aj; = x* 


1 


— (2j—1)/(j+1) for j’= 


\9(27—1)/L(f+1)(27+3) ] for 7’ 


4K (Z279) 
Xc(Z*55) 
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Fic. 5. Variation of Ac. The coefficients uc, Xc, and ne do 


not appreciably differ from Ac. Their ratios to Ac are given in 


Table IT. 
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Fic. 6. Coefficients Xoc’, woe’, Xoc’, and noc’. 
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Fic. 7. Coefficients Aoc’’, woc ’, and noc’’; Aoc”” =Xoc’’ with 
an accuracy of 0.001. 
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Fic. 9. Coefficients Aye", wie’, Xie", and mic” 

which depend on the coupling constants C,, C4’, nuclear 
matrix elements M, nuclear charge Z, and electron 
energy ¢«. Averaging F over quantities not measured in 
the given experiment, we obtain particular distribu- 
tions from (2.1). The electron energy spectrum is 
defined by Fo, and therefore if V(e)de is the 6-decay 
probability per second, one obtains 


doo : 
N(e)= -e(e€’— 1)#(€9— €)?Fo. 


2r' 


(2.4) 


In the case of an unpolarized nucleus the angular 
electron neutrino correlation function has the form 


v F; 
W..=1+- 
c Fo 


(n,-v). 


The angular distribution of electrons emitted in the 
decay of polarized nuclei (averaged over the directions 
of motion of the recoil nuclei) is 
v F, 
W5-=1+-x—(n,-n)). 


c F 0 


(2.6) 
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F 9’ defines the distribution of recoil nuclei after decay 
of polarized nuclei; F: and F, give the effect of nuclear 
polarization on the electron-neutrino correlation. The 
coefficient F4, in particular, determines the asymmetry 
in the distribution of recoil nuclei with respect to the 
plane of n; and n.. If electrons with momenta per- 
pendicular to the nuclear spin are chosen, the ratio of 
the number of recoil nuclei possessing directions of 


motion lying on different sides of this plane is 


xuF, xu, 
(1-25) /(14=), 
2c Fo 2c Fo 
Analogously, the general expression for the electron 
polarization vector (@) (i.e., the mean value of the 
doubled spin in the electron rest system) can be repre- 
sented in the following form: 


(2.7) 


(o)=@/F, (2.8) 


where 
®=9,n,+ 9,v+8;n;+®,)n.X nj+P,,n.X v+ Pv X nj. 


The ®,, ®,, etc. in this expression depend on the direc- 
tions in the following way: 


9 


©, =-b)+2x-) (n;-v) +20; (n,- n;) 
C Cc 


+ Qj Po( Ne- n;)(v- n;) + (®3— 40)j;P2) (n,- v) 
+xb4n;-(n.Xv), 
v 


;= x 91+); ¢2(nj-v) +2-f4(n-v), 
Cc 


v 
_ 1 ‘ 

$,= ¢3— 305" G2—X ~fa( n,- n;), 
Cc 


9 


v v 
®.;= x-fi t—Qj7 ¢2(Nj- 9), 
c Cc 


©,,=-(fs— 40;i"f2), P,;=X¢a, 
c 


where the quantities ®;, fi, and ¢;, similarly to F;, 


depend only on M, «, and Z. 


Fo= Not Bol(¥1 6) Noe, 
Fi = Ni+fo(v1 ‘e) Nic, 
F;= XoN;+ jo(Z ‘137p)Nic, 


fi=—XoNictio(Z/137p)N,, 
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For the particular cases which are of greatest practical 
interest, the following formulas can be deduced from 


(2.8): 


(1) Polarization of electrons from an unpolarized 
nucleus (averaged over the directions of neutrino 
emission) : 


v Do 


(F)e= (in) eMes (Ou)de= (2.10) 


c Fo 
(2) Electron polarization in decay of a polarized 


nuclei (averaged over the directions of emission of the 

neutrino) : 

(o) = (Oy ole t (o,"! Nn, XN; 
+(o,°));ne-X(n-Xnj;), (2.11) 


[ion tx Nn, “ n;)(®,+ ¢1) Fo 
W;. 


\Fi)je= 
v fi Fo 
c We 


V1 Fo 


W je 


= <= Z 


(3) Correlation between electron polarization and 
direction of the neutrino emitted in decay of an un- 
polarized nucleus. 


(a) eo= (on)eoMe+ (or deve XV 

+(o,°)-m.X (me Xv), (2.13) 
[(ou)e+ (me: v) (P3+ ¢s) Fy] 
(61) «=. | 


v fs ‘Fo 
(a, ).,=- a 
C Was 

: ¢3/Fo 
(0. 


We» 


Below are presented expressions for the quantities 
entering the foregoing formulas: 


Pyo=XyMot+ fo(Z/13 7p) Moc, 
6! = XM, +%0(Z/137p) Mc, 
&;=(M,— Mic)[1— (11/60), 


i= fio(¥1) ‘()Mi+Mic, 
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with i=1, 2, 3, 4; 


PARITY: IN @ DECAY 


No =(|Cs|?-+/Cs' [2+ [Cv |2+|Cv’ |2)| Mr|?+ (|Cr|2?-+ |Cr’ |2+|Cal?-+|Ca’ |?) | Marl’, 
, =2 Re{ (CsCy*+Cs'Cy’*) | Mr |2+ (CrCa*+Cr'Ca’*) |Mot|?}, 


= —2 Re{ (CsCr'*+Cs'Cr*+CyCa*+Cy’Ca)Lj/(J+1) 8); MeMar*— (CrCr’*+CaCa™)dj5'|Mort|?}, 


y= —2 Re{ (Cr*Cy’+CyCr*+CsCa*+Cs'Ca*)[j/(G+1) )'657; MeMear*— (CrCa*+Cr'Ca*)dj;|Mart|*}, 


| 


=2 Re{ (CsCr'*+Cs'Cr*—CyCa*—Cy'Ca*)[j/(g+1) Jj M pM t*+ (CrCr’*¥—CaCa™)d;j3" |Mer|?}, 


‘ye =2 Im{ (CsCa*+Cs'C 1*—Cy'Cr*—CyCr"*)Lj/(j+ 1) }'6;;MrMc T+ (CrCa'*+Cr'Ca*)dj7 | Mar |  F 


=(|Cr|?+|[Cr’ |?— |Ca|?— |Ca’|?) | Mart|’, 
= (—/Cg|?—|Cs5’ 


24 1Cy|2+1Cy’|2)| Mrl2+3(|Cr| 


Noe=2 Im(CrCa*+Cr'Ca) | Mar|’, 
2>+./Cp’|?—|Ca|?—|Ca’|?)| Merl’, 


'3¢ =2 Im{ — (CsCy*+Cs'Cy"*) | Mr |?+4(CrCa*¥+Cr'Ca") | Mer|’}, 


=2 Im{ (CyCa*+Cv'Ca*—CsCr*—Cs'Cr’)[ j/ (G41) 8; M rMot*}, 


=2 Ref (CsCa*+Cgs'Ca*—CyCr*—Cy'Cr™)[ j/(j+1) 857M eMot*}, 


az Re{ (CsCs'*—CyCy"*) My 24 (CrCr’*—CaCa'*) Mer\’}, 


»= 2 Im{ (CsCy’*+Cs'Cy*) | Me |?+ (CrCa*+Cr'Ca*) | Mart|*}, 


=2 Re{ (CyCu*+Cy'Ca*—CsCr*—Co'Cr®)[j/(j +1) ]'857M Mar") 


+(|Cr|?+ Cr’ |?— |Cal?— 1Ca’|*)d;;|Mer(?, 


7=2 Im{ (CyCr*+Cy’Cr'*¥—C sCa*—Cs'Ca™ [ij (j+1) ]'5;7;MpMoer*+ (CrCa*+Cr'Ca™)djj' Mar 2 


=2 Ref (CgCr*+Cs'Cr*+CyCa*+Cy'Ca™)5/(j +1) 8; MrMor*} 


+(|Cr|?+ | Cr’ |?+|Ca|?+|Ca’|?) | Mar| js, 


»=2 Re{ (CsCa*+Co'Ca'*¥+CyCr*¥+Cy'Cr™)(9/(G +1) ]$5j7; MerMor*+ (CrCa*+Cr’Ca™)d;j5" | Mat’), 


My =2 Re(CrC7’*+CaC"*) | Mar|?, 


Moc=2 Re(CrC4’*+Cr’Ca*) | Mat’, 


M; =2 Re{—(CsCs'*+CyCy'*) | Mr|?+43(CrCr*+CrCa*) | Marl}, 
Myc=2 Re{—(CsCy'*+Cs'Cy*) | Mr|?-+43(CrCa!*+Cr'Ca*) | Mart|*}, 

M, =2Im{(CsCr’*+Cs'Cr*+CyCa'*+Cy'Ca®)Lj/(j+1)]'3;;MrMor*}, 
Mac=2 Im{ (CsCa'*+Cs'Ca*+CyCr'*+Cy'Cr*)j/(j+1) }5;7;MrMor*}. 


Here Mr=(f1) and Mer= (fe) are nuclear matrix 
elements, and \j;-=[j(j7+1)—j’(7’+1)+2]/[2(j+1) J. 

From Tables I and II, it can be seen that fo, Xo, and 
jo, which account for finiteness of the nuclear dimen- 
sions in the case of allowed transitions, do not differ 
significantly from unity. Thus, for example, Xo, which 
determines the electron polarization in the decay of 
unpolarized nuclei and the angular distribution of 
electrons from oriented nuclei, is equal to unity to 
within 1%, while fio and jo, which are involved in more 
complex effects, differ from unity by not more than 10%. 
The effect of finite nuclear dimensions in the case of 
allowed transitions, therefore, does not significantly 
modify the results, and in most cases it may be con- 
sidered that fo Xo~ jo 1. 

It may be noted that if only terms containing Cs, 
Cs', Cr, and Cr’ are retained in (2.16) and are con- 


sidered real, the /', will vanish. Thus an asymmetry of 
nuclear recoil, Eq. (2.7), may signify either that A and 
V interactions are present in 8 decay or that time- 
reversal invariance is not valid. 

Another possible way of detecting violation of time- 
reversal invariance is to measure the transverse elec- 
tron polarization component along the direction n,X nj; 
in the decay of oriented nuclei. From (2.12), (2.15), 
and (2.16), it can be seen that the transverse polariza- 
tion may be appreciable (for not very large values of Z) 
only if time-reversal invariance is not valid. However, 
it should be noted that the latter effect vanishes even 
if time-reversal invariance does not hold provided that 
for A and V interactions the neutrino components are 
opposite to those in the S and T interactions (i.e., that 
Ca= —Cs’, Cr = —Cy’, Ca =C,', and Cy=Cy’). 
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3. FIRST FORBIDDEN COULOMB TRANSITIONS 


The formulas of the preceding section can be ex- 
tended to first-order forbidden transitions with Aj#2 
(yes) in heavy and intermediate nuclei. If the quantities 


pRo A} v Z 
————s(¢@—1)'— and (*) /(=) 
(Z 137) Zz, C/ nucl 137 


(where ?nuci is the mean nucieon velocity in the nucleus) 
are assumed to be small compared with unity, only a 
single matrix element not containing pr or (2/C)nuei Will 
be important for each type of interaction. Such transi- 
tions will be called Coulomb transitions (see I). 

The formulas of the preceding section will be directly 
applicable to Coulomb transitions if the following sub- 
stitutions are carried out in them: 


1 1 Z 
CrMcr—> -|ca( fr) -ice( foxx) |( ; }. 
Ro z 137 
1 1Z 
catty» 2c4( fo-r)(“2), 
Ro 2 137 
(3.1) 


calor +—Afer( fe) ica foxs)](°2). 


1 iz 
cntr+—1e,(fox)(12), 
Ro 2 137 


and the constants are changed as follows: 


doo > oodc, fo — Ec Xe, Xo — Xe Xe, fo — fic Xe. 

As can be seen from Tables I and II, just as in the 
case of allowed transitions, the ratio X¢/\c differs only 
slightly from unity. The effect of finite nuclear dimen- 
sions on longitudinal electron polarization in the decay 
of an unoriented nucleus and also on the angular dis- 
tribution of electrons from oriented nuclei will therefore 
be negligible. The effect of the finite nuclear dimensions 
on transverse polarization will be more considerable and 
may reach 20%. In the case of heavy nuclei (Z~70), 
terms of the order of pRo/(Z/137), which were neglected 
in Coulomb transitions, are usually not large and con- 
stitute not more than 5-10%. The terms ~(v/¢)nuci/ 
(Z/137) may be appreciably larger [(0/c)nuer~3—Yo J], 
and hence neglect of these terms may lead to an error 
of 20-30%. Fortunately, in the case which is of greatest 
interest for experiment—longitudinal polarization of 
electrons in the decay of unpolarized nuclei—the situa- 
tion is more favorable. Calculations show [see Eq. (35) 
and the section relating to light nuclei in paper I and 
also in the Appendix } that in this case, if the polariza- 
tion of electrons from the decay of an unpolarized 
nucleus is found to equal v/c as a result of neglect of 
terms involving (2/¢)nuci, the magnitude of the polariza- 
tion will also equal v/c even if these terms are taken 
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into account. Thus any difference of the degree of 
polarization from v/c can be due only to terms contain- 
ing pRo/(Z/137) and hence must necessarily be small. 

A similar situation is encountered when one studies 
angular distribution of electrons emitted in the decay 
of oriented nuclei involving A4j=-+1 (yes) transitions. 
In such transitions, terms of the order (2/c)nuc) and 
(v/c)*nuc) again cannot affect the angular distribution 
asymmetry coefficient if the latter equaled x(v/c)d;j 
when these terms were neglected. 

Investigation of the angular distribution of electrons 
from the decay of oriented nuclei involving first-order 
forbidden transitions with 4j=0 (yes) will in general 
be of much less interest, since interpretation of these 
experiments entails a large number of matrix elements 
and hence is quite difficult. Thus for the most interesting 
effects in heavy and medium nuclei, consideration of 
only Coulomb terms should be a good approximation.° 

Measurements involving Coulomb transitions may in 
some cases yield results which may be of as great 
interest as those obtained by investigating allowed 
transitions. Thus, for example, it is of considerable 
interest to measure the polarization of low-energy 
electrons emitted in the decay of unpolarized heavy 
nuclei. In this case, for 1/c 0, the electron polariza- 
tion tends to 


A 
(on) Fo — :) 
137R-? 
* 
x| —2 Rel (Co*Cv'+Cr'*cv)( fr)-( foxe) 
* 
+(cacar+cxca( fr)-( foxr) 


+2 In (CsCv'*+C5'C0" fr 


#(CxCu"+Cr'Cx)( fort + fox )II. 
_ (3.2) 


® The conclusions indicated in the text can be easily reached if 
we note that the formulas for forbidden transitions which take 
into consideration the Coulomb terms as well as the terms con- 
sisting (2/¢)nuc: may be obtained from the corresponding expres- 
sions for allowed transitions by making in the latter the following 
substitutions [instead of those indicated in Eq. (3.1)]: 


7 i a se io . °. 
CsMy ~2Bix Ro i for) +¢ (| ins), 
a oe ae ee rae ae Po 
CrMer 3 137 we rods) iC ( foxr)| crf | ia), 
L 2, hh . si d ff: 
~ 3 137 ra al of r)-ica( foxr) | cu | isa), 


: i 2 me 2 ¥ ‘ r. 
CyMr- “FBI x RS (fo r)+Cal | ibys), 
where x=X, fi, x, or 7 depending on the matrix element in which it 


enters, and the small quantities Xoc”, foc”, Xoc’”’, and joc” are 
neglected [we used approximately xoc= (kcxo)!]. 


CaMear ot 
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where F¢ is obtained from Fy [ Eq. (2.15) ] by means of 
substitution (3.1). From (3.2) it follows that measure- 
ment of the polarization of low-energy electrons in 
Aj=+1,0 (yes) transitions should permit one to 
determine Re(C7rCy’*+Cr'Cy*), and in particular to 
ascertain whether the relations Cr= —C7’ and Cy=Cy’ 


hold. 
4. UNIQUE TRANSITIONS 
Consider transitions for which Aj=2 (yes), which 
are defined by a single type of matrix element 


19 


1 OpXk +0 ,X; i 
f ote (0° r)bix ’ 
3 ) 


|M,|?= (4.1) 


so that the total 8-decay probability is determined by 
the formula Wde= (Aoo/27*) e(@— 1)? (eo— €)?F | M,, | 2de, 
where Fp will be presented below. 

We shall write down the expression for the differential 
probability of decay and electron polarization. The 
most general distributions depending on the three 
directions n;, n,, and v will not be considered; only the 
following two cases will be investigated. 

(1) Decay of an unpolarized nucleus.—In this case 
the electron-neutrino correlation function has the fol- 


lowing form: 


v F; v\? F,! 
W..=1+ (n,-v)+ (-) —P,(n,-v), 
c Fo , 


(4.2) 


c To 


where P2(n,-v) is a Legendre polynomial; the values 
of F; and F,’ are given below. The electron polarization 


1S 
() v= (O11 eoMe + (01) eo XV 
+(o,))..m-X (m.Xv), 
(11 ev = Lise + (P3/ Fo) (ne: ¥) 
+ (5;"/Fo) Po(ne-¥) Wer, 
(o,™) = (0/o) fst fa(me-v) |/(FoW es), 
(o,)..= —Lest os’ (mv) ]/(FoW es). 


The quantity 


(oi)e= (v/c) (®o/Fo) (4.5) 


is the electron polarization averaged over the directions 
of neutrino emission. The expressions for ®;, ¢;, f;, etc., 
are presented below. 

(2) Polarized nucleus; W and (e) are averaged over v. 
In this case the distribution in direction of the elec- 
trons will be 


7 


v F, Uv 2 F, 
W,.=1+-X1- inn) +(“) X-- —P>.(n,- nj) 
Cc Fo Cc Fy 


F,” 
1 


X;—P;(n.:n;), (4.6) 
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where X,, Xo, and X; are parameters defining the 
polarization state of the nucleus. For 7 — j—2 transi- 
tions, we have 

X\= (J: 4, 


X2=[3(j2)-jG+NVL2I-D, (4.7) 
X= (5(j8)— (j13i G41) —1)/LAG-1) (2i-I. 
For 7 — j+2 transitions, one should replace j in these 

formulas by — (j+1). 
The electron polarization is 


) 


)jeM, XN; 


+(o,° 


—. \ a 
(a) ;. = (Oi) j7eMeT (C1 1 


il neX(n.Xn;)], (4.8) 


where 


(o11) je = r( 


bes 


v/c)Po+hy'X1(n,- nj) +0," X2P2(n,- n;) 
+,/"NX3P3(n.-n;) ]/(W;Fo) 
o/c) fiXitfiXs 


X[P2(n.-nj) +3 )}/(W;F 0), 


(a4 je= 


(4.9) 
(a, je { gx, + ¢1' X3[ Pol n, ‘nj)+ 3} ( W;-Fo). 


The expressions for the quantities entering (4.2)- 
(4.9) are as follows (where g is the neutrino momentum) : 


Fo= (¢+dip?) Lit (vishog?+ bret?) Ls/€, 
F3=}(Xoq?-+Xip?) Lot 2geXor' Lit (2fior'/e)pgls 
+3(Z/137p) (Hog? +d p?) La, 
W 4! = Zegl Xor' Lot+3(Z/137 p) or’ La], 
fs=3(Z/137p) (Hog?+ arp?) Lo— } (Xo? +Xip?) Ly 
— 9(Ze/137 p) (ior LitXor’eLs), 
fa=SpgL4 (Z/137 p) for’ L2— Xor' La], 
By = (Xog?+Xip?)Oo+ (2/137 p) (Hog?+4mip)Ou, 
Bs’ = 3 (P+ Aip*)Q1+ (1/5¢) (vig? hot Hid 72p")0s 
+ (2gp?/€)[Xor'O2+3 (Z/137p) hor'Oa], 
3 = 2 gl \nQit (1/6)An0s], 
g3= (1/5) (vito? +y2iip?)0i+3(G+2Mp)0s 
+3(Z/137) pal (Z/137p) Hor”O2— Xor"Ou], 
gs’ = §pgL (dor’/e)OitXor’Qs], 
Fy = (Xog?+2Xip)Qo+ (Z/137p) (og?+ssIiP)Os, 
Fy = — (ALi +-}yohiLs/6), 
Py" = —§€[X102+3%1(Z/137p) 0a], 
fi=(Z/137p) LQ iiot Bip? ]O2—[g?Xo+ (6/5) Xip? 10s, 
fi = pL —3(Z/137p)A10et+%0u), 
by = (P+3dip) Lit (yitog?+iov2ihip’)Ls/€, 
"= — (p*/6)[XiQ2 +3 (Z/137p) 7104], 


(4.10) 
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"= — 3p (ALi 4+-3yefiLs/6), 

gi=—(1, ‘Lito? + ireiip lL 

—[g?+ (6/5) ip? Ls, 
or = PL (¥2/26)filitrALs], 
Ly=|Cr|?+|Cr’ |?+|Cal?+{Ca’ |’, 
L2= |Cr|?+|Cr’|?— |Ca|?—|[Ca’|?, 
L3=2 Re(CrC4*+Cr'C4"*), 
Ly=2 Im(CrC4*+Cr'Ca*), 
Qi=2 Re(CrCr*¥+CuC 4), 
Q2=2 Re(CrCr*—CC4"*), 
Q3=2 Re(CrC4"*+Cr'C4*), 

y= 2 Im(CrC4*+Cr’C 4*) 

The ox’, Aor’, 1, Ho, for’, for’, fi, etc., in (4.10) are 
given, in part, in Table I, and are plotted as functions 
of ¢ in Figs. 3 and 4. From the data presented in the 
tables it can be concluded that in the case of unique 


transitions the effect of finite nuclear dimensions is 
quite appreciable. 


5. 0-0 (YES) TRANSITIONS" 


In the case of 0 0 (yes) transitions, all types of 
terms will be taken into account, including Coulomb 
terms proportional to (aZ)* as well as terms involving 
(v/C)nuer and PR». Only P and T interactions will be 
retained among those which contribute to 0 > 0 (yes) 
transitions, the A interaction being neglected. Inclusion 


Fo=N 
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(1/9) [¢?+Aip?—2pq(v/c)Xor’ J+3(aZ/Ro)[p(0/c) Xie’ — 
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of the A interaction would lead to intractable formulas 
containing a large number of matrix elements and com- 
parison with experiments would be difficult. 

The general expression for the differential decay 
probability is again given by (2.1), where 
F=F —(v/c)F,(n.:v), 


so that the electron-neutrino angular correlation is 
defined by the equation 
W ey=1—(0/c)(F,/Fo)(me-v). (5.2) 
Similarly to (2.8), electron cian’ is defined by 
the relation 


(5.1) 


(9)=®/F, (5.3) 


where 
®= — (v/c)F,'n.+ F'n, (n,- v) 
+,n,.Xv+on,X (n. Xv). 
It follows from (5.3) that the longitudinal electron 
polarization averaged over the directions of the emitted 
neutrino is 
(0) = (o11) eM, wach, oF, Fo), 
whereas for a fixed direction of neutrino emission the 
electron polarization is 
C)ev= (o1yerMet+(o.™) MeX¥ 
= (o, " 


(5.4) 


(O1)e= (5.5) 


mn Xm Xe), (9.0) 


where 
(on )ev=L(onet (Mev) (Fo Fo) | W ev, 
(01 )ev=P1/ (FoW ev) ; ‘(FoW er). (5.7) 
The expressions for the quantities entering (5.1)- 
(5.7) are given below. 


(o,° /ev~ ®» 


gdoc’ J+[(aZ)?, 4Re? }Ac} 


+N 2— N3[4q-— i pI v c)Xo/— (aZ 2Ro) doc’ |—- baZN (1 (Re)dec’”’+ 5 pXor” ] 


F, = Ni{ (1/9) (¢?Xo+p?X:1—2eghor’) + (aZ/3Ro) (rc! — 
+N2Xo— Ns $qXo— 


.. ¢ 
F€A01 = 


gXoc’) +L (aZ)? ‘4Re? |X} 
(aZ 2Ro) Xoo’ |— laZN {3 ( é ‘py dor’ + | 1 Ro) Xoc"” |, 


?, _ (aZ/e){NiL(1 /9) ( imp’ hog — 2for”’ge)+ (aZ 3Ro) ( toc’ qt fic’) — ( (aZ), 4Re)aic |, 


ee HoN2t+Ns[4qiiot 4 efio1 


©.=—(1/e) (MAL (1/9) (Sraiiip*—vattog? + (@Z/3Re)niitoc’— 
(aZ 2Ro)yifoc’+ 


a: VR et ML tribes = 


foal, 


Ni=(|Cr|?+|Cr’|?)| 


| 


N2=(|Cp|?+|Cp’ |? iys| ’ 


N3=2 Rel (CoCs*+Cr'Ca"( fire)( fo 1) ; 
N,=2 In| (CoCo*-+C cxf m)( fe r) | 


_ (aZ ‘2Ro) ioc’ |} +Nal Aiton’ (v ‘c)+L(aZ)* 


M,=2 Re(CrCr"*) 


M>=2 Re(CpCp’*) fix , 


M;=2 Re| (CoCa"™-+Ce! o)(fi)( for) | 
M,=2 inf cocr's4crc+9( fin) (for) | 


2Ro jhjoc’’/e}, 
1 (aZ)?(yific/Ret+Feqior”) +4 (aZ) ince] 


r (aZ)* efor” |+ } (aZ)M J yiftoc” Ro+3 2701 'p |}, 
12 


for, 


\2 


(5.9) 


10 Effects related to 0-0 transitions have also been studied by B. V. Geshkenbein, Zhur. Eksptl. i Teoret. Fiz. S.S.S.R. (to be 


published). 
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(aZ)?. APPENDIX 
The formulas (5.8) and (5.9) will also be applicable 
to the case of pure A interaction if the following sub- 
stitutions are carried out in them: 


If the following changes, which correspond to in- 
clusion of vector interactions and arbitrary violation 
of parity conservation in various theories, are made, the 
- a : formulas of the present paper can be easily derived from 
wiles ia Heli those presented in our preceding paper® (denoted as I). 

1. In order to take into account vector interaction, 
z——26+( f ins) cal fie), Cr—C4. one should replace matrix elements A, J, P, etc., in I 
[Eqs. (7) and (29) ] by the following quantities: 


A—A+A’, with a’=ss( foe); I—I+I', with r'=¢0( fs); 
P— P+P’, with P= ea fix); R— R+R’, with R'=¢0( for); 


m— m—m’, with m=R/Rp, m’=R’/Ry; + 2+’, with *’= cv f (wx); 


Tix Tie tT x’, Tix’ =gal [Bove]; tic tin—tix’, with tye= 7 y/Ro and ty’ =Tjx’/Ro, 

where gy and gy, are V and A coupling constants in the _ the theories was determined by a single operator 
two-component neutrino case. he 

aad ae oo eee uy= (1+ ]A!2)-3(1+Ays) 

rhe coefficients Axx, wiz, etc., in Eq. (35) of I should . si 
moreover be replaced as follows: (a) For pure V and where) is a constant. In the general case in each type of 
A interactions (i.e., in expressions of the type |A’)*, theory a (a=, T, P, V, A), one should write Ca+7sCq’. 

419 ‘7? rm . . . ° 
Be ed This operator, however, is a linear combination of 

for \=1 and A=-—1: 


Cat ysCa’ = fat—-it at, 


Ask — Are, Kik ? Mik, X ik > = en, Wik —? sk. 


(b) In interference terms between vector and S, 7, P eee ; A , 
interactions, i.e., in expressions of the type AA”*, /1’*, where ga=(Ca—( a)/N2, Ba =(CatCa)/V2, it being 
Al’*, etc., evident that the parts containing «_;= (1—75)/v2 and 

u;=(1++s)/v2 do not yield interference terms. Thus 

Nik Mik, Mik —> Aik, Xik—> (1/T)mixy Mik > Xi, results corresponding to arbitrary violation of parity 
(i.e., to the operator Cy+ysC.’ in the interaction 
Hamiltonian) can be simply obtained from the formulas 
in I (for \=—1) by substituting in them g.— 
(Ca—Ca')/V2 and by adding to the expressions thus 

2. In paper I all calculations were carried out for obtained quantities corresponding to \=1 and to the 
the case when violation of parity conservation in any of — constants ga’= (Ca+Cq')/V2. 


and in expressions of the type A*A’, A*/’, 1*/’, etc., 


Nik Miky Mik —> Aik, Xin inn, Mie —> (1/7)Xie. 
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The Born approximation bremsstrahlung cross section, summed over the outgoing electron’s spin states 
and integrated over its momentum directions, is obtained for arbitrary polarizations of the initial electron 
and the outgoing photon. A brief discussion is given of the way in which the photon polarization depends 


on that of the incident electron. 


Rie ager to the differential bremsstrahl- 
ung cross section for forward scattering from 
longitudinal polarization of the primary electron and 
circular polarization of the emitted radiation have been 
obtained by McVoy.! In the following the dependence 
of the integrated bremsstrahlung cross section on the 
polarization of the incident electron and the emitted 
photon has been given for the most general case. The 
recoil energy of the nucleus and the effect of screening 
of the nuclear Coulomb field, which will be considered 
in a forthcoming paper, has been neglected throughout. 
The nuclear Coulomb field has been considered only 
in the first Born approximation. 

The matrix element M for this process can be written 
in Jauch’s notation’ in the form 


1 
M=—1(p)Qu(po), (1) 
g? 
where 


R)yy" —m 


cepa 
— po cos») 


i(pt+k).y’—m 
Cer aoa ar . 
2(E—>p cosé) 


(po 


q=Ppo—p-—k. 


In the above equations 6, # are the angles between k 
and p, Po, respectively, and e is the polarization vector 
of the photon. The transition probability is then pro- 
portional to 


1 
|M|?= r Trl u(p)ia( p)Qu( po) (po)Q). 


In order to describe the polarization phenomena, it is 
convenient to introduce the two basic polarization 
vectors e; and e» and the direction % of the spin angular 
momentum of the primary electron in the rest system. 
We take e; in the k—pp plane and write e=a,e1+ deo, 
with | a;|2+ | a.|2=1. Following Tolhoek,* the polariza- 
tion density matrix p of the emitted photon can now be 
written as 


p=3(1+E-o) (3) 


1K. W. McVoy, Phys. Rev. 106, 828 (1957). 
2 J. M. Jauch and F. Rohrlich, The Theory of Photons and Elec- 
trons (Addison-Wesley Pub lishing Company, Cambridge, 1955), 


p. 364. ceca 
8H. A. Tolhoek, Revs. Modern Phys. 28, 277 (1956). 


where 


9 | 9 


€:= | a1|/°— | de}?, *¥4 qoay*, 


£2=)d2 
and 


&3= 1(a,a9*— aoa"). 


Here £, represents linear polarization we k—e,, k-e, 
as the reference planes of polarization; £2, linear polar- 
ization with reference planes of ae making 
angles jr with the k—e;, plane; and &;, circular polar- 
ization. The 2X2 w matrices are w;=03, w2=0}, W3= 02, 
where the o’s are the Pauli matrices. The projection 
operator %(po)t%(po) as given by Tolhoek® in terms of 
the polarization vector % of the electron is 


*) 1—So’y,7s), 


(Zo- Po) Po wr) 
m(Eo+m)’ m 


poy 


m 


u(pa(ps)=4( 1- (4) 


o-( 


From (2) and (3) we now get 


| M |?=3[ (21t222)+ &1(Z11—222) 
+ £o(Zy2+221) —i€3(Z12—Da1) |, 


where 2,,=M,M,*, M, being obtained from M by 
replacing e by e,. Summing (5) over the spin states of 
the final electron and a subsequent integration over its 
directions of momentum give 


where 


(5) 


f F|M|d0=6(0) +4(H+4+6(G)4+0(EG). (6) 


For the explicit expression of (0) and ®(&), one may 
refer to the paper of Gluckstern and Hull.‘ If we write 
n t=2(Zem/r)*(p/po)kdkdQo, 


then 


(0) $(f)= $(%)=0, (7) 


where doy, doi, and doy are given by Eqs. (4.1), (4.2), 
and (4.3) of Gluckstern and Hull’s paper. 
We can write ©(&,%) in the form 
(EC) = — (wE3/8mw) { (Co-Po/ Po) [Prt+sinvPz’ | 
o- + (fo-m)Pr}, (8) 
4R. L. Gluckstern and M. H. Hull, Phys. Rev. 90, 1030 (1953). 


= ndoy, €\n(doy— dom), 


532 





INTEGRATED 


where np is the unit vector perpendicular to pp in the 
k—p» plane. The quantities &; and @,’, contributions 
from longitudinal polarization of the incident electron, 
and @7, that from transverse polarization, can now be 
written as 


1 (2(2Eew— Ep?) 
o=-—{- . . a 
po’ Ao 


mpo 
2Eopo( po—w cosh) mL 
+——___+- 
pop 
2mw— pr Eo— en] 
por Ad® 


wprA? 


wl?Ag 
pi'—2E wo 
x| ae 
po’ Ac? 
2 poe? po— Eo cosbo Eo(po-w COSO») | 
es |}, 
pT Ad? Tm ‘Ji 
| 4m? (2E +m?) 
mpo 
L | 2m? Eo(3m'w— pr FE) 
pop 


12m?Eo 
,'= + 

2 3 

Po v0 


pir Ao! 


ot 
po? Ao! 


6E mat polw— pe? | 
—— | ® 


por Ac’ 


4(3.F 6? sin’6o+m?) 
Pr = in| 
po? Act 
16F» 2 2 


por Ac® prdc T*Ae? 


i; [—— m> 2m?(Eo+w) 
pop 


prAc’ porAc? 


Eo(m?E+sin6oL6m’w— pF }) 


prot 


Here 
EEy— m?+- Ppo 
L=In| — | 
REo— m?— Ppo 


T=|po—k\|, w=|kI, 


T+p 
=i] } 
T—p 


Thus, for bremsstrahlung in the forward direction, 


Ao= Eo Po cosh, 


P(E) =— (r&s ‘Smw) (Co: pr ‘po)®r. 


BREMSSTRAHLUNG 


CROSS SECTION 533 


From the above, the following conclusions about 
polarization phenomena in bremsstrahlung can im- 
mediately be made: 


(i) If the primary electron beam be unpolarized the 
emitted radiation will be linearly polarized, since &;, 
which represents circular polarization, is absent in 
the expression for @(&). Further, from the dependence 
of &(&) on £, it follows that the emitted radiation will 
be polarized in the k—e,; and k—e, planes and there 
will be no polarization in planes making angles ja with 
these planes. 

(ii) There is no correlation between the polarization 
of the primary electron and linear polarization of the 
emitted radiation, @(&,%) being dependent on &; only. 
Thus with a polarized incident electron beam the 
bremsstrahlung will, in general, be elliptically polarized. 

(iii) The contributions from transverse polarization 
of the primary electron vanishes for #>=0, and hence 
it cannot be detected by analyzing the circular polariza- 
tion of the forward bremsstrahlung. 


The results for the phenomenon of pair production 
can be obtained directly from the above by replacing 
pand E by —p, and —£, respectively, where (p,,/,) 
are the momentum and energy of the positron. 

Note added in proof:—The parameter & in terms of 
which the transition probability w [which is propor- 
tional to the right-hand side of Eq. (6) ] has been ex- 
pressed is, in fact, the Stokes parameter for the polariza- 
tion detector of the bremsstrahlung. Following Tolhoek* 
and using the density matrix formalism one can show 
that if the transition probability w be expressed in 
the form i) 

w~(0)(1+€-&’), (12) 











i i 1 re 


' 2 3 4 
PHOTON ENERGY IN UNITS OF 'm' 





Fic. 1. fr(w,Eo,00) defined by Eq. (13) as a function of the 
photon energy for two values of the scattering angle @:=0, 30°. 
The graphs A and B correspond to primary energy Ey=4m and 
6m, respectively. 
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then &’ is the Stokes parameter for the emitted photon 
beam. An alternative procedure for arriving at the same 
result consists in making w maximum subject to the 
condition 

éP+iP+ "= (|a1|?+|a2|*)?=1, 
which the parameter & satisfies from definition. The 
Stokes parameter &’ of the photon beam is then related 
to this — of the detector by the simple equation &=7& 
where 7, the degree of polarization, is given by 

inated (Wmax— Wmin) (Wmaxt+Wmin). 

Because of its relative importance in the study of the 
polarization of 8 rays which are known to be longi- 
tudinally polarized, we consider only the contribution 
f3,’ to the circular polarization of the bremsstrahlung 
from longitudinally polarized primary electron beam. 
We find from Eqs. (6), (8), and (12) 


t31'= + (fo: Po po){a(@i+8m'6 ;’ ) Smaxb (0) } 
= (Go “Po Po fi (w, E,00). 
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In Fig. 1, f: has been plotted as a function of the 
photon energy w. Since f, is found to be positive, it is 
apparent from Eq. (13) that the sense of circular polari- 
zation (right or left) of the bremsstrahlung is the same 
as that of the polarization (parallel or antiparallel to 
the momentum) of the primary beam. The amount of 
circular polarization rapidly increases with the photon 
energy and near the upper end of the bremsstrahlung 
spectrum it is ~90% for completely polarized primary 
beam. These results are in perfect agreement with the 
experimental findings of Goldhaber et al.° 
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The spins of I, I!%, and I'*! have been measured by the method of atomic beams; the spins are §, 2, and 3, 


respectively. The result J= } for I" confirms an earlier measurement by a different method. 


INTRODUCTION 


HIS paper reports the first results of a program 
to determine the nuclear spins, magnetic mo- 
ments, and quadrupole moments of some of the avail- 
able radioactive halogens by the method of atomic 
beams. These quantities are of interest because an ex- 
tension of measurements in a region of the periodic 
table where collective effects are not expected to domi- 
nate will serve to broaden the experimental basis of the 
single-particle shell model and lead to further tests of 
the model itself. In addition to the results of spin deter- 
minations of three iodine nuclei, this paper contains a 
description of an atomic-beam apparatus that ap- 
pears particularly suited to the study of radioactive 
substances. 


METHOD 


The method used, an atomic-beam ‘“‘flop-in” type of 
experiment, was first proposed by Zacharias ef al.)? 
In recent years there has been considerable application 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1J. R. Zacharias, Phys. Rev. 61, 270 (1942). 

2 Davis, Nagle, and Zacharias, Phys. Rev. 76, 1068 (1949). 


of this technique to the measurement of the spins and 
moments of radioactive nuclides,’ and only a brief 
description of the method is given here. 

The ground state of all halogen atoms is P;. Thus 
(with normal ordering of the F levels) there are two 
observable flop-in transitions at low frequency. For 
I>0 these are 


(F=I+3, Mr=—I+}) > (F=/14+3, Mr=—I-—}) 
and 
(F=I+}, Mp=—I+9) > (F=I4+4, Mr=—I+}), 


where F is the total angular-momentum quantum 
number of the atom, J the nuclear-spin quantum 
number, and M+, the projection of the total angular 
momentum along the direction of quantization. Figure 1 
shows the relevant energy-level diagram for a halogen 
atom with J=,. The two transitions are indicated by 
arrows; they will be referred to as (+) and (—) transi- 
tions, respectively. A measurement of the frequencies 
of either or both of these transitions in the linear 


3 William A. Nierenberg, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Stanford, 1957), Vol. 7, p. 349. 
4 Kenneth F. Smith, Progr. Nuclear Phys. 6, 52 (1957). 
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Zeeman region is sufficient to determine the spin. If 
gr is the g factor of the particular F level in which a 
transition is observed at frequency vx (where X is the 
isotope) in a magnetic field H, we have 


vx&er(uoll/h), (1) 


where yo is the Bohr magneton and / is Planck’s con- 
stant. For a P; electronic state the g factors are 


4 27+9 
t-- ——, (F=]+-4). 
3 (27+1)(27+3) 


Equations (1) and (2) are derived under the assump- 
tions of pure Russell-Saunders coupling and of vanish- 
ing nuclear magnetic moment. The magnetic field H is 
measured by observation of a transition in an isotope 
of known spin; in this experiment a beam of Cs! is 
employed. For Cs, J is $, and (at moderate fields) for 
the transition (F=4, Mp=—3) — (F=4, Mr=—4), 
we have 

vos} (uoll /h). (3) 


Hence at a given field H, the ratio of vx to vcs is 
vx/vos=A4gr, (4) 


and it is necessary only to search for a signal due to the 
isotope of unknown spin at the discrete frequencies 
determined by Eq. (4). Once a signal has been observed, 
a resonance is traced out for both transitions at a 
number of different fields to establish the spin un- 
equivocally. The particular isotope involved is identified 
by its decay half-life. Measurements of the two transi- 
tion frequencies at high field where electronic and nu- 
clear moments are partially decoupled are necessary 
to determine the magnetic and quadrupole interaction 
constants; the exact procedure adopted will be more 
fully discussed in subsequent papers. 


SAMPLE PREPARATIONS 


Radioactive I'** and I'* were produced by the bom- 
bardment of powdered antimony metal with 48-Mev 
alpha particles in the Crocker 60-in. cyclotron. The 
13-hr I is produced by the reaction Sb™!(a,2)I'? and 
the 4-day I'* by the reactions Sb”'(a,n)I™ and 
Sb"3(a,32)I'**. The 8-day I! was obtained in 30-mC 
lots from Oak Ridge National Laboratories in the form 
of Nal in sodium sulfite solution. Iodine is easily pre- 
cipitated from NaI by mild oxidizing agents in acid 
solution. Carrier iodine (20 mg) in the form of NaI was 
added to the Oak Ridge sample and iodine was precipi- 
tated by the addition of NaNO» and dilute sulfuric 
acid. The iodine was extracted into carbon disulfide 
and added to a flask containing approximately 200 mg 
of elemental iodine. The mixture was well shaken and 


RADIOACTIVE I 


ISOTOres 








(ENERGY) 





Fic. 1. Energy-level diagram of *Py state with J=§$. The two 
permissible ‘‘flop-in” transitions are indicated by arrows. 


the carbon disulfide was evaporated off under vacuum. 
The dry flask was attached directly to a discharge tube, 
which is necessary to dissociate the iodine molecules 
into iodine atoms. The vapor pressure of iodine at room 
temperature is adequate for the maintenance of the 
discharge. 

Several attempts were made to separate the iodine 
from the antimony metal by distillation under vacuum 
and condensation of the iodine on a cold surface, but 
yields were only moderate (approximately 50%) and 
difficulties arose because the antimony tended to 
volatilize with the iodine. A simple and efficient 
chemical separation procedure was devised which pro- 
duces yields of 80 to 90%. The antimony powder is 
dissolved in concentrated HCI by the addition of a few 
drops of hydrogen peroxide and then a few milligrams 
of Nal carrier is added. When the solution is adjusted 
just past the neutral point with NaOH, the antimony 
precipitates as SbOCI which can be filtered off. The 
precipitate is washed with a few milliliters of NaOH 
containing NaI, and the iodine precipitated from the 
filtrate and extracted by use of the procedure already 
outlined. 

For the production of I’ the antimony targets were 
bombarded for 3 hours with 48-Mev alpha particles at 
a beam current of 15 to 20 ua. Though some information 
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Fic. 2. Schematic view of atomic-beam apparatus. A, B, C- 
magnets; D-detector can; E-oven can; F-calibrating oven; G 
button loader; H-stopwire assembly; I—liquid-nitrogen traps; 
J-valves. 


was obtained on I'* from these bombardments, for the 
specific study of I the bombarding time was increased 
to 9 hours and the I” allowed to decay away for several 
half-lives. 

APPARATUS 


The atomic-beam machine used for these experiments 
is, in principle, of the standard ‘“‘flop-in” type, but 
differs in many constructional details from those 
previously described in the literature. A sketch of the 
machine is shown in Fig. 2. The three magnets are 
mounted externally to the vacuum system. The A and 
B magnet gaps are surrounded by manifolds, with the 
A manifold being pumped by its own diffusion pump 
(MCF 300),° and the B manifold via a connection to 
the detector can D. The C-field can is pumped separately 
with another MCF 300 pump. With the exception of the 
A-magnet pump, all pumps are hung from the cans, 
and valves are included in all the pumping paths above 
the liquid nitrogen traps.’ The valves allow the main 
system to be brought up to atmospheric pressure with- 
out cooling the pumps and warming the traps. The 
system can be pumped from atmospheric pressure to 
3X10-* mm Hg in about 5 minutes. The oven and 
detector pumps are MCF 700 oil-diffusion pumps. The 
oven, detector, and C-field cans together with the 
magnets are mounted upon heavy plates which sit 
astride Dural runners. Provision is made for inde- 
pendent horizontal and vertical motion of each plate. 
The magnet-energizing coils are external to the vacuum 
system and a single turn of water-cooled copper tubing 
on the coil formers of the A and B magnets keeps the 
temperature at a reasonable value. 


5 The MCF series of pumps is manufactured by Consolidated 
Vacuum Corporation, Rochester, New York. The valves employed 
are Temesca] valves produced by the same company. 


AND LIPWORTH 

The present mode of construction has certain 
mechanical advantages: (1) apparatus line-up is easily 
performed, (2) a change from a “‘flop-out” to a “‘flop-in” 
system can be simply achieved by reversing the B 
magnet, (3) the length of the C field can be readily 
changed, and different rf loops incorporated, (4) the 
system of valves allows easy and rapid access to the 
cans, and rapid attainment of a working vacuum; 
(5) component parts can readily be decontaminated or, 
if necessary, replaced (this is a major advantage, par- 
ticularly for work with long-lived radioactive isotopes). 

During the early stages of construction, attempts 
were made to pass a potassium beam down thin-walled 
stainless steel tubes supported between the magnet 
gaps. The diameters of the A and B magnet tubes were 
0.080 in. and 0.375 in., respectively. With this arrange- 
ment, only extremely weak beams were recorded at 
the detector. When the A tube was replaced by a 
0.375-in. diameter tube of the same length, a beam of 
approximately half the expected intensity was recorded. 
Attempts to improve the transmission by prolonged 
outgassing of the tubes i situ at 300 to 400°C gave no 
improvement, but subsequent cooling of the tubes with 
liquid nitrogen led to some improvement in transmis- 
sion. After the tubes had been outgassed for 3 hours 
and a beam observed, the beam reduced to zero 10 
seconds after application of power to the heating coils 
and reappeared as the tubes cooled. At this point the 
A- and B-magnet vacuum manifolds were incorporated. 
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Fic. 3. Discharge tube and discharge-stabilizing circuit. 
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The electronics associated with the apparatus is to a 
large extent conventional with the exception of the 
AB-magnet power supply. The magnets were wound to 
operate at 300 v at 5 amp and are energized by an elec- 
tronically regulated supply that is stable to one part 
in 30 000; consequently changes in the C field due to 
time-dependent fringing effects are largely eliminated. 

The calibrating oven F is loaded with cesium metal 
in a dry nitrogen atmosphere and is raised and lowered 
by a motor. The radioactive beam is collected upon 
buttons coated with evaporated silver which are intro- 
duced and removed from the machine via a vacuum 
lock. The button loader is shown at G. Buttons are 
stored in a vacuum bottle to prevent poisoning of the 
silver surface. Exposure of the buttons to air for one or 
two days reduces the collection efficiency markedly, 
presumably by the formation of a surface coating of 
silver sulfide. The collection efficiency of freshly silvered 
surfaces for iodine (both atomic and molecular) is 
high and reproducible. 

The discharge tube is driven by an rf oscillator at 
450 kc/sec and is mounted on a movable plate as part 
of the oven can /:; it is shown in Fig. 3 together with a 
regulating circuit that has been found particularly 
useful. The tube is quartz, and good capacitative 
coupling between the electrodes and discharge is 
achieved by painting the surface under the electrodes 
and in the neighborhood of the slit with Aquadag. The 
latter step was found to be essential to obtain an 
efficient discharge. The dissociation efficiency of this 
discharge is high for iodine and bromine (80 to 100%). 
The slit width and height are approximately 0.005 and 
0.040 inch, respectively. The discharge regulator was 
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Fic. 4. §(+) resonance in I'*!, The arrow indicates the ex- 
pected position of the resonance peak in the absence of quadratic 
and higher-order shifts. 
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Fic. 5. $(—) resonance in I!*! 

devised originally by Steinmetz in 1890,° and has the 
interesting property that at resonance the current 
through R is independent of R. An extremely stable 
discharge results if the circuit is tuned to operate 
slightly off-resonance. 

A General Radio type 805-C oscillator is employed 
to power the rf loop, which consists of a single U-shaped 
turn of ;4g-in. diam copper wire whose plane is oriented 
parallel to the C field. With this arrangement cesium 
resonance half-widths are about 130 kc/sec. The oscil- 
lator frequency is measured with a Hewlett-Packard 
type 524 B frequency meter. During exposure of a 
button to the iodine beam, normally for 5 to 10 min, 
the frequency remains constant within a few hundred 
cycles. Little or no trouble has been experienced with 
C-field drift during the exposure time. 

The I’ and I are detected by counting the K 
x-rays (~30 kev)’ emitted after electron capture. 
Thin-crystal scintillation counters with a background 
counting rate of approximately 0.5 counts/min are 
employed for this purpose; these counters have been 
described previously.§ 

The I'*! is detected by counting the decay beta par- 
ticles in small-volume gas-flow proportional counters. 
The buttons are inserted directly into the counters 
which, because of their small surface area, have the 
unusually low background of 2 to 3 counts/min. These 
counters will be described elsewhere. 


RESULTS 


Todine-131.—The two resonances shown in Figs. 4 
and 5 were each obtained with approximately 20 mC 
of I'*' in the oven vial mixed with 200 mg of natural 
iodine carrier, The cesium resonance frequency was 


6 See Albert C. Candler, Modern Interferometers (Hilger and 
Watts, Ltd., London, 1951), p. 32, for a description of this circuit 
and some early references. 

7A. H. Compton and S. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand and Company, Inc., Princeton, 
New Jersey, 1935), Chapter VIII. 

8 J. C. Hubbs and W. A. Nierenberg, University of California 
Radiation Laboratory Report UCRL-3434, June, 1956 (un- 
published). 
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5 Mc/sec corresponding to a C-field setting of 19.93 
gauss. Similar resonances have been obtained at 7.99 
gauss (cesium resonance frequency=2 Mc/sec). The 
} (+) resonance buttons were each exposed for 10-min 
periods, but the exposure time was reduced to 5 min 
for the  (—) resonance. The direct-beam counting 
rate was approximately 250 counts/min for a 5-min 
exposure with the AB magnets turned off. When the 
magnets were turned on, the counting rate dropped to 
40 counts/min. With 200 mg iodine carrier, the dis- 
charge running time was approximately 3 hr. In Figs. 4 
and 5, the small difference between the frequency of the 
resonance peaks and the corresponding values of 
gr(uoll/h) is due to partial decoupling of the nuclear 
and electronic magnetic moments by the C field. 

It will be noted that the background signal level in 
the absence of rf power is appreciable. This large 
apparatus background has been encountered in work 
with bromine as well as iodine isotopes and is due to the 
high volatility of these substances. Attempts to reduce 
it by surrounding the buttons with a liquid-nitrogen- 


1'23 a 
%, * 10Mc 


un 
Gr 2 = 19,85 Mc 


COUNTS PER MINUTE 


RESONANCE 
CENTER 
SVt@ 











1 r 4 
Oi 202 20,3 


4 4 
19.7 198 199 200 2 
FREQUENCY (McAec) 


Fic. 7. $(+) resonance in cyclotron-produced I, 


GREEN, 


AND LIPWORTH 

cooled shield have not produced much improvement; 
possibly what is required is a silver coating on the inner 
walls of the magnets and vacuum systems. 

The observed resonances allow an unambiguous 
assignment of } for the nuclear spin of I'*!, a result 
which verifies an earlier measurement by a different 
method.® 

Todine-123 and Iodine-124.—Figure 6 shows the 
results of a spin search on cyclotron-produced iodine at 
a field of 11.97 gauss. Strong peaks will be noted at 
frequencies corresponding to (+) and (—) transitions 
in a spin-} isotope, and a smaller (+) peak indicating 
the presence of an isotope with spin 2. The decay of a 
direct-beam button shows the presence of two com- 
ponents with half-lives of 15 hr and 5 days, respectively, 
and on the basis of the published haif-lives'!®-™ these 
have been identified as I’ and I. Figures 7 and 8 
show examples of 3 (+) and } (—) resonances at a 
field of 39.70 gauss. Similar resonances have been ob- 
tained at fields of 11.97 and 23.89 gauss. The decay 
curves of the $ (+) resonance-peak buttons show the 
presence of both I and I'4, The long 4.2-day I tail 
is due to resonance overlap; at the fields employed, 
the I (2—) resonance occurs at approximately the 
same frequency as the 3} (+) resonance. The $ (—) 
resonance-peak button decay is uncontaminated by 
overlap. Because of this overlap, the antimony targets 
were allowed to stand for several half-lives of I'** prior 
to processing and searching for I'*‘ resonances. Figures 9 
and 10 show 2 (+) and 2 (—) resonances obtained at a 
field of 39.70 gauss. The two peak buttons of Fig. 9 
and the three of Fig. 10 were decayed and showed only 
the presence of the 5-day I isotope. 

On the basis of these results the spin of I’ is 3 and 
that of I is 2. 


12 #t- 
%" 10 Mc/sec 
ot 


v 
Or ——? 15.44 Mc 


COUNTS PER MINUTE 





RESONANCE CENTER 
¥ ak aVv:@ 


FREQUENCY (Mc /sec) 


Fic. 8. §(—) resonance in cyclotron-produced I, 


® Livingston, Benjamin, Cox, and Gordy, Phys. Rev. 92, 1271 
(1953). 

10 Mitchell, Mei, Maunchien, and Peacock, Phys. Rev. 76, 1450 
(1949), 

1 L. Marquez and I. Perlman, Phys. Rev. 78, 189 (1950). 

12H. B. Mathur and E. K. Hyde, Phys. Rev. 96, 126 (1954). 

13 J. L. Meem and F. Maienschien, Phys. Rev. 76, 328 (1949). 

4 Aagaard, Andersson, Burgman, and Pappas, J. Inorg. Nuclear 
Chem. 5, 105 (1957). 
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DISCUSSION 

The spins of the stable iodine isotopes I’ and I'” are 
known to be § and 3, respectively. They indicate that 
the ds2 and gz/2 single-particle shell-model levels are 
both readily available to the odd proton. The spins of 
5 and 3 for I’ and I'*' fit nicely into this picture. [™ 
possesses an odd number (71) of neutrons. Odd-A nuclei 
with neutron numbers between 65 and 75 consistently 
exhibit spin } because of the filling of the /41/2 level in 
pairs. If it is assumed that the neutron part of I 
also possesses spin 3, the consequences of Nordheim’s 
rules can be investigated.'° If the odd proton: is assumed 

as M. G. Mayer and J. H. J. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley and Sons, New York, 1955), 
pp. 194-196. 
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to be gz/2, Nordheim’s strong rule applies, and the ex- 
pected spin is 3; if the proton is ds52, the weak rule 
applies, and a spin near but not necessarily equal to 3 
is implied. As the observed spin is 2, it is likely that the 
odd proton of I is in a d5;2 level. 
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Directional correlation measurements have been carried out on 
five cascades involving the gamma rays in Gd!*4, The results of 
these measurements in conjunction with the work of Juliano and 
Stephens, and Cork et al., show the existence of two rotational 
bands and possibly the start of two more such bands. The nature 
of these bands are explained in terms of the Bohr-Mottelson model 
for spheroidal nuclei. The levels are characterized by the quantum 
numbers (K, J, x) and are listed in order of increasing energy. 
The ground state rotational band consists of the ground state 
(0, 0, +) and the first and second excited states of (0, 2, +) and 
(0, 4, +), respectively. The 0.998-Mev and 1.130-Mev levels are 


INTRODUCTION 


l J NTIL rather recently, the exact nature of the 
decay of Eu'* has been obscured by the activity 

of Eu!®, Since the half-life of Eu’ (16+4 years) is of 
t Supported in part by the Michigan Memorial Phoenix Project 


and Office of Naval Research. 
* Eastman Kodak Fellow. 


assigned to a second rotational band with K=2 and spin and 
parity values 2+, 3+, respectively. The assignment of quantum 
numbers to the 1.400-Mev level can be made as either (2, 2, +) 
with the mixture of (99.54+0.259% D, 0.540.25% Q) for the 
1.277-Mev gamma ray, or (3, 3, +) with the mixture of (85.42% 
D, 152% Q) for the 1.277-Mev gamma ray. The state at 1.723 
Mev is best characterized by the quantum numbers (2, 2, —) 
with the mixture of (99.740.3% E1, 0.340.3% M2) for the 
0.725-Mev gamma ray, or (3, 3, —) with the mixture of (78.56% 
E1, 21.54+6% M2) for the 0.725-Mev gamma ray. 


the same magnitude as that of Eu’ (13 years), sepa- 
ration of the two isotopes on the basis of their half-lives 
is virtually impossible. An investigation of the mode of 
decay of both of these isotopes has been carried out by 
Cork et al.’ using sources obtained by neutron bom- 


1 Cork, Brice, Helmer, and Sarason, Phys. Rev. 107, 1621 
(1957). ‘ 
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Fic. 1. Decay scheme of Eu’ proposed by Cork et al., and by 
Juliano and Stephens. The proposed values of (A, /, +) are in best 
agreement with all existing data. 





bardment of the enriched isotopes of europium. Juliano 
and Stephens? have also studied the decay of Eu'™ 
using a very pure source of Eu’ which was obtained 
from fission products. The proposed level scheme of 
Juliano and Stephens for Eu’ is shown in Fig. 1. 
Except for a few minor discrepancies, the decay schemes 
which have been proposed by Cork ef al. and Juliano 
and Stephens for the decay of Eu'®™ are in excellent 
agreement. A starting point is therefore established for 
the measurement of other properties of this interesting 
nucleus by angular correlation techniques. 

The directional correlation of the 0.123-Mev gamma 
ray with the 0.248-Mev gamma ray has been reported 
by Grodzins* and supports a spin sequence of 4(Q)2(Q)0 
for the low-lying levels. 


PROCEDURE 


In the work to be described, measurements were made 
with a conventional “‘fast-slow” coincidence circuit with 
an effective resolving time of 3.5X10~* sec. The scintil- 
lation counters consisted of 1-in.X1}-in. Nal(TI) 
crystals mounted on Dumont type 6292 photomulti- 
pliers. The counters were shielded frontally by 3% in. of 
aluminum. Although differential discrimination was 
used to provide energy selection, lateral lead shielding 
was also employed in the measurements to eliminate 
coincidences due to scattering. The sources were 
prepared by dissolving Eu,O; in a dilute solution of 
HCl. Although the europium was enriched in Eu, 
some Eu! was present and prevented several of the 


2J. O. Juliano and F. S. Stephens, Jr., Phys. Rev. 108, 341 
(1957). 

3L. Grodzins (private communication) as reported by Cork 
et al.) 
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possible correlations from being carried out. The gamma 
spectrum is shown in Fig. 2. 

In all cases a least-squares fit of the correlation data 
was made to the function 


F(0)=Ao' +A? P2(cos@)+ A 4’ Ps(cos6). (1) 


The error flags on the experimental points represent 
the root-mean-square statistical errors. The effect of 
finite angular resolution was computed by the Rose‘ 
method. 

Data were obtained on five cascades and the results 
have been interpreted, with the aid of conversion data, 
in terms of the Bohr-Mottelson picture. 


RESULTS 


Directional Correlation of 0.123 Mev—0.248 Mev 
Gamma Rays 


Discriminator (1) was set with a narrow window on 
the 0.123-Mev peak, while discriminator (2) was set 
with a narrow window on the 0.248-Mev peak. A 
least-squares fit of the data to the function F(@) 
corrected for solid angle gives 


W (6) =1+ (0.059+0.007) P2+ (0.001+0.011) P,. 


This is shown by the dashed curve in Fig. 3. Nearly all 
the other gamma rays are in coincidence with the 0.123- 
Mev gamma ray, and therefore the degraded gamma 
rays which are produced from Compton scattering of 
these gamma rays will also be counted as real coin- 
cidences, and must be subtracted in order to give the 
true correlation function for this cascade. 

This was carried out in the following manner. 
Discriminator (1) was kept on the 0.123-Mev peak 
while discriminator (2) was moved to the high side of 
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Fic. 2. Scintillation spectrum of gamma rays following the decay 
of Eu'**, The numbers listed on the peaks are the energies of the 
gamma rays given in Mev. The numbers in parentheses are the 
energies of the gamma rays which belong to the decay of Eu'®. 


*M. E. Rose, Phys. Rev. 91, 610 (1953). 
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Fic. 3. Directional correlation of 0.248 Mev—0.123 Mev cascade 
is given by the solid curve. The experimental points are given 
without error flags, but are assumed to carry about 3% error. The 
correlation curve for this cascade before background subtraction 
is shown with small dashes, while the theoretical 4-2-0 curve is 
shown with large dashes. 


the 0.345-Mev peak, which belongs exclusively to 
Gd!®, The correlation was obtained for this arrange- 
ment. The coincidences were due entirely to the 
Compton-scattered gamma rays from high-energy 
gammas, in coincidence with the 0.123-Mev gamma. 
This correlation function was nearly isotropic. 


W (6) =1+ (0.010+0.011) P2+ (0.023+0.014) Ps. 


The result of this subtraction yields the corrected 
correlation function 


W (6) =1+ (0.098+0.018) P2— (0.020+0.024) P, 


shown as the solid curve in Fig. 3, along with the 
corrected experimental points. The theoretical values 
for a 4(Q)2(Q)0 cascade are A2=+0.102 and 
A,=+0.009. Within the experimental accuracy the 
data are in good agreement with 4(Q)2(Q)0 assignment 
for the second and first excited states, respectively. 
(All even-even nuclei have a ground state spin of 0.) 
The conversion data’ also supports the #2 character 
for both of these transitions. There is little doubt that 
this cascade is truly a 4(Q)2(Q)0 cascade, all with even 
parity. 

It should be noted that nearly all the gamma radi- 
ation goes through the 0.123-Mev gamma transition, 
while the 0.371-Mev level is fed very weakly by the 
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other gamma rays. Therefore no correction was made 
for Compton-scattered gamma rays from higher energy 
radiations being in coincidence with the 0.248-Mev 


gamma ray. 


Directional Correlation of 0.725 Mev—0.998 Mev 
Gamma Rays 


One discriminator was set on the peak of the 0.725- 
Mev gamma with a narrow window, while the second 
discriminator was set with an equally narrow window 
to include only the 1-Mev peak. There are two gammas 
at this energy, but only one is in coincidence with the 
0.725-Mev gamma. The result of the 0.725 Mev—0.998 
Mev correlation is 


W (6) =1+ (0.2130.025) P2— (0.0130.037) Ps. 


The experimental points and least squares curve are 
shown in Fig. 4. Theoretical 6-2-0 and 5-2-0 curves 
are also shown in this figure. The coefficients for these 
two sequences are listed in Table I, along with those 
for a 2(D)2(Q)0 sequence which is also in agreement 
with the experimental results. 

The values of A» and A, obtained in this experiment 
are plotted on a mixture curve for a 2(D,Q)2(Q)0 
cascade in Fig. 5. Instead of plotting 6, the mixing 
parameter, as a function of the coefficients, a much 
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Fic. 4. Directional correlation of 0.725 Mev—0.998 Mev cascade. 
Theoretical 6-2-0 and 5-2-0 curves are given as broken lines. 
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TABLE I. “Pure” correlation functions. 





Sequence 


—0.018 


more convenient form is obtained if the substitution 
Q=6/(1+6) is made. In this form Q represents the 
amount of quadrupole admixture, while 1—Q is the 
dipole admixture. The required mixture, which is in 
agreement with both the Az and A, data, is found to 
be 0=0.340.3%. The 0.725-Mev gamma ray would 
be a mixture of 0.3% quadrupole and 99.7% dipole 
radiation. 

The experimental data also support a 3(D,Q)2(Q)0 
sequence as shown in Fig. 6, with a mixture of 21.56% 
Q. (It can also be fit with approximately 60% Q, but 
it is felt that with better statistics on the A, this would 
not be the case.) 

If a spin of 4 is considered for the 1.723-Mev level, 
the 0.725-Mev gamma ray is required to have an 
octupole content of 643% or 52+6%. These results 
are summarized in Table II. 

If a spin of 2 is assumed for the 0.998-Mev level, from 
the correlation data alone spins of 2, 3, 4, 5, 6, can be 
assigned to the 1.723-Mev level. Spins of 5 and 6 are 
precluded on the basis of the conversion data, and will 
not be given further consideration. The only other 
assignment of spin for the 0.998-Mev level which was 
given consideration was a spin of 1. If this level is 
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Fic. 5. Az and A, versus Q, the quadrupole intensity, for a 
2(D,Q)2(Q)0 sequence. The shaded areas show the values of Q 
consistent with the experimental values of A» and A, obtained 
for the 0.725 Mev-0.998 Mev correlation. 
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assumed to have a spin of 1, then the correlation data 
can be fit by spins of 1 or 2 for the 1.723-Mev level with 
mixture in the 0.725-Mev gamma transition. A spin 
of 3 to the 0.998-Mev level was not given consideration 
as this requires the 0.998-Mev radiation to be pure 
octupole. This is in disagreement with the conversion 
data. In addition if a spin 3 is assigned to the 0.998-Mev 
level, the transition to the 0.371-Mev (4+) level would 
be expected to compete with the 0.998-Mev radiation 
to the ground state (0+). The transition from the 
0.998-Mev level to the 0.371-Mev level is not observed. 


Directional Correlation of 0.725 Mev-—0.875 Mev 
Gamma Rays 


One discriminator was set on the 0.725-Mev peak, 
while the second discriminator was set on the 0.875-Mev 
peak. As in the other correlations, narrow windows were 
used in order to keep interfering radiations to a mini- 
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Fic. 6. Az and A, versus Q for a 3(D,Q)2(Q)0 sequence. The 
shaded areas show the values of Q consistent with the experimental 
values of Az and A, obtained for the 0.725 Mev-0.998 Mev 
correlation. 


mum. This correlation yields 
W (0) =1— (0.029+0.016) P2— (0.03140.024) Py. 


These data must be corrected for Compton-scattered 
gamma radiation from the 0.998-Mev gamma being 
counted with the 0.875-Mev peak. This radiation is in 
coincidence with the 0.725-Mev radiation and yields 
the 0.725 Mev-0.998 Mev correlation. It is estimated 
that this interference is 30+10%. When a value of 
30% interference is considered, the resulting corre- 
lation function for the 0.725 Mev-0.875 Mev correlation 
is 
W (6) =1— (0.13320.024) P2— (0.03940.037) Py. 


These correlation results along with 20% and 40% 
subtractions are shown in Fig. 7. It is seen that the 
interference which is caused by the 0.725 Mev-0.998 
Mev coincidences changes the correlation function 
which is calculated for the 0.725 Mev-0.875 Mev 
correlation quite drastically. Although this is the case, 
it has been determined that the 0.875-Mev gamma 
ray requires an appreciable amount of quadrupole 





DIRECTIONAL 


mixture, and possibly could be nearly 100% quadrupole 
which would be expected if a K value of 2 is assigned 
to the 0.998-Mev level. 


Directional Correction of 1.277 Mev—0.123 Mev 
Gamma Rays 


One discriminator was set to detect the 0.123-Mev 
radiation with a narrow window, while the other 
discriminator was set on the 1.277-Mev peak, also with 
a narrow window. This was done in order to minimize 
the amount of 1.415-Mev radiation, arising from the 
contamination of Eu'®’, This interference was estimated 
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Fic. 7. Directional correlation of 0.725 Mev—0.875 Mev cascade 


The dashed curves represent various amounts of interference from 
the 0.725 Mev-0.998 Mev correlation. 


to be small and therefore no correction was made. In 
addition this correlation gave approximately the same 
correlation function as has been reported for the 1.415 
Mev-0.123 Mev correlation® in Sm', and therefore a 
small contamination could not change the results to an 
appreciable extent. The correlation function was found 


to be 


W (6) =1+ (0.191-0.010) P2— (0.007+0.015) Px. 


The experimental points along with the least-squares 
curve are shown in Fig. 8. The theoretical 6-2-0 and 


5S. Ofer, Nuclear Phys. 4, 477 (1957); R. W. Lide (private 
communication). 
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TABLE IT. Mixture content of higher order pole radiation for the 
0.725-Mev gamma ray for various spin sequences. 
Percentage of 
higher order 
content 


0.340.3% 


Higher 
order 
content 


Spin 
sequence 
2(D,Q)2(Q)0 


21.5+6% 
3(D,0)2(O Faaaea 4 
3(D,Q)2(Q)0 60% (?) 
6 +3% 


4(0,0)2(0)0 e ¢ 
oF . 52 +6% 


5-2-0 curves are shown on the same figure. Reference 
should be made at this time to Table I. As with the 
correlation between the 0.998 Mev-0.725 Mev gammas, 
the data can also be fit by 2(D,Q2)2(Q)0, 3(D,Q0)2(Q)0 
and 4(Q,0)2(Q)0 sequences. These are shown in Figs. 
9, 10, and 11, respectively. The results are summarized 
in Table III. 

According to the directional correlation measure- 
ments, therefore, the various spin assignments to the 
1.400-Mev level can be given as 2, 3, 4, 5, and possibly 
6. These are based on a spin of 2 for the 0.123-Mev 
level. Spins of 5 and 6 are precluded on the basis of the 
conversion data, and will not be given further con- 
sideration. 


r 
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Fic. 8. Directional correlation of 1.277 Mev—0.123 Mev cas- 
cade. The dashed curves represent theoretical 6-2-0 and 5-2-0 
sequences. 
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Directional Correlation of 0.592 Mev-1.007 Mev 


Gamma Rays 


One discriminator was set on the 1-Mev peak, while 
the other was set on the 0.592-Mev peak. The corre- 
lation function is 


W (6) =1+4+ (0.047+0.016) P2+ (0.005+0.023) P,. 


This correlation had to be corrected for Compton- 
scattered gamma radiation produced from the 0.725- 
Mev gamma which are in coincidence with the 0.998- 
Mev gamma. This was found to contribute about 25% 
of the total number of true coincidences. When the 
subtraction was carried out, the resultant correlation 
function was isotropic within the errors of the coeffi- 
cients. 


W (6) =1— (0.008+0.023) P2+ (0.011+0.032) Py. 


No effort was taken to fit these results to a particular 
sequence. Even a 10% error assigned to the subtraction 
process changes the correlation function to the extent 
that the sign of the asymmetry becomes uncertain. 


DISCUSSION 


Gd'** may be characterized as a spheroidal nucleus 
although admittedly it is on the very edge of the 
strongly deformed nuclei with its 64 protons and 90 
neutrons. Nuclei whose equilibrium shape deviates 
strongly from spherical symmetry can be distinguished 
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Fic. 9. Az and A, versus Q for 2(D,Q)2(Q)0 sequence. The 
shaded areas represent the values of Q consistent with experi- 
mental Az and A, obtained for the 1.277 Mev—0.123 Mev 


correlation. 
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by two types of excitation.” The first is associated 
with a collective motion of the nucleons. This affects 
only the orientation of the nucleus in space while 
preserving the internal structure of the nucleus. The 
second mode of excitation can be associated with the 
excitation of individual particles or with collective 
vibration of the nuclear shape. When one leaves the 
spherical nucleus and goes over to a spheroidal nucleus, 
the vibrational quantum number be used. 
Another quantum number is available, however. In 
(J), and 
, a third quantum number labeled (A) which 


cannot 


addition to the total angular momentum 
parity (7) 
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Fic. 10. Ag and A, versus Q for a 3(D,Q)2(Q)0 sequence. The 
shaded areas represent the values of Q consistent with the experi- 
mental results for Az and A, obtained for the 1.277 Mev-0.123 
Mev correlation. 


represents the projection of the total angular mo- 
mentum on the symmetry axis may be considered. 
From symmetry conditions it is seen that K=J=0 for 
the ground state of even-even nuclei, and J =0, 2, 4, 

even parity, for the ground state rotational band. The 


6 Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 

7Aage Bohr, Rotational States of Atomic Nuclei (Ejnar 
Munhsgaard, Copenhaven, 1954). 

8 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 

9S. A. Moszkowski, Handbuch der Physik (Springer-Verlag, 
Berlin, 1957), Vol. 39, p. 476. 

0 A. Bohr and B. R. Mottelson, Kgl. 
Selskab, Mat-fys. Medd. 27, No. 16 (1953). 


Danske Videnskab. 
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energy levels in a rotational band are given by 


i? 
Erote= —LI (I+1) +a(—)4*4(7+}) 5k, 4], (2) 
2r 
where r=moment of inertia. The selection rule that is 
forced on K is 


K;—K,;|=AKSL. (3) 


This rule on K is not a rigorous one, but depends 
upon how well the deformed nucleus can be described 
by a rotational wave function. Deviations from this 
description relax the above selection rule which then 
acts to retard rather than completely forbid the 
transition. This is called K forbiddenness : 


v=AK-L, (4) 


where v=degree of forbiddenness. 

Besides the low-lying rotational states occurring in 
spheroidal nuclei, vibration about the equilibrium shape 
might be expected. The lowest order vibrations can be 
classified as quadrupole vibrations. 

There are two basically different types of quadrupole 
vibration. The first is called beta (8) vibrations and 


TABLE III. Mixture content of higher order pole radiation for the 
1.277-Mev gamma ray for various spin sequences. 


Percentage of 
higher order 
sequence content 


2(D,0)2(0}0 Q 0.540.25% 
3(D,Q)2(Q)0 O 15 +2% 
4(Q,0)2(Q)0 0 2.5+1.5% 


Higher 
order 
content 


Spin 


represents oscillation of the eccentricity about its 
equilibrium value, but with a preservation of axial 
symmetry. These vibrations carry no angular mo- 
mentum about the symmetry axis. The lowest mode 
of 8 vibrations is expected to have K =0, 2, 4, ---, even 
parity. The second type of quadrupole vibration is 
called gamma (vy) vibrations. This type of vibration 
involves the oscillation of the nuclear shape about 
axial symmetry. These vibrations carry two units of 
angular momentum parallel to the symmetry axis. 
The rotational band corresponding to the first excited 
state of y vibrations can be identified by K=2 and a 
spin sequence J/=2, 3, 4 ---, even parity. For higher 
modes, the initial value of J depends on the value of 
K since 
|K| SI. 

Higher order vibrations, for example, octupole, may 
also occur. These vibrations can have K =0, 1, 2, 3 and 
may be identified by their negative parity. 

Gd!* is on the edge of the lower side of the rotational 
region. The rotational, or strong-coupling region is the 
region where the neutrons and protons are far away 
from closed shells. If Eq. (2) is assumed to hold in this 
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Fic. 11. A» and A, versus O for a 4(0,0)2(Q)0 sequence. The 
shaded areas represent the values of Q consistent with the experi 
mental A» and A, obtained for the 1.277 Mev-0.123 Mev 
correlation 


case, it is found that the level at 0.371 Mev is 10% 
below the expected energy for the 4+ level belonging 
to the ground state rotational band. The 4+ character 
of the 0.371-Mev level is fairly certain as was seen from 
the correlation and conversion data. 

Some of the 10% energy discrepancy between a 4+ 
level predicted by Eq. (2) and that observed for the 
0.371-Mev level may be due to “‘vibrational-rotational”’ 
interaction. This ‘‘vibrational-rotational” interaction 
is evidenced by a vibrational energy of around 1 Mev. 
This is the magnitude of energy that is observed for the 
third excited state in Gd'**. From conversion data, 
quantum numbers (2, 2, +) and (2, 3, +) were assigned 
to the 0.998-Mev and 1.130-Mev levels, respectively. 
The quantum numbers refer, respectively, to K, 7, and 
T. 

The gamma transition probability can be expressed 


8r(L+1)  1/w\ 
renee N ets Nh ia ( ) B(L), (S) 
LE(2L+1) !!P AN c 


as 


where B(L)=reduced transitional probability. When a 
comparison of B(L) for the emission of given multipole 
radiation from a state, i, to different numbers f/f, f’ 

of a rotational family is made, the factor in B(L) in- 
volving the intrinsic wave functions is the same. A 
ratio which depends only on the geometrical factors is 
obtained : 


B(L,I;1;) (UiLKiK,—K,\1L1,K,y° 


- = ——. (6) 
B(L, I; Tp) UiLKiKy—K;\ 1,L1 5K 5? 
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TABLE IV. Comparison of the intensities of the transitions from 
the third excited state to the second and first excited states, 
B(2-—+T1,;), with the intensity of the transition from the third 
excited state to the ground state, B(2— 0), for various values 
of Ky. 
Theoretical B(2 


Ki =0 


Experimental 
B(2 —17)/B(2 0) 


1.94+0.27 1.43 


not 


observed 0.071 


2.57 


By using the experimental relative intensities it is 
possible to compare the experimental reduced transition 
ratio with the theoretical values." It should be noted 
that the Clebsch-Gordan coefficient vanishes when 
AK>L. 

The relative intensities which are used to compute 
the experimental! reduced transition ratios which appear 
in Tables IV, VI, and VII are those reported by 
Juliano and Stephens.” The errors on the experimental 
reduced transition ratios were obtained assuming the 
intensities of the gamma transitions correct to within 
10%.” 

It is seen from Table IV that a spin of 2 and K value 
of 2 will fit the 0.998-Mev level very well. The theo- 
retical reduced transition probability divided by the 
experimental value is equal to 74+12%. This may be 
considered as a rather good agreement with experi- 
mental data. 

The conversion data? for a few of the gamma rays 
in Gd!* are given in Table V. These conversion coeffi- 
cients are reported to be good to within 20-30%. 

A comparison between theoretical and experimental 
reduced transition ratios has been carried out for the 
gamma rays originating from the level at 1.130 Mev. 
The results are shown in Table VI. Here again it appears 
that a value of K=2 is most consistent with the experi- 
mental data. The rather high experimental value 
compared to the theoretical value is not surprising 
considering the lack of information on the 759-kev 
gamma ray. 

In all the above calculations it was assumed that all 
transitions occurring were L=2 type radiation. 

Of the four gamma rays which have been under 
consideration, the 0.998-Mev gamma ray certainly 
appears to be of E2 character which would demand an 
assignment of 2+ to the 0.998-Mev level. The con- 
version data also support an £2 character to the 0.759- 
Mev gamma ray, and although both the 0.875-Mev 
and 1.007-Mev gamma rays appear, from conversion 
data, to be closer to M1 type radiation, the experimental 
conversion coefficients would have to be changed by 
less than a factor of 2 in both cases to make them 
compatible with £2 radiation. If K is considered a good 


11 A, Simon, Oak Ridge National Laboratory Report ORNL- 
1718, 1954 (unpublished). 
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quantum number, L=1 radiation is forbidden with a 
resultant increase of £2 radiation. It thus appears that 
the 0.998-Mev and 1.130-Mev levels may be considered 
to be members of a second rotational band which is due 
to a vibrational-rotational interaction of approximately 
1 Mev. This band would be a y-vibrational band with 
K=2, [=2, 3, and even parity. The energy difference 
of 0.132 Mev between these two levels is very close to 
the 0.123-Mev separation of the first excited state from 
the ground state. This would imply a value for the 
moment of inertia for this second band close to the 
ground state moment of inertia. The transition from 
the 1.130-Mev level to the 0.998-Mev level is calculated 
to be too weak to be observed. This transition has not 
been found. The state at 0.998 Mev could possibly be 
assigned a spin of 1 although the conversion data do 
not seem to fit either an M1 or E1 as well as they do 
an £2. Based on the observed intensities of the gamma 
rays originating from the level at 1.130 Mev, the spin 
assignment of 3 to the 1.130-Mev level seems to be 
favored. The conversion data is in best agreement with 
a positive parity assignment. The assignment of 2+ 
to the 0.998-Mev level and 3+ to the 1.130-Mev leve! 
might be expected from the systematics in this rota- 
tional region. A few other deformed nuclei in this region 
have been found to exhibit two states lying about 1 Mev 
above the ground state and having the same energy 
separation as exists between the first excited state and 
the ground state.” The classification of these two states 
has been made as 2+, 3+, respectively, in the order of 
increasing energy. The possibility of spins of 2 or 4 to 
the 1.130-Mev level cannot be completely eliminated. 
Because of the contamination of Eu! which was present 
in the source used in the correlation study, the direc- 
tional correlation of the 1.007 Mev-0.123 Mev gamma 
rays was not attempted. If this correlation were done 
with a “pure” source of Eu'™, a more unique assignment 
of quantum numbers to the 1.130-Mev level might be 
made. 

The correlation data are consistent with spins of 2, 
3, and 4, for the 1.400-Mev state. The results are given 
in Table III. A 4— interpretation is not in agreement 
with the conversion data. A 4+ interpretation would 
require an E2-M3 mixture. This would require an M3 
transition probability greatly enhanced over the single- 


TABLE V. K-conversion coefficients for gamma rays in Gd", 


ak (M2) 


ak (M1) 


Energy (kev) ak (exp) ak (E1) ak (E2) 


9 x1073 “24 x10 7 


1.9X107% 4.9x10°3 
5.8X1073 1.51072 


1.4X107 3.3 x10" 


>5.0 x1073 
5.8 xX1073 


759 
875 


2.1 X107% 
4.4 X10 


998 
1008 


1.110% 24x10 4.2X10°% 1,0X10 


22 Murray, Boehm, Marmier, and DuMond, Phys. Rev. 97, 
1007 (1955); Bjérnholm, Nathan, Nielsen, and Sheline, Nuclear 
Phys. 4, 313 (1957) ; Rasmussen, Stephens, and Strominger, Phys. 
Rev. 99, 47 (1955); O. Nathan, Nuclear Phys. 4, 125 (1957). 
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particle estimate. Such a mixture, while not common, 
cannot be eliminated completely. 

It appears that the level at 1.400 Mev is in best 
agreement with the directional correlation data, the 
observed intensities, and the conversion data, if spins 
of 2 or 3 are considered for this level. The directional 
correlation results (Table III) show that with either 
the assignment of J/=2 or 3 to the 1.400-Mev level, the 
1.277-Mev gamma ray is mainly dipole radiation (less 
than 17% quadrupole). If the most probable assign- 
ment of K and / to this state is given as (2, 2) or (3, 3), 
it is seen that in either case dipole radiation should be 
K-forbidden for the 1.277-Mev gamma ray. It appears 
that there is at least a partial breakdown of K as being 
a good quantum number. 

From the correlation data, it has been shown that 
spins of 2, 3, and 4 should be considered as possibilities 
for the 1.723-Mev level (Tables I and II). Spins and 
K values of (2, 2), (3, 3) and (4, 4) are in agreement 
with the experimental data. This is shown in Table VII. 

The correlation data show that in order for spin 4 
to be assigned to the level at 1.723 Mev, an appreciable 
octupole content would have to be included in the 
0.725-Mev radiation. This is not in agreement with the 
conversion data which show the 0.725-Mev radiation 
to be either £1 or £2. With a spin 2 or 3 for this level, 
K can be no larger than 2 or 3, respectively. Dipole 
radiation to the levels at 0.998 Mev and 1.130 Mev is 
not K-forbidden. Dipole radiation is expected to pre- 
dominate. This is confirmed from the correlation results 
(Table II). Since the conversion data on the 0.725-Mev 
radiation favors either £1 or £2 over that of M1 or M2, 
the negative parity seems to be favored for the 1.723- 
Mev level. This requires the “unfavored” mixture 
between /1 and M2. For a 2— assignment to this level, 
the mixture will be (99.7%£E1-0.3%M 2) for the 0.725- 
Mev gamma ray. The 3— assignment requires a mixture 
of (78.5% E1-21.5%M 2) for the 0.725-Mev gamma ray. 

From the high log/t values, it appears that K for- 


TABLE VI. Comparison of the intensity of the transition from 
the fourth excited state to the second excited state, B(3— 4), 
with the intensity of the transition from the fourth excited state 
to the first excited state, B(3 — 4), for various values of K;. 


Final : - 
state Experimental 


Theoretical B(3 — Is)/B(3 — 2) 
ly B(3 — 1;)/B(3 2 Ki; =0 Ki=1 Ki =2 


B(3 
B(3 


»>4)=0 
>2)=0 2.50 


0.40 


4 
(371 kev) 


<0.85+0.12 
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TABLE VII. Comparison of the intensity of the radiation from 
the 1.723-Mev level to the 0.998-Mev level with that to the 
1.130-Mev level, assuming various values of K and 7 for the 
1.723-Mev level. The transitions were assumed to be either both 
dipole or both quadrupole radiation. 


BUI > 2)/BUi — 3) 
Theoretical Experimental 
1.79 1.91+0.27 
2.86 2.86+0.40 
0.86 1.91+0.27 
7.14 1.91+0.27 
0.45 1.91+0.27 
0 1.91+0.27 
0.71 2.86+0.40 
2.00 2.86+0.40 
0.57 1.91+0.27 


NS 
NN 
rs 


WNHNHNYNWWWwP! 
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biddenness is of great importance. It has been predicted 
that —) for the quantum numbers 
describing the ground state.’ Recently the ground state 
has been measured to be 3.'* This could account for the 
lack of a beta transition to the (0, 0, +) member and 
low percentages to the other two members of the K =0 
band. The log ft values get smaller and the percentages 
of the beta transitions get larger for the higher excited 
states. A value of K=2 for the 1.130-Mev and 0.998- 
Mev levels is in good agreement with this. The beta- 
decay data give a percentage of 42% to the 1.400-Mev 
level, and 28% to the 1.723-Mev level. This suggests a 
K value of 2 or larger for these states, and therefore 
agrees with the possible assignments that have been 
listed for these two levels. If the negative parity is 
maintained for either of these states, the level might 
be interpreted as lying in an octupole vibration band. 

It has been pointed out by Juliano and Stevens? 
that AK forbiddenness could explain the high log/ft 
values to ground state rotational band members as 
AK would be equal to 3. Hence, so far as K is a good 
quantum number, these transitions would be second or 
higher forbidden. However, such is not the case for 
the beta transitions leading to the higher excited states. 
The values of AJ and AK for these transitions indicate 
that the beta transitions should be either allowed or 
first forbidden. Although the log ft values do get smaller 
for these higher excited states, the smallest log ft value 
observed is around 9, instead of 7 or less. The quantum 
number K appears to be a good quantum number for 
some of the data obtained on this radioactive nucleus, 
since some of those data seem to involve at least a 
partial breakdown of the K selection rules. 


Eu'* has (3, 3, 


13 Abraham, Kedzie, and Jeffries, Phys. Rev. 108, 58 (1957). 
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Correlations and the Nuclear Magnetic Moment* 
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Correlation structure can be introduced into the shell model by means of a product of pair correlation 
functions, each of which vanishes within the repulsive core radius and then approaches unity with a short 
range dependent only on the Fermi momentum and the relative energy of the pair. Correlations of this type 
are independent of the state of a particule within a given shell-model orbit. The additional effect of such 
scalar, state-independent correlations on the magnetic moment of a “closed shell plus one’ nucleus is 
shown to vanish, leaving only the shell-model value. The proof can be extended to correlations having a 
scalar spin dependence and to certain more complicated symmetries. The effect of residual state-dependent 
correlations due to terms in the relative momentum of the correlated pair and to the space-exchange part 
of the attraction as it appears in the correlations is estimated for O"” as a correction to the magnetic moment 
of 0.002 magneton. There is no modification to the magnetic moment operator due to velocity dependence of 
the correlation functions, and the expectation value of the ordinary space exchange operator coming from 
the exchange part of the Hamiltonian is shown to be the same as given by the shell model. 


I. INTRODUCTION 


HE basis of the independent-particle model, or 

shell model,! of the nucleus has been much solidi- 
fied by recent advances in the theory of many-particle 
systems.” These studies have improved our understand- 
ing of nuclear matter in bulk, particularly in regard to 
its saturation energy and to its correlation structure. 
There are good reasons to believe that this correlation 
structure can be carried over to finite nuclei, in which 
case it becomes possible to examine the effect of the 
correlations in finite nuclei on the expectation value of 
certain dynamical operators. 

The shell model is particularly suited to accounting 
for nuclear properties associated with the symmetries 
of the wave functions, and has thus been specially 
successful near closed shells where states of different 
symmetry are most easily classified and separated. In 
the independent-particle model in its widest sense, the 
separation is often brought about through the effects 
of a two-body interaction between degenerate or nearly 
degenerate states. This mixing and separating of close 
configurations of particles outside closed shells will in- 
troduce long-range, state-dependent correlations among 
these particles, and it is well known that correlations 
of this type are extremely important in determining 
nuclear properties. Breuckner, Eden, and Francis* have 
studied the introduction of these correlations into the 
independent-particle system from the point of view of 
the actual nuclear Hamiltonian. However, there are 
other correlations in the nucleus which arise when the 
highly singular two-body interactions are “turned on.” 
These correlations affect strongly all the particles in 
the nucleus and are much more important in deter- 


* Supported in part by The National Science Foundation. 

1 A full account of the shell model and a complete list of refer- 
ences are given by J. P. Elliott and A. M. Lane, Encyclopedia of 
Physics (Springer-Verlag, Berlin, 1957), Vol. 39. 

2 A comprehensive list of references is given by K. A. Brueckner 
and J. L. Gammel, Phys. Rev. 109, 1023 (1958). 

3 Brueckner, Eden, and Francis, Phys. Rev. 99, 76 (1955). 


mining the total energy of the system than are the 
relatively weak correlations among particles outside 
closed shells. The success of the shell model leads one 
to expect that there are large classes of predictions un- 
affected by these correlations, but until now there has 
only been this pragmatic argument. We shall discuss 
the effect of the correlations on certain dynamical 
operators, in particular the magnetic moment, in an 
attempt to give some theoretical justification to the 
success. 

It is convenient to separate the effect of the short- 
range correlations affecting all the particles and the 
long-range, state-dependent correlations introduced by 
configuration mixing among particles outside closed 
shells. Since we are interested only in the former, we 
shall consider the case of a closed shell plus one particle 
and examine the effect of the correlations of the odd 
particle with the particles in the core on the magnetic 
moment. Since the magnetic moment of nuclei with 
only one particle outside an L-S closed shell is well 
given by the shell model (e.g., O'’),‘ and since for more 
than one particle outside an L-S closed shell the devia- 
tions from the Schmidt lines can be accounted for in 
terms of configuration mixing among the particles 
outside closed shells,* we expect to find the effect of 
the correlations to be small, and this indeed is the case. 

The nuclear two-body interaction is extremely singu- 
lar, consisting of an infinite repulsive core and a short- 
range, very strong attraction.® In order that the total 
energy of the nucleus be finite with this type of inter- 
action, the total wave function must vanish whenever 
any internucleon coordinate is within a core radius. 
Thus the first type of correlation that must be intro- 
duced into the shell model consists in the making of 


4R. J. Blin-Stoyle, Revs. Modern Phys. 28, 75 (1956). 

5 R. J. Blin-Stoyle and M. A. Perks, Proc. Phys. Soc. (London) 
A67, 885 (1954); A. Arima and H. Horie, Progr. Theoret. Phys. 
Japan 11, 509 (1954). 

6 P. S. Signell and R. E. Marshak, Phys. Rev. 106, 832 (1957); 
J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957); 
J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 1337 (1957). 
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“holes” in the independent-particle wave functions 
any time two nucleons get closer together than a cer- 
tain distance. In an infinite nucleus the exclusion prin- 
ciple prevents a nucleon from being excited into a 
nearby state, except at the top of the Fermi sea. Thus 
the correlation of two distant particles, which correla- 
tion would correspond to very small energy excitation, 
is forbidden, and the wave function quickly approaches 
its free-particle uncorrelated value as the two particles 
separate. The presence of the attractive part of the 
two-body potential has very little further effect on the 
correlations, although of course it is very important for 
determining the binding energy. The range and struc- 
ture of the correlation is then almost entirely deter- 
mined by the core radius, the Fermi momentum, and 
the relative energy of the two particles, and this range 
turns out to be very small.’ 

It is expected that the structure of the correlations in 
finite nuclei will be essentially the same as in the 
infinite case. Firstly the energy gap for excitations due 
to the Pauli principle is still present in finite nuclei 
and is in fact accentuated by the separation of the 
levels. The gap is not present for the degenerate states 
of particles in unfilled shells, but we are not concerned 
with that case here. Thus the correlations will still have 
a very short range. As is pointed out by Brueckner, 
Gammel, and Weitzner,’ if the correlation distance is 
small, then from the point of view of the independent- 
particle model, the states being admixed to produce this 
correlation must be highly excited states; in fact 
excitation energies of order 150 to 250 Mev are typical. 
The error introduced by using plane-wave states for 
the particle functions at such high excitations is cer- 
tainly small, and thus the admixtures introduced in the 
finite nucleus by these correlations are well approxi- 
mated by taking the correlation structure of the infinite 
case. Alternately one can say that as long as the density 
fluctuations over the correlation distance are negligible, 
then the correlation structure of the infinite system can 
be taken over to the finite nucleus. 

The correlations to be introduced into the inde- 
pendent-particle system, then, depend largely on the 
core radius, the Fermi momentum, and the relative 
energy of the particles being correlated. The first two 
of these are essentially state-independent factors, that 
is, the same for all particles in all states. The relative 
energy of the particles has a weak effect on the range of 
the correlation. Neglecting spin-orbit splittings in the 
core, the energy difference between particles depends on 
the principal quantum number and on the total orbital 
angular momentum of the particle orbits and is inde- 
pendent of the zs component of angular momentum. 
Thus the bulk of correlations among particles is inde- 


7A detailed discussion of the correlation structure is given by 
Brueckner and Gammel, reference 2. See particularly their Fig. 5 
and Appendix B. 

8 Brueckner, Gammel, and Weitzner, Phys. Rev. 110, 431 
(1958). 
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pendent of state within each orbit, as we shall see in a 
detailed discussion of the correlation function in Sec. II. 
There are additional correlations arising from momen- 
tum dependences and from the attractive part of the 
potential that are state-dependent, but these are much 
smaller than the state-independent correlations. 

In Sec. III we shall investigate the effect of state- 
independent correlations on the magnetic moment of a 
“closed shell plus one” nucleus. There we shall show 
that so long as the correlation function is a scalar in 
ordinary space, and state-independent, then there is no 
additional contribution to the magnetic moment due to 
correlations. The proof can be extended, under more 
restrictive conditions, to correlation functions that 
have scalar as well as second rank tensors for their 
orbital parts, but of course are still scalars in total 
space. The proofs do not depend on the correlations 
being short-range, or being only two-particle correla- 
tions. The result may seem surprising since it is certain 
that the correlations introduce many different excited 
states into the system, but when taking an expectation 
value the additional contribution from these excitations 
cancels leaving only the shell-model value. It might be 
emphasized here that this does not mean that the 
effect of the correlations is small, or that the overlap 
of the shell-model wave function with the actual cor- 
related wave function is large, but rather that the shell- 
model, wave function has certain symmetry properties 
that are preserved in the presence of state-independent 
correlations so that the expectation value of the mag- 
netic moment operator is unaffected by the correlations. 
Since the proof does not depend on the nature of the 
correlations except for their state independence, there 
are an infinite number of nuclear wave functions dif- 
fering from each other only by state-independent corre- 
lations all of which have the same magnetic moment. 
It is clear that we could adjust the overlap of any of 
these with the true wave function to zero and we would 
still have the same magnetic moment. This serves to 
emphasize the model nature of the shell-model state, 
as being a state which preserves certain general sym- 
metries but need not otherwise resemble the actual 
nuclear wave function. 

In Sec. IV the state-dependent correlations coming 
from the small momentum dependence of the correla- 
tion function and from the exchange parts of the 
attractive potential as it appears in the correlations are 
considered. The effect of these is estimated for O'7. We 
find that the additional contribution to the usual mo- 
ment operator is of the order of +0.002 nuclear magne- 
ton. This extremely small contribution comes about 
essentially because of the short range of the correlations. 
In addition there appears the well-known space-ex- 
change moment operator that comes from the space- 
exchange potential in the Hamiltonian. This has essen- 
tially the same expectation value as it would have in 
the shell model since the major contribution to the 
matrix element comes from the long-range, uncorrelated 
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part of the wave function. Thus the correlations intro- 
duced when the two-body interactions are “turned on” 
in an independent-particle system have essentially no 
new effect on the magnetic moment of a “‘closed shell 
plus one” nucleus. 


II. STRUCTURE OF THE CORRELATION FUNCTION 


Brueckner and co-workers’? have shown that corre- 
sponding to the actual nuclear Hamiltonian 


H=>0 TAD icp; (1) 


where 7; is the kinetic energy operator and 2,; is the 
two-body interaction including the repulsive cores, one 
can write a model Hamiltonian 


Hu=> TAD Vi, (2) 


where V; is a one-body potential obtained from a self- 
consistent average of the reaction matrix corresponding 
to v,;. If the eigenfunctions, V, of H are related to those 
of Hx, ®, by the operator F, 


V=F9, (3) 


where F is defined through a complicated chain of 
equations involving the off-diagonal parts of the re- 
action matrix, then the energies of the model system, 
calculated with appropriate factors of 3, will correspond 
almost exactly to the eigenvalues of H. Since Hy is a 
single-particle Hamiltonian, @ will be an independent- 
particle wave function, which can be constructed from 
determinental wave functions of single-particle states. 
WV, on the other hand, is the fully correlated, actual 
nuclear wave function. The correlations are introduced 
through F. For the purposes of calculating binding 
energies and the like, it is essential that F be fully 
known since the matrix elements of the highly singular 
H are very sensitive to small variations in the wave 
function.? On the other hand, an operator like the 
magnetic moment is not so sensitive to these variations. 
We make use of this to simplify greatly the form of F. 

Firstly we use the fact that the most important part 
of the correlations occurs over a very short range and 
therefore, as was discussed above and is treated in 
much more detailed by Brueckner, Gammel, and 
Weitzner,® we can use the correlation structure of the 
infinite nucleus in the finite case. The correlation struc- 
ture of nuclear matter has been discussed by a number 
of authors.?° In particular Brueckner and Gammel* 
have calculated the correlation structure of nuclear 
matter at saturation density. They show that the shape 
of the wave function for the relative motion of two 
particles in an S state is almost entirely determined 
by the core, the Fermi momentum, and the relative 
energy and momentum of the particles. One can thus in 


® See K. A. Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 
(1955). 

10H. A. Bethe and J. Goldstone, Proc. Roy. Soc. (London) 
A238, 551 (1956); Comes, Walecka, and Weisskopf, Ann. Phys. 
(to be published). 
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first approximation neglect the effect of the attraction 
on the wave function and write the wave function for 


the relative motion of two particles in an S state as! 


sinkr  sinkr, G(r,r-) 
—_—— ———__,, r>r, 
kr. G( tes) 


U(r) 


kr 


U(r) =0, eee 

where 7, is the core radius, k the magnitude of the rela- 
tive momentum wave number for the particles, and r is 
the relative coordinate. G(r,r’) is the Green’s function 
for the propagation of particles in the self-consistent 
average potential with the effect of the exclusion prin- 
ciple in forbidding excitations to filled states included. 
U(r) can be written 


r sinkr, G(r,r,) ]sinkr 
Ta (ees 
r.sinkr G(r.,r-)4 kr 


U(r)=0, 


r>T?,. 


7< To. 


Since sinkr/kr is the free particle wave function for an 
S state, this defines a correlation function, B, for the 
two particles: 


r sinkr, G(r,r-) 
B(r)=1-———_ 


 GPLe 
r, sinkr G(r¢,7-) 


(4) 


B(r)=0, 1<Le. 


This correlation function has the expected features. It 
vanishes if any two particles get within a core radius 
of each other, and since G(r,r,) is a short-range function 
that goes to zero for r>r,, the particles become un- 
correlated when they are far apart. Since such a form 
for the correlations is to be assumed for all pairs of 
particles, we obtain the total correlation function by 
approximating to the operator F with the product over 
all pairs of nucleons of B. This is an excellent approxi- 
mation if we restrict our attention to nonsingular 
operators. 

In this approximation of no attraction, the Green’s 
function depends on the state of the two particles only 
through their relative energy, which dependence deter- 
mines the range of the Green’s function. But for the 
correlations between particles in given orbits in a finite 
nucleus this energy difference is a constant and thus so 
is the Green’s function. We can take this dependence 
into account then by changing the range of the Green’s 
function for each orbit but keeping it constant within a 
given orbit. 

The more explicit dependence on the relative mo- 
mentum, and therefore the state of the particles, 
occurring in the sinkr,/sinkr term is also easily dealt 
with. At nuclear saturation densities, kyr.=0.7, where 

1 Correlations will be most important in S states since in these 
states the nucleons get closest. By extending the S-state correla- 


tions to all particles, therefore, we overestimate the effect of the 
correlations. 





CORRELATIONS AND NU 
ky is the Fermi momentum. This means that even for 
the maximum possible relative momentum, sinkr, 
well given by &r,. Since G(r,r,) is a short-range function 
of r, the expansion of sinkr is also justified and, if one 
keeps only the first term, B becomes 


G(r,r-) 
1-— a 
G(r.,%) 
B=), P<. 

This form of the correlation function has the great 
advantage of being state-independent, and it is only 
this state independence and not any detailed knowledge 
of the correlation structure that is needed in order to 
prove that the correlations have no effect on the mag- 
netic moment. The ordinary part of the attractive 
potential will also produce state-independent correla- 
tions and hence give nothing new. We shall see in Sec. 
III that this is true as well of scalar, spin-dependent 
correlations. The corrections both from higher terms 
in k and from the space-exchange part of the attraction 
in the correlation structure are discussed in Sec. IV, 
where we see that they are extremely small in the case 
of the magnetic moment. We consider, then, correla- 
tions making the total wave function vanish if any pair 
is inside a core radius and going to one, as pairs sepa- 
rate, in a way dependent only on the relative energy of 
the correlated pair. For the proof of Sec. III any correla- 
tion function having this type of state independence 
would do, but of course this particular choice has 
strong physical justification. 


III. STATE-INDEPENDENT CORRELATIONS AND 
THE MAGNETIC MOMENT 


If the total Hamiltonian for a nucleus is given by 
(1), and if the two-body interactions contain no space- 
exchange part or other velocity dependence, then it is 
well known that the operator for the magnetic dipole 
moment can be written‘ 


eh 
y=— (E gOW4E go! 
4nrMc r=! 


gy (*)) (6) 


where 1) and o are the orbital angular momentum 
and spin operators for the kth nucleon and g;“ and 
go“ are the orbital and spin gyromagnetic ratios. The 
factor eh/4rMc is the nuclear magneton. It should be 
noted that it is the magnetic moment of the actual 
nucleus that concerns us. We introduce the electro- 
magnetic field in the usual way into the actual Hamil- 
tonian, and therefore it is the real nucleon mass that 
appears in the magneton and not some effective mass.” 
Upon using the transformation (3), the magnetic dipole 


2 Bell, Eden, and Skyrme, Nuclear Phys. 2, 586 (1956/57); 
J. S. Bell, Nuclear Phys. 4, 295 (1957). 
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moment of a nucleus in some state becomes 


(¥lyl¥) _@|FiyF|®) 


(u)= 


(Y\v) | FIF|®) 


It might be thought that if F is velocity-dependent, 
there will be additional contributions to the magnetic 
moment operator with respect to the model state coming 
from the currents generated by pe velocity depend- 
ence. Thus we might say that Eq. (3) is only the trans- 
formation for zero aero field, so that in the 
presence of a field the energy of the system, F£, is not 
given by 

_@ F'tHF |?) 


( F tF id) 


_ Hi| ¥) 
(| WV) 


unless the field is included in F as well as in H. This is 
of course correct but no new parts of wu will arise from 
this. The terms contributing to wu are identified as those 
in the — of the energy which are linear in the 
electromagnetic field. Since /'|®) is an eigenfunction of 
H, the energy is stationary with respect to changes in 
the eigenfunction, and thus there are no terms coming 
from F in the expansion of the energy that are linear in 
the electromagnetic field. Therefore, although state- 
dependent correlations may change the expectation 
value of w as given in Eq. (6), (see Sec. IV), there will 
be no contribution to the magnetic moment operator 
arising from velocity-dependent correlations. This can 
easily be verified directly in Eq. (7). If one puts the 
electromagnetic field into F and then makes a small 
field expansion, the linear terms from the numerator 
will just be cancelled by those from the normalization 
denominator. 

Upon using the well-known properties of the gyro- 
magnetic ratios and measuring the magnetic moment in 
units of the nuclear magneton, u for diagonal expecta- 
tion values can be written 


Z Z N 

_ ? (k) 4 . k) > i 

de> p i l, oe ee, On ree Ly 

k=1 k=1 k=1 
protons protons neutrons 


where ” and # refer to neutrons and protons. Writing 
u in this form we see that our problem reduces to show- 
ing that the correlations do not change the expectation 
value of the s component of the proton orbital angular 
momentum, or the value of the z component of the 
proton or neutron spin angular momentum separately. 
Since the state for a doubly closed L-S shell plus one is 
an eigenstate of each of these three operators,’ the 
additional contribution to the magnetic moment from 
the correlations will be given by the commutator of 

'S We consider the case in which the odd-particle total angular 
momentum j=/+4, and as usual for the magnetic moment fix 
our attention on the azimuthal state for which m;=j. For this 
case the appropriate Clebsgh-Gordan coefficient is unity and the 


state is an eigenstate of the operators. The extension of our dis- 
cussions to other couplings for the odd particle is straightforward. 
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the operator wu, with F. Thus, for example, the expecta- 
tion value of the z component of the proton orbital 
angular momentum for the case in which the model 


state is a closed L-S shell plus one particle is 


(®| Fil, |®) 


(| FiF\@ 
(©| FIFI, |6) (| Fi[l,,F]|\®) 
=~ 7 ee + — . 


(1,{P))= 


— (8) 
(6| FiF |) 


(®| FiF|®) 


where we have set /,{?)=)> ¢, protons /-“*’. The first term 
in Eq. (8) is the shell model value and the second is the 
additional contribution from the correlations. We shall 
call this A;. There are clearly similar expressions for 
A,p and Agy. 

We consider the case in which F is approximated by 
a correlation function of the general type discussed in 
Sec. II, which function is the product of two-body, 
state-independent correlation functions containing no 
exchange. That is F is considered to be some sort of 
product of simple scalar “hole makers” for the nucleus. 
For a nucleus with a double closed shell plus one nu- 
cleon, the wave function can be split into a spin part 
and an orbital part, and the orbital part can be further 
factored into a neutron function, 2, and a proton func- 
tion, 2p. Since we are assuming that the correlations are 
spin-independent, the spin part of ® in the evaluation 
of A; will just be cancelled by the normalization and we 
need only consider the orbital part. Putting the nor- 
malization denominator equal to one, A; can be written 


A= QyQp| Ft,” ,F | QnQp). (9) 


In order to evaluate this, we expand the scalar F into a 
product of tensor operators for the protons and neu- 
trons."* This can be one so long as the neutron and 
proton parts commute, and for our form of the correla- 
tions they do. Thus we write 

R=) (—1)*Py, Nr, 

Aw 

where P,,, is a tensor operator of rank \ with z com- 
ponent u for the protons and .V,,_, is the similar opera- 
tor for the neutrons. As was shown by Racah,™ the 
tensor operators can be defined in terms of their com- 
mutation relations with the angular momentum opera- 
tors; thus 


.)),FJ=> (1.,Pr,.)(—1)*y,-, 
Au 
=> (— 1)*P), iV ictal 


Au 


Substituting into Eq. (9), we get 


ie 


Ama ne’ 


A= (Qn | Ny, ptNy- —w(—1)**#' |Qy) 


X(Qp| Pout Pr, we |Qp)y’. 


(10) 


4G. Racah, Phys. Rev. 62, 438 (1942). 
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Since we are considering the case of a doubly closed 
shell plus one particle, either the neutron or proton 
wave functions must be spherically symmetric, that is 
an S state. The matrix element between S states of a 
tensor operator vanishes unless that operator is a scalar. 
A scalar can be constructed only from two tensor opera- 
tors of the same rank, so the double sum in Eq. (10) 
reduces to a single sum with A=)’ and w=y’. The corre- 
lations actually depend on the orbits of the particles 
through the weak dependence of the Green’s function 
on relative energy. But the condition for the combina- 
tion of tensor operators between the closed shell states 
being a scalar is that the combination be constant as 
we sum over each of the 2/+ 1 azimuthal quantum num- 
bers of each filled orbit / in the core, and this is in fact 
satisfied. In other words, we can label the correlation 
function by the orbital angular momentum of the 
orbits, but they will be constant as we sum over the 
azimuthal quantum numbers in each orbit, and it is the 
fact that all the 2/+1 azimuthal states for each orbit 
are full that makes the closed shell an S state. 

The Hermitian conjugate of a tensor operator is 
defined by'® 

T), ,'= (—1 )>teT) 


so that Eq. (10) becomes 
A=», w(Qn N), pV ,- ,|Qn Op! Py Ps ee Qp). 


Each of the operator combinations in the matrix ele- 
ments is symmetric under change of u to —y, since the 
operators commute. Thus the sum is odd in yp, and 
since it runs from w= —A to w=-+A, it must vanish. 
Thus for this case, A;=0.T 

If the correlations do not depend on spin at all, then 
clearly there can be no A,p or A,y. If the correlation 
function is a product of a scalar in spin space and a 
scalar in orbit space, we can factor the wave function 
of a closed shell plus one into a spin part and an orbital 
part and the matrix element of the scalar spin correla- 
tion functions between the factorized spin wave func- 
tions will just be cancelled by the normalization and 
therefore the proof that A;,=9 goes as before. The proof 
that for a closed shell plus one particle A,p and A,w 
must vanish for scalar, commuting, spin correlations is 
completely analogous to the one for 4;=0. Thus if the 
correlations contain a o;:e2 term making them different 
in singlet and triplet states, this will not affect the 
magnetic moment since the spin operators for protons 
and neutrons commute and we can carry out the tensor 
operator proof. 


16 A, R. Edmonds, Cern Report 55-26, 1955 (unpublished). 

t For this case J. Bell, T. H. R. Skyrme, and E. J. Squires have 
suggested an alternative, simple proof. The choice of Hermitian 
conjugation properties for the tensor operators means that F is 
Hermitian. Thus we have 


i= (FLL), F]) = (FU, F) = (FP) 

=4((F,0.,F]])=0. 
For F a function of coordinates only the double commutator is 
clearly zero. 
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This concludes the demonstration that there are no 
additional contributions to the magnetic moment of a 
“closed shell plus one” nucleus from correlations so 
long as these are state-independent correlations, scalar 
in spin and orbital parts separately. It is interesting to 
note that since the proton (and clearly neutron) spin 
and orbital angular momenta are separately unaffected 
by the correlations, so the total spin and total orbital 
angular momentum must be unaffected. This is a result 
of interest in deuteron stripping where the orbital 
angular momentum of a state is “measured.” Similarly, 
inasmuch as the nucleon operators in 8 decay are the 
same as those in the magnetic moments, the above 
proof applies to 6-decay calculations. 

The techniques used with correlations that are 
separately scalar in spin and in orbital parts can be 
extended to investigations in which this is no longer the 
case. We consider then an arbitrary scalar correlation 
function, Ff, which we expand in tensor operators By, , 
for the orbital part and §),_, for the spin part. That is 
we consider F to have the form 

Pau}, ,( —] )#By, wSr pe 
We shall assume here and in all further expansions that 
all the parts commute. If we wish to consider 4;, then 
we need further to expand B,,, into a proton part, ?, 


and a neutron part, ”. This can be done by using a 
Clebsch-Gordan coefficient'®: 


By, p= Dik, bP ke, mM’, pm (RR'mp—m| RR’rAp). 


(11) 


Then, if x is the total spin wave function of the system, 
we can write 
\ 


@|FL?,F]b)= SD Qy| tem —peep-m|Qy) 


AA’ um kk’ kh’ kl! 
X (x1 SrwSn—n| xP | Pi-mpe'm |Qp)m(— 1) kes 
x (RR Nw | RR mu—m) (RR mp — m RR Nw), (12) 


where we have made use of the Hermitian conjugation 
properties of the tensor operators and where we have 
used the fact that since we are taking diagonal matrix 
elements, the total z component of the operators must 
be zero. If we assume the odd particle is a proton, then 
the neutron wave function is an S state and so we must 
put k’”’=k” and form a scalar of the n operators. Let 
us call this scalar Vo(k’’). The matrix element of 
No(k’’) is independent of the s components so it can be 
taken out of the z-component sum. The product of spin 
operator tensors can be coupled to form a sum 
over single tensor operators using a Clebsch-Gordan 
coefficient : 
Syw Or? a= > Anu = £8 AALO $7 (AX’), 

with the restriction that 1 must be even if \=X’. This 

‘6 The Clebsch-Gordan, or vector addition, coefficients are 
taken to agree in phase and normalization with those of E. U. 


Condon and G. H. Shortley, Theory of Atomic Spectra (Cambridge 
University Press, Cambridge, 1935). 
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restriction arises because if \=)’ we can interchange the 
operators on the left without changing their matrix 
elements, whereas on the right this interchange multi- 
plies the expression by (—1)” by virtue of the conjuga- 
tion properties of the Clebsch-Gordan coefficients. 
Similarly, we can couple the product of the proton 
operators: 


Di_-mPk'm= Do (RR’ — mm | Rk'KO) 0, (RR’), 


f 
with again the restriction that if k=’, then x must be 
even. Substituting these back into (12) we can do the 
sum over » immediately. The sum over m can also be 
done if we notice that 


m=[x(x+1) ]}(x1m0| xlxm) 


for nonzero x. One finds finally for Eq. (12) 


~ DL Qn|No(k”)|Qy) 


KAN kkk L 


X(x| $2 AX’) |x QP! ,(RR’) |Qp) 


XW (Lak; RL) W(RNR'N’; RL) (L100) L1x0), (13) 
where factors of 2A+1, phase factors, etc., have been 
absorbed into the definition of the matrix elements 
and where W (abcd; ef) is the usual Racah coefficient."4 

We wish now to investigate the conditions under 
which (13) will vanish. Before doing this we note one 
further restriction that can be imposed on the quan- 
tities. For a closed shell plus one, the total spin eigen- 
function, x, will correspond to a state of spin 3. Since 
the matrix element must be a scalar, the fact that x 
corresponds to spin 4 restricts to have the values one 
or zero. The Clebsch-Gordan coefficient in (13) re- 
quires that if L=0, x=1. But if L=0 the triangle con- 
dition imposed by the Racah coefficient on the triad 
(kk’L) will require that k=k’. This means that « must 
be even, which conflicts with the condition that «=1, 
so the contribution from L=0 must vanish. Of course 
the proof for scalar spin and scalar orbital correlations 
is a special case of this. The remaining possibility is 
L=1, with the restriction that \¥#)’. The triad (A\’L), 
which for this case is (AX’1), must satisfy the triangle 
conditions. If we assume that the nonscalar part of the 
spin correlations are entirely two-body correlations, 
then the highest-rank tensor we can form from two spin 
vectors is 2, and thus A, A’=0,1, 2. If we exclude 
\, A’=1, then we cannot satisfy the triad (A\’1) and 
\#)’ with \, \’=0, 2, and hence we must get zero for 
A). It is clear that the particularization to the case of 
odd proton can easily be reversed, and A, will still 
vanish if the odd particle is a neutron. Thus, even if 
the two-body correlations contain a tensor part of the 
same type as the ordinary nuclear tensor interaction 
(that is of rank 2), there will be no additional contribu- 
tion to the z component of the orbital angular momen- 
tum of the protons. 

By a similar procedure one can examine the effect of 
correlations with nonscalar orbital parts on the z 
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component of the total orbital angular momentum of 
the system. In this case we find that for a closed shell 
plus one particle, the correlations do not change the 
shell-model value so long as the correlations are only 
scalar and tensor of rank two in the orbital part, and 
there is no need to make the additional stipulation that 
the total spin of the system is }. 

Analogous procedures can be used to investigate the 
spin angular momentum. We find that the zs component 
of the total spin angular momentum of the system is 
unchanged by correlations if the expansion (11) only 
involves \=0, 2. The proton and neutron z components 
of spin angular momentum are separately unaffected if 
the condition of \=0, 2 is combined with the restriction 
of total spin of the system of 3. 

Thus we see that the magnetic moment of a “closed 
shell plus one” nucleus is unaffected by correlations so 
long as the correlations when expanded into orbital 
and spin tensor operators only contain scalar and tensor 
of rank two parts. This restriction is not very serious. 
We have seen in Sec. II that the most important corre- 
lations are scalar in the orbital part and spin-independ- 
ent. The introduction of a scalar spin dependence has 
no effect on the magnetic moment. The higher order 
parts if present will come in from the attractive part 
of the interaction, and hence will be much weaker than 
the correlations from the repulsive core and the Pauli 
principle. For these weak correlations, it is certainly a 
good approximation to consider only the two-body 
correlations, and for these only \=0, 1, and 2 can exist. 
\=0 gives nothing new. \=2 comes from the ordinary 
tensor force. \=1 would arise from some vector part of 
the two-body interaction like the spin-orbit force. 
Velocity-dependent forces like the spin-orbit force no 
doubt are present in the two-body interaction, but 
their effect on the correlations is probably quite small. 
In addition to making A,+0, the spin-orbit forces 
would modify the magnetic moment operator, through 
their velocity dependence. We do not consider any of 
these effects here. 


IV. STATE-DEPENDENT CORRELATIONS 


We saw in Sec. II that one can reduce the correlation 
function to a form dependent only on the relative 
energy of the correlated pair, which form is a good 
approximation to the actual correlation function. In 
Sec. III we saw that such correlations do not affect 
the expectation value of the magnetic moment. We now 
consider corrections to this due to the state-dependent 
correlations, but since these are quite small and since 
the bulk of the correlation structure gives no effect, 
we can simplify considerably the correlation structure 
in studying these corrections. 

To take into account the state dependence of the 
correlations introduced through the attraction and 
through higher order terms in the relative momentum 
from the term in sinkr,/sinkr, one must have an ex- 
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plicit form for the correlation function. This can be 
obtained by following Brueckner and Gammel.? If one 
approximates the effect of the Pauli principle in allowing 
only transitions to states above the Fermi surface by 
adding some mean excitation energy to the energy 
denominators in the Green’s function, then one finds 


M 


SarArr’ 


G(r,r’) 


X[Lexp(—A|r—1r’|)—exp(—A!r+r’!)], (14) 
where M is the nucleon mass, and J is a parameter de- 
pending on the Fermi momentum and on the relative 
energy of the particles. In the finite nucleus it is A, the 
range of the Green’s function, that we take to be a 
constant for a given orbit. Upon using this form for 
the Green’s function, B in Eq. (5) becomes 


re 
B=1—-— exp[—X(r—r,)], >, 
r 


B=0, ee 

A plot of this function is shown in Fig. 1, where it is 
compared with a Gaussian correlation function of the 
form [1—exp(—vyr*) ] for all r. The parameter y is a 
function of \ and r, and is chosen to give the best 
correspondence to the form of Eq. (15). This Gaussian 
function retains the major features of Eq. (15) and is 
in an easily managed form. 

We first consider the effect on the correlation func- 
tion of the higher order terms coming from the expan- 
sion of the sine term in Eq. (4). We need only go to the 
next higher term in &r since sinkr, is always well 
approximated by &r,, and the short range of the Green’s 
function suppresses the higher order contributions to 
sinkr. Furthermore, as we shall see, all the state- 
dependent corrections make very small contributions 
to the magnetic moment and thus we need not estimate 
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Fic. 1. The Yukawa form for the correlation function, Y=1 
—(r/r.) explL—A(r—r-) ] for r>r, and Y=0 for r<r,, compared 
with the Gaussian form, G=1—exp(—yr’) for all 7, with the 
parameters \=0.87X 10" cm™, y=1.25X 10" cm™, and r,=0.4 
X 10-8 cm. 
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them with great accuracy. Expanding then, we find 
(rk)? 2C (r-k)* Ja 
=1+ =1+ aed 
(rk)? 3! 3! 


3! 


r sinkr, 1 
me = =] 


r. sinkr 


, (16) 
1 


where the factor of 2 comes from taking the average 
of the cosine squared that enters when (rk)? is replaced 
by (r-k)?=[rk cos(r,k) ?. Equation (16) may be 
written 
2 (r-k)? (r-k)$ 
1—-| 1—-———-—-ir- k+- 1-1 , 


3 2 ! 3 ! Av 


(17) 


as long as we consider terms linear in these corrections, 
since then the odd terms in r-k will be averaged out 
and the even term will have its cosine appropriately 
averaged when expectation values are taken. To third 
order in r-k, Eq. (17) becomes 


1+2—2 exp(—ir-k) 


& /2 2p 
(5/3) — 4} VW, 


where use has been made of the fact that r and k both 
represent relative coordinates to replace exp(—ir-k) 
by Py, the Majorana or space-exchange operator.'’:'* 
For k a c number, as it is above, this replacement only 
holds for plane wave states, but if k is an operator the 
replacement is an operator identity. Since it is in the 
spirit of our approximation to assume that the form of 
the correlations for infinite nuclei can be taken over to 
the finite case, we shall assume that the correlations can 
be written in the finite nucleus with the space-exchange 
operator expressing the momentum dependence arising 
from this term. Since the corrections arising in the 
magnetic moment from this part of the correlation will 
turn out to be very small, we believe that no serious 
error is made by this approximation. Putting the space 
exchange form for the momentum dependence into the 
correlation function, and using the Gaussian correlation 
form for all r discussed above, one gets 


B=1— (5/3) exp(—yr?)+3Pa exp(—yr’). (18) 


In the limit of very short range for the Gaussian, for 
which limit Py, approaches one, this goes over into the 
exchange-independent correlation function we had 
previously. It should be noted that in using Eq. (18) 
care must be taken to consider only terms linear in Py, 
since those quadratic in the Py part are excluded by 
the nature of the approximation and are actually of a 
very much higher order. 

Since the attraction has little effect on the correla- 
tion structure, it may be introduced in lowest order as 
a correlation proportional to the interaction itself, 
multiplied by the Green’s function propagator. The 
Green’s function factor is important in reducing the 
range of the correlation effect due to the attraction. 


17 J, A. Wheeler, Phys. Rev. 50, 643 (1936). 
18 R. G. Sachs, Phys. Rev. 74, 433 (1948). 
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The nonexchange part of the attraction, if introduced in 
this way, is state-independent and hence yields no cor- 
rections to the magnetic moment. We saw in Sec. III 
that this is true for the spin exchange as well since it 
can be written in terms of o;-o2. Thus we need only 
consider the space-exchange part of the attraction. 

If the space-exchange part of the attractive potential 
has strength U and radial dependence f(r)P, then 
the correlation function may be modified to take this 
into account by multiplying the Green’s function term 
in B by the factor [a+df(r)P], where a and b are 
constants chosen to give the desired magnitude of 
correction as well as maintain the vanishing of B at 
the core. If we make the simplification of taking a 
Gaussian form for the interaction, f(r)=exp(—nr’), 
so that f(0)=1, then using Eq. (18) we can write the 
correlation function as 
B=1—(1—8)[(5/3) exp(—yr?)—3 Pu exp(—yr’) ] 

—Bf(r)Pu exp(—vyr’), (19) 
where we have neglected the relative momentum de- 
pendence expressed in Eq. (18) in the term involving 
the attractive interaction. The effect of the attraction 
on the correlation is measured by 8. We estimate 8 by 
putting Py,=1, plotting Eq. (19), and requiring that 
the attraction have the same relative effect on the 
correlations as is found by Brueckner and Gammel.? 
This gives 8=0.6 with the Gaussian form for f(r). This 
relatively large value of 8 may seem to belie the claim 
that the attraction has a small effect on the correlations, 
but actually it is 8 times the variation in f(r) over the 
range of the Green’s function that represents the effect 
on the correlations, and since the attraction in its 
Gaussian form is very slowly varying over the short 
range of the Green’s function, this product is in fact 
small. We can collect Eq. (19) into the form 


B=C+DPy, (20) 


where C= 1-— (5/3)(1—8) exp(—yr*) and D=[32(1—8) 
—Bf(r) | exp(—vyr’). 

The effect of these various state dependences on the 
magnetic moment will be entirely on the orbital part, 
and therefore we need only consider A;. The contribu- 
tions to A; from such state-dependent correlations must, 
from symmetry considerations, involve the odd particle. 
The leading term will involve the correlation of the odd 
particle with one core particle at a time. The next 
term will involve three-particle correlations, etc. This 
is essentially an expansion in powers of the ratio of the 
correlation length to the interparticle spacing. For 
nuclear saturation densities this parameter is about }. 
Thus we can determine the order of magnitude of the 
corrections to the magnetic moment if we keep only 
the two-body correlations. This is adequate since we 
shall see that the corrections are quite small. In this 
approximation, then, we replace the product of correla- 
tion functions appearing in F by a sum over functions 
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of the form in Eq. (20). The normalization change 
introduced by such an approximation to F is of the 
order of the ratio of correlation volume to total volume 
per particle. This is (1/2)’, and therefore negligible for 
order-of-magnitude estimates. Thus, in this approxima- 
tion to F we take (®| FtF|\@)= (6|6)=1. 

Since we are considering a two-body interaction with 
a space-exchange part, there will arise space-exchange 
currents from the term Uf(r)Py in the Hamiltonian, 
and these will modify the magnetic moment operator.'* 
Upon taking these into account, the orbital part of the 
magnetic moment becomes 

My(®| F tl, F |\&)+U(@! FtoF |®), (21) 
where My is the nuclear magneton. o= (ix/hc)> js: 
X (e;—ex)(teX rj) f(rjx)P (jk) is the exchange moment 
operator arising from the exchange potential in the 
Hamiltonian. As we discussed at the beginning of Sec. 
III, there are no exchange operators from the exchange 
dependence of F. 

The shell-model part of the orbital magnetic moment 
can be removed from (21) by taking the commutator 
of /.{”) with F in the first term. The term in U gives 
corrections only. In considering F to be a sum of terms 
of the form (20), we go only to first order in D since the 
matrix elements depend on a high power of the range 
of the correlations and D* has a much shorter range than 
D. To first order in D, and considering only two-body 
matrix elements so that all the operators in the matrix 
element refer to the same pair of nucleons, one finds 


A:=2M y(®| DP yf l.,C]|&) 4+ U@| CoC |) 


=AntUAw. (22) 


Use has been made of the results of the previous section 
to set the expectation value of C[/,‘”’,C ]=0. The terms 
involving D and @ go out since Py anticommutes with 
rx ry and P,’= ma 

From symmetry considerations it is clear that one 
of the pair of nucleons referred to by the operators in 
(22) must be the odd particle. Since o depends on the 
difference in charge between the particles, it will vanish 
if the core particle and the odd particle have the same 
charge. In other words, there is no net current set up 
by the exchange of two protons or two neutrons. Simi- 
larly, if both particles of the pair have the same charge, 
the commutator in the first term will vanish since C is 
a scalar. This also means that no net current will be 
set up by correlations between particles of the same 
charge. Thus in the two-body matrix elements occurring 
in (22) there will be no exchange terms from anti- 
symmetry. 

Since the matrix elements are diagonal, only the 
z component of o will contribute, and one can make use 
of the relation 


pate 
12) 


X(¥1,-1(01) V1, 1(2)— Y,, 1(1)¥y,-1(2)). 


(r1Xre)2= $xi|1;| 
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The phases and normalizations of the spherical har- 
monics, V7, are taken to agree with those of Condon 
and Shortley.!* The matrix elements for a “‘closed shell 
plus one” state may now be evaluated by converting 
the sum over coordinates into a sum over particle states 
in the core, and by using the addition theorem to ex- 
pand the dependence on 7; in terms of 7; and r;,. One 
finds 
+ely 
Aw=(|C*p,|&)=—————__ © Fy (Iolllo Cf) (2k +1) 
2he(2+1) 1% 


X ((Lo— 1200 | Zy— 1210)? (lo +100 Jo+1410)2), (23) 


where /y is the orbital angular momentum of the odd 
particle, and the sum over / goes over the filled orbits 
in the core for protons if the odd particle is a neutron 
and over neutrons if the odd particle is a proton. The 
upper sign is for odd neutron and the lower for odd 
proton. As before we consider the odd-particle state 
with 7=/o+3 and m;=/j. The radial integral in (23) is 
defined as 


F (abcd ; E) 


-{ f R,(1)R,(2)R-(1) Ra(2) Ex (1,2) r3r8dridro, 
0 0 


where 
E(ri2) => Ex.(ri,r2) Vx. Beh Vx. Pat iB 
kip 


and where R, is the single-particle radial function in 
the state a. 

The commutator of /,‘”) with C is easily evaluated 
for the Gaussian form of correlations since in general 


[1,°?), exp(—6rj:”) J= —6$ exp(—6ri2?)[1.” rio? ]; 
but since 
ry =r +re— Irie COsO12 


8rrire 
=r?+re— i V1,m(1) ¥1,m*(2), 
we get 
(le) rio? = —_ (8/3)arire DY mM V 1, m( 1 ) F..."(2) 


if particle one is a proton and two a neutron. Evaluating 
as before, one finds 


10 lyy 
Au= +—(i1—f)- ae 
3 (2b+1 


X¥ Fld; D exp(—vyr’))(2k+1) 
Lk 
X ((lo+1R00 | Lo +110)? — (lo— 1200 | Jo— 1410)*), 


where the upper sign is for odd neutron and the lower 
for odd proton. 

These corrections are most easily evaluated in light 
nuclei where the number of orbits is small and where 
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harmonic oscillator radial functions can be used. The 
best candidate is O'’, with one neutron in a d; state 
outside the extremely stable O'* doubly closed LS shell, 
and with a magnetic moment deviating by only 0.0193 
nuclear magneton from the single-particle value.‘ 
Furthermore, if we take f(r) to have a Gaussian form, 
f(r)=exp(—nr’), then the interaction functions all 
become simple sums of Gaussians and these with har- 
monic oscillator radial functions reduce the radial 
integrals to known forms.!*:° 

In evaluating the matrix elements for O!’, we shall 
neglect the dependence of the Green’s function, and 
therefore of the correlation length, on the energy dif- 
ference and use the length for the p shell in the s shell. 
This is not serious since the population factors greatly 
favor the p-shell contribution, and further since the 
corrections increase with increasing correlation length, 
this approximation only serves to overestimate what 
seems to be a small effect. Taking harmonic oscillator 
radial functions with a characteristic length 6, one 
finds for O" 


Auyu=-— (40 3)y(1—8) 
Xb 4(1—8) A (2yb?) —BA((2y+n)b?) |My, 


2reb* 10 
Aw=- | Ant) - 8)4(r+0)| 
he 3 


where 


9+ (3/a)+a” 
a)/?(2+a 29/2 


A(a)= 


We have neglected the term in exp(—2yr’) coming 
from C*. 

The harmonic-oscillator length parameter 6 can be 
obtained from a knowledge of the nuclear radius in 
oxygen, and one finds b>=1.6X10~" cm.'® The range of 
the Green’s function, \ [see Eq. (14) ], for particles at 
the bottom of the Fermi sea is given by Brueckner and 
Gammel’ in the approximation of no attraction as 
\=k,(2/5)!, where k, is the wave number of the Fermi 
momentum. The range of the Green’s function is not 
expected to increase very rapidly as one moves up in 
the Fermi sea until one is very close to the top. Thus for 
the correlations between the odd particle and the p shell 
we take \=0.5k,. At saturation density, k;r.=0.7, and 
with a core radius r,=0.4X 107" cm, this gives \=0.87 
X10" cm. For this value of \, the best fit as in Fig. 1 
is obtained with a Gaussian correlation function with 
y= 1.25 108 cm™. 

The parameters for the exchange part of the attractive 
potential can be obtained from the potential of Gammel 
and Thaler.* They find a triplet force that is almost 
pure Serber mixture, that is, zero in odd states. Neglect- 
ing the different dependence of the singlet force be- 


19 W. J. Swiatecki, Proc. Roy. Soc. (London) A205, 238 (1951). 
2” R. D. Amado, Phys. Rev. 108, 1462 (1957). 


AND NUCLEAR 


MAGNETIC MOMENT 557 
cause of its small weight and because as we saw in 
Sec. III, terms in the interaction of the form o;-a2 do 
not affect the moment, we can write the central inter- 
action for all states as 


438 
exp(— 2.097) Mev, 
2.09r 


— (1+ Py) 


with 7 in units of 10-" cm, and with a radius for the 
repulsive core of 0.4 10~" cm. To cast this in the form 
of a Gaussian interaction we notice that since a turns 
out to be 2 or greater, the leading dependence of A (a) 
on the range of the force comes from the term in a~!, and 
this corresponds to a dependence on the fifth power of 
the range. We thus require that the integral /V (r)r‘dr 
be the same for the Gaussian and the Yukawa poten- 
tials. Because of the form of the correlations we carry 
the Gaussian integrals from 0 to ~, but for the Yukawa 
potential we take the integrals from r, to «. In actual 
fact this makes little difference since the r* weighting 
makes the major part of the integral come from the 
region in which B is essentially one. In order to get U 
and » separately, we require that the two potentials 
have the same effect in WKB approximation for zero 
binding energy. This requires the /(.V(r) ]idr be the 
same for both potentials. These two conditions give a 
Gaussian with U=—64 Mev and 7=0.84X 10° cm™, 
The effect of the attractive interaction on the correla- 
tions is represented by taking 8=0.6. 

Putting these parameters into the equations we find 
An=0.002My and Ajy=0.00285My Mev~, and thus 
Ai= —0.18My. This relatively large effect is entirely 
due to Aw since A; is negligible compared with Ayr. 
An represents the change in the expectation value of 
the ordinary magnetic moment operator due to state- 
dependent correlations. It is extremely small because 
it contains D and therefore exp(—2yr’) in every term. 
Thus since the effect of the attraction in the correlations 
appears multipiied by the Green’s function, all the con- 
tribution to A;; comes from within the correlation vol- 
ume, and this is very small. Ayy is much larger than 
this, but by far the largest part of it comes from the 
effect of the attraction in the Hamiltonian in the region 
of no correlation. That is, because of the r* weighting 
most of the contribution comes from the region in which 
B is unity. Thus the result for Ay, is almost exactly 
what one would have obtained from an ordinary shell- 
model calculation for the exchange magnetic moment 
in an uncorrelated-shell-model state. In view of the 
small deviation of the O'’ magnetic moment from the 
single-particle value, the exchange moment is too large. 
However, it is well known that there are a number of 
other exchange effects, etc.,' that are expected to give 
corrections of a similar order of magnitude. The calcula- 
tions presented here are not an attempt seriously to 
evaluate any of these corrections but rather to show 
that the correlations in the wave functions introduce 
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essentially nothing that is not already present in a full 
shell-model calculation. 


Vv. CONCLUSION 


The singular nature of the two-nucleon interaction 
assures us that the actual nuclear state is highly cor- 
related, but the success of the shell model leads us to the 
conclusion that these correlations are unimportant for 
finding the expectation value of a large class of opera- 
tors. The paradigm of this success is the magnetic 
moment of nuclei with one particle outside an LS 
doubly closed shell. The correlation structure of nuclei 
consists in the vanishing of the wave function if two 
particles come within the radius of the repulsive core 
followed by a rapid “healing” of the wave function to 
an uncorrelated state as the pair separates. Since the 
range of the correlation is short because the exclusion 
principle forbids transitions to nearby states, the addi- 
tional effect of the correlations from the relatively 
long-range, attractive part of the interaction is very 
small. Thus the bulk of the correlation structure can be 
introduced into the shell model as a product of pair 
correlation functions each of which vanishes within the 
core and then approaches one, with a short range de- 
pendent only on the Fermi momentum and on the 
relative energy of the correlated pair. In a finite nucleus 
with no spin-orbit splitting, this relative energy de- 
pends only on orbital quantum numbers of the corre- 
lated pair and not on azimuthal quantum numbers. 
Therefore correlations of this type are independent of 
the state of a particle within a given orbit. 

To consider the effect of such correlations on the 
expectation value of the magnetic moment of a “‘doubly 
closed shell plus one” nucleus, we notice that the mo- 
ment operator is a combination of the z component of 
the proton orbital angular momentum, and the z 
component of spin of the protons and neutrons sepa- 
rately. A “doubly closed shell plus one” nucleus with 
j=l4+}3 and m;=j, is an eigenstate of each of these 
operators, and hence the contribution of the correla- 
tions to the magnetic moment can be found by taking 
the commutator of each of these operators with the 
correlation function. For the scalar, state-independent, 
correlations discussed above, the expectation value of 
this commutator is shown to vanish. Since correlations 
between identical particles will produce no net current, 
any contribution to the magnetic moment must come 
from correlations between unlike particles. The correla- 
tion function is therefore conveniently expanded into 
tensor operators for neutrons and protons separately 
and the fact that the proton or neutron wave function 


t The correction to the magnetic moment of O" from the 
Gammel-Thaler spin-orbit force has been calculated. The spin- 
orbit part of the magnetic moment operator gives +0.15 nuclear 
magneton, thus canceling most of the contribution from the space 
exchange moment operator. This cancellation appears fortuitous 
and would probably not occur in other nuclei of very different 
structure. The presence of spin-orbit correlations gives an entirely 
negligible contribution. 
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is an S-state requires that the tensor operators in this 
space combine to form a scalar. This requirement re- 
flects back on the operators in the space of odd particle 
and makes the commutator vanish. The proof can be 
extended to correlations having a scalar spin depend- 
ence and to certain more complicated symmetries. 

The proof does not show that the shell-model wave 
function is a “good” wave function if we choose to 
measure this by the overlap of the shell-model state 
with the actual state, since this overlap is in fact very 
small. We see rather that the shell model exhibits 
certain symmetry properties that are unaffected by 
correlations so long as these are state independent, and 
this is so independent of what particular physical model 
we choose for the correlations. It is well known that the 
shell model is particularly suited to the prediction of 
properties associated with wave function symmetries, 
and it is suggested that it is the state independence of 
the correlations that accounts for this success. 

There is a residual state-dependent part of the corre- 
lations due to higher order terms in the relative mo- 
mentum of the correlated pair and due to the space- 
exchange part of the attractive potential as this appears 
in the correlations. In estimating the effect of these, 
we make a number of approximations since we know 
that these are small refinements to a state-independent 
correlation function the effect of which we know to be 
zero. These additional corrections are computed for O!” 
and are found to give a correction to the magnetic 
moment of order +0.002 nuclear magneton. This very 
small result arises because of the very short correlation 
length. 

The space part of the attraction in the Hamiltonian 
will also modify the magnetic moment operator giving 
the well known space exchange operator. The expecta- 
tion value of this turns out to be essentially the same as 
it would be in a calculation using uncorrelated shell- 
model wave functions since the major part of the 
expectation value comes from the long-range part of 
the attraction where the correlation function has gone 
to one. The numerical result is too large to account for 
the small deviation of the O'’ moment from the Schmidt 
line, but this is well known from shell-model calculations 
as well. No similar space-exchange operator is found 
from the exchange dependence of the correlation func- 
tion since the correlated wave function is an eigenfunc- 
tion of the nuclear Hamiltonian and thus there are no 
terms in the energy of the system coming from first 
order changes in the eigenfunction. It is therefore cor- 
rect to take the magnetic moment operator from the 
actual nuclear Hamiltonian, with the real nucleon mass. 
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Decay of Copper-66t 
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The decay of Cu® (5.1 min) has been reinvestigated by scintillation spectroscopy. A (0.83+0.01)-Mev 
gamma ray has been found to be in coincidence with the previously known 1.04-Mev gamma ray arising 
from the decay of the first excited state in Zn®*. This indicates a (second) excited state in Zn® at 1.87 Mev 


in line with the level systematics of neighboring Zn isotopes. 


I. INTRODUCTION 


URING a reinvestigation' of the decay” of Ge®, 

evidence was found for excited states in Zn® at 
1.88 and 2.31 Mev in addition to the previously known 
state at 1.07 Mev.’ (The 1.88-Mev state was already 
predicted by Way et al.’ on the basis of neutron-capture 
gamma-ray work of Kinsey and Bartholomew.‘) A 
comparison of the states of Zn ol 


68 with those of Zn®* and 
Zn™ made it seem likely that second excited states near 
1.8 Mev should occur in the latter isotopes also. This 
induced us to reinvestigate®:> the decay of Cu® (5.1 
min) in which a state near 1.8 Mev in Zn® should be 
weakly populated by a 0.8-Mev beta ray.® 

Our original suspicions were strengthened by a re- 
interpretation of gamma-gamma coincidence work of 
Weller and Grosskreutz’ in the Cu®(p,y)Zn™ and 
Cu®(p,y)Zn® reactions, which indicated levels in the 
final products at 1.75 and 1.87 Mev, respectively. More 
direct evidence for these levels has meanwhile been 
found by Sinclair® from the inelastic scattering of 
neutrons on separated Zn Furthermore, 
Jacobi’ has found a 1.77-Mev level in Zn®™ from a study 
of the decay of Ga®. 

The level systematics of the even-even isotopes in 


isotopes. 


this general mass region were recently reviewed." 
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Il. EXPERIMENTAL METHOD AND RESULTS 
A. Source Preparation and Apparatus 


The sources consisted of 1-inch by 1-inch by $-inch 
blocks of natural copper. These were irradiated for 10 
minutes with slow neutrons produced by the Stanford 
cyclotron. The apparatus consisted of two 1}-inch 
diameter by 13 inches long NaI(T]) crystals mounted 
on Dumont 6292 photomultipliers, a conventional fast- 
slow coincident circuit of 0.2-usec resolving time and an 
RCL 256-channel pulse-height analyzer. 


B. Gamma-Ray Spectrum 


Because of low-counting rates in the energy region 
of interest, a very close geometry was used both in the 
singles and coincidence work. The geometry isindicated 
on Fig. 1. The pulse-height distribution from every 
copper source was measured for 10 minutes immediately 
after irradiation and again several hours later in order 
to determine the background (mostly Cu®™). Figure 1 
shows the pulse-height spectrum after subtraction of 
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Fic. 1. Singles and coincidence geometry and Cu® gamma-ray 
singles spectrum. Natural copper was irradiated with thermal 
neutrons. The Cu® singles spectrum was obtained by subtracting 
the room and Cu® background. The peaks near 1.6 and 1.9 Mev 
are caused by coincident 1.04- and 0.83-Mev gamma rays and 
scattering. 
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Fic. 2. (A) Gamma-ray spectrum from Cu® in coincidence with 
1.04-Mev pulses. The peak at 1.04 Mev presumably is caused by 
coincidences due to bremsstrahlung of the beta rays feeding the 
1.04-Mev state in Zn**. (B) Gamma-ray spectrum from Cu® in 
coincidence with 0.83-Mev pulses. The peak at 0.83 Mev is due to 
coincidences with Compton pulses from the 1.04-Mev gamma ray 
lying near 0.83 Mev. 


the background (only the Cu® background was cor- 
rected for decay). Most, if not all, of the counts near 
1.9 Mev can be accounted for by solid-angle addition 
of coincident 1.04- and 0.83-Mev gamma rays (see 
Sec. II.C). The counts below 1.9 Mev down to the 
1.04-Mev photopeak are due to the scattering of the 
coincident gamma rays in the very poor geometry. 

From Fig. 1 one calculates a conservative upper limit 
of 0.001 for the relative intensity of a 1.9-Mev gamma 
ray compared to the 1.04-Mev gamma ray. 


C. Gamma-Gamma Coincidence Spectra 


Coincidence spectra were taken with the crystals 
placed as shown in Fig. 1. The discriminating detector 
was allowed to accept pulse energies around 1.04 Mev 
[Fig. 2(A)] and around 0.83 Mev [Fig. 2(B)]. In 
order to demonstrate that the coincidence spectra were 
indeed due to Cu®, the spectrum from each source was 
displayed for two consecutive 5-minute intervals on 
two separate halves of the RCL pulse-height analyzer. 
The total coincident counts in the two halves were in a 
ratio very close to 2:1 as is to be expected from the 
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5.1-min half-life of Cu®. On Fig. 2 the sum of these 
two spectra is displayed for better statistical significance. 

Figures 2(A) and 2(B) show quite conclusively that 
a 0.83+0.01-Mev gamma ray is in coincidence with 
the 1.04-Mev gamma ray, indicating a level in Zn 
at 1.87 Mev. The intensity of the 0.83-Mev gamma ray 
relative to the 1.04-Mev gamma ray was determined 
by comparison with a Co™ source in identical geometry 
and was found to be 0.025+0.005. This result does not 
include the known anisotropy* of the Co®-gamma rays 
nor the (unknown) anisotropy of the Cu®*-gamma rays. 

On Fig. 2(A) a small peak at 1.04 Mev may be noted. 
One can calculate roughly that most, if not all, of this 
is due to coincidences caused by bremsstrahlung from 
the 1.65-Mev beta rays feeding the 1.04-Mev state 
in Zn®, 


III. CONCLUSIONS 


The present results confirm the existence of a 
(second) excited state of Zn®* at 1.87 Mev which pre- 
sumably is fed by a 0.76-Mev beta ray from Cu®. 
Assuming that the 1.65-Mev beta ray from Cu® has a 
branching ratio’ of 9%, one can calculate from the 
results of Sec. II.C that the 0.76-Mev beta-ray branch 
has a branching ratio of about 0.2% and a log/t value 
of 5.7. This is very close to the log /? values of the 1.59- 
Mev and 2.63-Mev beta branches.’ Figure 3 shows the 
decay scheme’ of Cu® modified by our work. 

Since the spin and parity® of Cu® are 1+, the spin 
of the 1.87-Mev level of Zn® is 0, 1, or 2 with even 
parity. The very small upper limit for the ground- 
state decay of the 1.87-Mev level makes a spin 1 un- 
likely. It is of interest, though, to note that the very 
small crossover to cascade ratio of the gamma rays 
from the 1.87-Mev level is exceptional in comparison 
with the decay of levels in Zn® and Zn® lying at a 
similar energy.’ 

The existence of a 1.87-Mev level in Zn® necessitates 
a re-examination of the decay*® of Ga®* (whose spin has 


o'* Ga®® 5,17 


4.83 


+ 
KO.01 = 











87 


be eee ae eee ee ae 








zn°® 
Fic. 3. Decay scheme of Cu®*. Gamma-ray and level energies 
aré in Mey, intensities in percent decay. Log ft values are given in 
square brackets. Levels of Zn® inferred from the decay of Ga® are 
also shown. A spin of 2 is the most likely one for the 1.87-Mev 
level (see text). 
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been shown to be zero!'). We do not wish to go intoa__ that it is quite possible that the spin of the 3.78-Mev 

detailed discussion of the Ga® decay here, but merely _ level is 0. 

want to state that the previous beta” and gamma" A discussion of the level systematics of the other 

work is consistent with no direct feeding of the 1.04-, even-even Zn isotopes is postponed,' but it may be of 

1.87-, and 2.40-Mev levels of Zn*®* (see Fig. 3) making interest to point out that a close similarity in energy 

2+ a likely assignment for these levels if the parity of seems to exist between at least the three lowest excited 

Ga® is even, as may be expected from the shell model. states of Zn™, Zn®*, and Zn®,!.3.5.9 

The 1.87-Mev level could be populated easily in the 
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Photoproduction of alpha particles from copper has been investigated by using 22-Mev bremsstrahlung 
to irradiate a ‘‘sandwich”’ consisting of a thin copper foil (2.75 mg/cm?) placed between two Ilford E-1, 
100-micron thick nuclear emulsions. The observed yield was (3.9+0.6)X10* alpha particles per mole- 
roentgen. The energy distribution of the alpha particles has a maximum near 8 Mev. In addition, photo- 
produced alpha particles from thin foils of eleven elements, including copper, have been detected by means 
of their tracks in nuclear emulsions. “Sandwiches” containing two target foils on either side of a lead stopping 
foil were exposed to 21.5-Mev bremsstrahlung hardened by 147.4 g/cm? of graphite. The photo-alpha 
yields observed with the hardened spectrum are given in terms of unhardened bremsstrahlung, having been 
multiplied by the calculated ratio of effective photons in the two spectra. These yields, in units of 10* alphas 
per mole-roentgen, are: Al—1.3, V—0.4, Fe—1.9, Co—2.3, Ni—3.9, Cu—2.6, Cu®—3.6, Zn—8.2, Nb—0.5, 
Rh—0.3, Ag—0.17, and In—0.09. For the seven elements having Z<30, there seems to be a correlation 
between the yield and the difference between the alpha and neutron binding energies. 


I. INTRODUCTION for the Cl*(y,a)P®, K*®(y,na)Cl*, Br®!(y,a)As7, 
Ag!(y,a)Rh!, and Sb!2!(y,@)In!"" reactions. 

Many investigations of photoproduction of alpha 
particles from the constituents of nuclear emulsions 
have been undertaken. For the lighter elements the 
track of the recoiling nucleus, as well as the alpha 
track, can be observed. For alpha tracks not accom- 
panied by a recoil track, it is not possible to determine 
whether the parent nucleus was silver or bromine. 
Since alpha tracks are clearly distinguishable from 
proton tracks in nuclear emulsions, photo-alpha par- 
ticles have been observed as a by-product in several 
experiments designed to investigate photoprotons. In- 
vestigation of the photodisintegration of copper by 
Byerly and Stephens® gave an indication of the yield 

1 Haslam, Smith, and Taylor, Phys. Rev. 84, 840 (1951). of photo-alpha particles. Numerous alpha particles were 
ask” V. Taylor and R. N. H. Haslam, Phys. Rev. 87, 1138 observed from cobalt by Toms and Stephens’ ; however, 

3R. N. H. Haslam and H. M. Skarsgard, Phys. Rev. $1, 479 Since the target thickness was chosen for protons, the 


(1951). = : 
4H. de Laboulaye and J. Beydon, Compt. rend. 239, 411 (1954). ®P. R. Byerly, Jr., and W. E. Stephens, Phys. Rev. 83, 54 
5 Erdos, Jordan, and Stoll, Helv. Phys. Acta 28, 322 (1955); (1951). 

J. phys. radium 16, 169 (1955). ™M. E. Toms and W. E, Stephens, Phys. Rev. 95, 1209 (1954). 


HE photodisintegration of nuclei in which alpha 

particles are produced has been studied primarily 
by means of the radioactivity of the resulting nucleus 
and by means of alpha-particle tracks in nuclear emul- 
sions. Because of low yields, much of the work using 
radioactivity has required a chemical separation of the 
resulting element. Yield curves and cross sections have 
been obtained by this method for Cu®(y,a)Co®™ by 
Haslam, Smith, and Taylor,' Br*!(y,a)As’? by Taylor 
and Haslam,” Rb*’(y,@) Br by Haslam and Skarsgard,® 
and Ag!(y,a)Rh'® by de Laboulaye and Beydon.‘ 
Erdos, Jordan, and Stoll’ have recently reported 
values for the integrated cross section up to 31.5 Mev 
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Fic. 1. Diagram showing, as clear regions, the acceptable angles 
to the surfaces of the emulsions for photo-alpha particles from a 
thin foil. The angle to the beam, w, for acceptable tracks may have 
a value anywhere between 0° and 180°. 


absorption for alphas was so great that the assigned 
energies and the total yield of alphas had large un- 
certainties. 

The yields of alpha particles from photonuclear re- 
actions with 23-Mev bremsstrahlung have been dis- 
cussed by Greenberg, Taylor, and Haslam.’ They 
compared values obtained by radioactivity and by the 
detection in nuclear emulsions of alpha particles from 
the emulsion constituents and from external targets. 
Their value of yield from the Ag™(y,a)Rh'® reaction 
using chemical separation was much lower than the 
value found by de Laboulaye and Beydon.‘ 

The following experiment consisted of two parts. The 
first part was an investigation of the distribution in 
angle to the beam and in energy of photo-alpha par- 
ticles from copper. This part was an attempt to test 
the adequancy of the evaporation theory in explaining 
the characteristics of the photo-alpha reaction for a 
medium-weight element. The second part was a survey 
of photo-alpha yields from eleven elements, including 
copper, in which the same conditions of exposure and 
detection permitted a direct comparison of the yield 
values. 


II. EXPERIMENT 


In order to detect photo-alpha particles having small 
energy uncertainties due to losses in a target, a 
“sandwich,” consisting of a thin target foil placed 
between two emulsions, was exposed directly in the 
x-ray beam from the U. S. Naval Research Laboratory 


§ Greenberg, Taylor, and Haslam, Phys. Rev. 95, 1540 (1954). 
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22-Mev betatron. Since Millar and Cameron’ were 
able to distinguish alpha tracks in 100-micron thick, 
Ilford E-1 nuclear emulsions in the presence of fogging 
produced by 240 roentgens, their grain-gradation de- 
veloper formula was used for this experiment with the 
same type of emulsion. In addition, a temperature- 
change development method was used and the plates 
were soaked in 20% glycerine to cause the processed 
plates to have thicknesses approximately the same as 
during exposure. The use of glycerine permitted depth 
measurements to be made with greater precision and 
served to reduce the amount of fogging observed when 
viewed with a microscope. An objective having a small 
depth of focus was used to further increase the visibility 
of alpha tracks. It was found that alpha tracks were 
clearly discernible against the fogging produced by 710 
roentgens of 22-Mev bremsstrahlung. 
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. Solid angle per radian as a function of w, the angle 
between the alpha particle and the beam. 


The exposure arrangement of the emulsions and the 
target, a 2.75-mg/cm® thick copper foil, is shown in 
Fig. 1. The “sandwich” was placed at an angle to the 
beam of 67.5°. With this arrangement, it was possible 
to observe an alpha track having an angle to the beam, 
w, lying anywhere between 0° and 180°. Typical tracks, 
a and }, are shown on the diagram with the indication 
of their angles to the beam and to the surface of the 
emulsion in which each track lies. Tracks lying in the 
shaded cones were eliminated from observation by the 
criterion that 6, the angle the track makes with respect 
to the emulsion surface, must have a value between 
20° and 67.5°. Since it is difficult to make accurate 
measurements on steep tracks, those having an angle 
6>67.5° were excluded. Shallow tracks, having 6< 20°, 
were excluded because the increased effective target 
thickness led to a large uncertainty in energy. The 


~9C. H. Millar and A. G. W. Cameron, Can. J. Phys. 31, 723 
(1953). 
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elimination of the steep and shallow tracks from the 
data selectively changed the differential solid angle 
available at each angle. The solid angle accepted for 
observation is shown in Fig. 2 as a function of the 
angle to the beam, w. The area under the 27 sinw curve 
is the total possible solid angle. 

A total of 220 acceptable alpha tracks were observed 
in areas covered by the target foil. From observations 
of tracks in areas not covered by the foil, it was esti- 
mated that 64 of the above tracks were background. 
The angle to the beam and the angle to the surface of 
the emulsion were obtained for each track. The ob- 
served number of tracks, grouped in 20° intervals of w, 
was corrected by the ratio of the ‘2m sinw’’ curve 
to the ‘“‘solid angle accepted” curve. The alpha-particle 
energies, obtained from their ranges in the emulsion, 
were grouped in half-Mev intervals to correct for the 
energy loss due to traversing half the target thickness. 
For this purpose, the tracks were grouped in the 
following intervals: 20°<@<30°, 30°<@<40°, 40°<@ 


COPPER PHOTO-ALPHAS > 6.0 Mev 
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Fic. 3. The angular distribution of photo-alphas from 
copper having energies >6.0 Mev. 


<50°, 50°<8<60°, and 60°<6@<67.5°. The angular 
distribution of alpha particles of energy greater than 
6 Mev is shown in Fig. 3. Although there appears to be 
a tendency toward peaking at 90°, this is not considered 
significant because of the limited number of tracks and 
the resulting statistical uncertainties. The observed 
distribution in energy of the alpha particles after sub- 
tracting background is shown as the histogram of 
Fig. 4. The area of the histogram equals the observed 
yield of (3.940.6)X10' alpha particles per mole- 
roentgen. 

The number of background tracks found in the 
investigation of the photoproduction of alpha particles 
from copper described above was quite tolerable for 
that exposure. However, for elements having lower 
photo-alpha yields, such a background would prevent 
significant results from being obtained. The background 
may be thought to consist of three types: (1) very short 
alpha tracks for which it is not possible to determine 
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Fic. 4. The distribution in energy of photo-alphas from copper. 
The histogram shows the observed data and the curve shows the 
calculated distribution for evaporation from a compound nucleus. 


whether the alpha particle went into or came out of 
the emulsion; (2) fairly long tracks whose grain density 
near the surface of the emulsion was low, similar to the 
track of an alpha particle entering the emulsion, and 
which ended with a dense portion caused by a recoiling 
light nucleus rather than by a slowed-down alpha 
particle; (3) tracks of alpha particles which entered the 
emulsion but which originated in the other emulsion 
and traversed the thin target foil. The first two types 
cannot be eliminated but can be estimated by obser- 
vations of similar tracks which lie wholly within the 
emulsion. The third type of background can be elimi- 
nated by using a lead stopping foil as shown in Fig. 5. 
The lead foil, 2.75 mil (78.2 mg/cm?) thick, would stop 
a 17-Mev alpha particle. A target foil was placed on 
either side of the lead. To prevent certain elements 
(Al, Co, Zn, and In) from reacting chemically with the 
emulsions, thin Mylar films (0.8 mg/cm?) were used 
to keep these target foils from touching the emulsions. 
Background exposures were made with the lead stopping 
foil both with and without Mylar. 
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Fic. 5. The expanded “sandwich” arrangement used for the 
photo-alpha exposures with the hardened x-ray beam. 
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Fic. 6. The experimental arrangement for the photo-alpha 
exposures using a 21.5-Mev-bremsstrahlung beam hardened by 
86.2 cm (147.4 g/cm?) of graphite. 


In order to increase the number of alpha-particle 
tracks for a given amount of emulsion fogging, the 
x-ray beam was hardened by 147.4 g/cm? of graphite. 
Since low-energy photons are absorbed more strongly 
by graphite than the photons effective in producing 
photonuclear reactions, a better ratio of effective 
photons to total photons in the x-ray beam was ex- 
pected. The experimental arrangement, Fig. 6, shows 
the graphite in position, about half of it before the ion- 
chamber monitor and the other half after the collimator. 
The beam was limited by the lead collimator to a 
clearly defined circle (2.1 cm in diameter) at the 
emulsion position. The aluminum holder, which located 
the emulsion ‘‘sandwich” at an angle of 67.5° to the 
beam, fitted onto the last piece of graphite. To deter- 
mine the intensity of the betatron x-ray beam during 
the exposures, data were taken under various conditions 
using activity produced in a copper cylinder as a 
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Fic. 7. The effect of beam hardening. The dashed curve is the 
theoretical unhardened bremsstrahlung and the solid curve is the 
hardened spectrum normalized to an equal number of effective 
photons. 
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secondary standard and relating the intensity to meas- 
urements of the unhardened beam by a Victoreen ion 
chamber in an 11-cm square Lucite block. 

The dashed curve in Fig. 7 shows the theoretical 
unhardened spectrum of 21.5-Mev_ bremsstrahlung.'® 
The solid curve shows the spectrum hardened by 147.4 
g/cm? of graphite. This spectrum was calculated using 
the absorption coefficients tabulated by White.!! Cor- 
rections were made for single Compton scattering and 
amounted to less than 3.2% at any photon energy. The 
hardened spectrum is shown multiplied by the factor 
11.1 in order to display spectra which should give the 
same photo-alpha yield. The factor, F=11.1, is a 
measure of the relative effectiveness of the two spectra 
in producing photo-alphas and was determined as 
follows: 


21.5 21.5 
F= f vy. 0()N (Rak / f oy, a(k).N’ (A)dk, 


where ¢,,4() is a typical alpha-particle photoproduc- 


TABLE I. Exposure conditions for and results of the survey 
of photo-alpha particles using the hardened 21.5-Mev_ brems- 
strahlung. 


Equivalent 
exposure 
(hardened 

beam ) 


R at target 

foil position 
Thickness (unhardened 
(mg/cm?) beam) 


Net Yield 

tracks (104 a/mole-r) 
1.25+0.16 
0.42 +015 
1.90 +0.23 
2.29 +0.37 
3.94 +0.34 
2.59 +0.33 
3.58 +0.30 
1206 8.22 +0.61 
1183 0.46 +0.24 
1341 0.27 +0.13 

1 

0, 


Target 


1340 100 
1183 21 
1340 97 
1183 67 
1349 
1340 
1183 


14 880 
13 130 
14 880 
13 130 
14 980 
14 880 


Al 
Vv 
Fe 
Co 
Ni 
Cu 
Cus 
Zn* 
Nb 
Rh 
Ag 
In® 


hod all 
Sagan 
SSaassazsa 


° 


1340 0.17 +0.07 
1340 09 +0.05 


SCR ALNENONGwH 
wWonoe wn 


— te 
naw 


14 880 


* Exposure made with Mylar in “sandwich.” 


tion cross section, .V(&) is the number of photons per 
Mev interval with energy & in the unhardened beam, 
and \’(k) is the number of photons per Mev interval 
in the hardened beam. The shape of the cross section 
for photo-alphas from Ag’ as given by de Laboulaye 
and Beydon‘ is very similar to that for photo alphas 
from Cu® given by Haslam ef al.'; hence, the oy, for 
Cu® was used as being typical for all the elements 
investigated in this experiment. 

In Table I, the target materials are listed together 
with their thicknesses in mg/cm’. For all except silver 
and indium, the thickness was chosen such that the 
energy loss of an 8-Mev alpha in traversing half the 
target thickness would be in the neighborhood of one- 
half Mev. Since silver and indium have very low yields 
of photoproduced alpha particles, thicker targets were 


0 L. I. Schiff, Phys. Rev. 83, 252 (1951). 

"C, M. Davisson, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955), Appendix I. 
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needed to give numbers of tracks significantly higher 
than background. The third column of the table indi- 
cates the exposure in terms of betatron output, that is, 
the amount of x-rays of 21.5-Mev bremsstrahlung that 
would have reached the target foil position if the 
graphite had not been in place. The fourth column lists 
the values of the third column divided by the factor 
F=11.1. Hence, these values show the equivalence of 
the hardened beam exposure in terms of an equally 
effective unhardened beam exposure. 

Since the purpose of this portion of the investigation 
was to survey the yield of photo-alpha particles from 
a number of elements under nearly identical conditions, 
the angle criterion of acceptability was not used. Tracks 
of all alpha particles which entered the emulsion were 
considered acceptable both for the background ex- 
posures and for the exposures with target foils. The 
background was found to have been considerably re- 
duced by the use of the lead stopping foil. The fifth 
column of Table I gives the net number of tracks ob- 
served for each exposure, the appropriate background 
having been subtracted. The yield values with their 
statistical uncertainties, given in the sixth column, are 
in units of 10‘ alpha particles per mole-roentgen. Since 
the equivalent intensities of unhardened bremsstrahlung 
were used, these yield values can be compared with 
yield values obtained with unhardened beams. No 
corrections were made for absorption of alpha particles 
in the targets. 


III. DISCUSSION 


The investigation of the photoproduction of alpha 
particles from copper irradiated with 22-Mev brems- 
strahlung has served to prove the feasibility of a 
‘“‘sandwich”’-type exposure for obtaining angular and 
energy distributions and the absolute yield of photo- 
alpha particles. The curve shown in Fig. 4 is the energy 
distribution calculated on the basis of “evaporation” 
from a compound nucleus. The area of the curve is 
normalized to the area of the histogram, the total 
yield. 

A curve similar to the one shown was calculated 
using the cross section values for alpha capture given 
by Blatt and Weisskopf'? for an interaction radius 
R= (1.54!+1.2)X10-" cm. The curve calculated for 
this value of R peaked about a half Mev higher than 
the one shown. The value of yield predicted by the 
theory of evaporation from a compound nucleus, using 
these values of the cross section, was 0.89X 10+ alpha 
particles per mole-roentgen compared with the observed 
value of (3.9+0.6)10' alpha particles/mole-r. Not 
only was an improved fit to the data desired, but also 
a closer agreement of the predicted yield to the ob- 
served yield. 

Calculations of the energy distribution and yield of 

2 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. 8. 
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photo-particles using the theory of evaporation from a 
compound nucleus are based on the principle of detailed 
balance. This principle assumes that the cross section 
for the formation of a compound nucleus by the capture 
of a particle may be used to describe the decay of that 
compound nucleus by the ejection of the same particle. 
The energy distribution of photoproduced particles 8, 
of energy «, emerging from a compound nucleus is 
given by Diven and Almy® as 


N(E,Emax)wr(E— By &) 


4 
49 





Emax 
F(a)= onl) f o,(E) 3 
6 : Lv Ty 


where o»(e) is the cross section for formation of a com- 
pound nucleus by the capture of particle b, ¢,(£) is the 
cross section for capture of photons of energy E, 
N(E,Emax) is the number of photons per cm* per Mev 
energy interval per roentgen in the x-ray beam, Emax is 
the maximum photon energy, wr(E—B,—e) is the 
level density of the residual nucleus at an excitation 
energy determined by the ejection of a particle 6 bound 
by energy B, with a kinetic energy « from a compound 
nucleus of excitation E, and }-,, Ty, is the summation 
of the probabilities of all modes of decay of the com- 
pound nucleus. The predicted yield of photoparticles 6 
per nucleus-roentgen is the summation of the F (6) 
values over the energy intervals involved. 

Weisskopf and Ewing™ have expressed the level 
density in the form, wr(&)=C exp[(a&)!], where & 
is the excitation energy of the residual nucleus 
(6= E—B,—«e) and C and a are constants. Diven and 
Almy"™ used Weisskopf’s value for a for medium and 
heavy elements, a= 1.6(A —40)!. This formula for a was 
used by Byerly and Stephens® to calculate the energy 
distribution of photoneutrons from copper. Since their 
calculated distribution was a good fit to their data, we 
have considered that this value of a would be suitable 
for photoproduction of alpha particles from copper. 
The calculation of the F(e) values, following the 
method of Diven and Almy™ in which the ratio 
o,(E)/Xo» Ty is replaced by oy, ,/I',, involves the level 
density for the residual nucleus for photoneutrons in 
the calculation of I’,. Hence, only the ratio of Cy,» to 
C,,, is involved in this calculation. We have assumed 
this ratio to be unity. 

Blatt and Weisskopf!* give an expression for the 
cross section for capture of a particle to form a com- 
pound nucleus, 


o-(e) =X? > (2/+-1)Ti(6). 
lo 


Here X is the rationalized de Broglie wavelength, / is 
the orbital angular momentum of the incident particle 
in units of #, and 7; is the ‘‘transmission coefficient”’ or 
penetrability of the incident particle. The penetrabilities 


3B. C. Diven and G. M. Almy, Phys. Rev. 80, 407 (1950). 
4“ V.F. Weisskopf and D. H. Ewing, Phys. Rev. 57, 472 (1940). 
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have been tabulated by Feshbach, Shapiro, and Weiss- 
kopf'* for «/B=0.2 to 1.8, where B is the barrier energy. 

The value of the cross section, o(¢), is dependent 
upon the interaction radius, R. Since measured values 
of the interaction radius depend upon the bombarding 
particle, we have used the interaction radius deter- 
mined from elastic scattering of alpha particles. Kerlee, 
Blair, and Farwell'® obtained a good fit to the scattering 
data by using the value, R= (1.4144!+2.19) K10-" cm. 
The 7, values for this value of R, using the A of the 
residual nucleus, were found for /=0 through /=6 by 
interpolation from the tabulated values. The / values 
from zero through six are involved in alpha transitions 
to the three lowest states of Co®* and Co*! from the 
compound nuclei of Cu® and Cu® excited by £1, M1, 
and £2 multipole radiation. The curve shown in Fig. 4 
was computed using the o,(¢) values obtained as above 
and was normalized to the area of the histogram. The 
calculated yield value is 1.41 10* alpha particles per 
mole-roentgen. A distribution calculated for a larger 
interaction radius, R= (1.5A!+2.5)X10-" cm, pro- 
duced a curve similar in shape, but the total calculated 
yield was less. 

If the ratio of the magnitudes of the level densities 
Cy,a/Cy,n for copper should be around two, the agree- 
ment of theory with observations would be quite good 
and would lead one to conclude that the photo-alpha 
disintegration of copper can be explained as evaporation 
from a compound nucleus. However, there is some 
question as to whether alpha-particle disintegration is 
truly an inverse reaction to alpha-particle capture, 
since inside the nucleus the nucleons are considered not 
to exist in alpha-particle subgroups for any appreciable 
time. 

The yield of (3.9+0.6)X10* alphas/mole-roentgen 
for natural copper at 22 Mev seems to be somewhat 
high compared with the value of 4.0X 10! alphas/mole- 
roentgen at 24 Mev found by Byerly and Stephens,® if 
one considers the rather sharp increase in yield with 
bremsstrahlung energy. The yield at 22 Mev also seems 
high compared with (2.6+0.3) X 10* alphas/mole-roent- 
gen obtained from the measurement at 21.5 Mev with 
the hardened spectrum. With 24-Mev bremsstrahlung, 
Haslam ef al.! observed a yield of 2.4X10* alphas per 
mole-roentgen from Cu® by detecting the radioactivity 
of the residual nucleus, Co*!. It was suggested that the 
higher yield observed by direct detection of the alpha 
particles might be due to a contribution from the (7,7a) 
process. This reaction would not be detected in the 
experiment using radioactivity. To test this explanation, 
targets both of natural copper and of copper enriched 
to contain 99.5% of the Cu® isotope were bombarded 
with 21.5-Mev bremsstrahlung hardened with graphite. 
At this energy, elements having an atomic number of 


18 Feshbach, Shapiro, and Weisskopf, Atomic Energy Com- 
mission Report NYO-3077 (NDA-15B-5), June 15, 1953 (unpub- 
lished). 

16 Kerlee, Blair, and Farwell, Phys. Rev. 107, 1343 (1957). 
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30 or less are expected to have no appreciable multiple 
photoreactions. For copper, the (y,a) Q-values are 
about 16 Mev; and, since very few alpha particles of 
energy less than 5 Mev were observed with the exposure 
using the unhardened 22-Mev bremsstrahlung, it can 
be concluded that at this energy the (y,na) reaction 
contributes a negligible amount to the yield. The 
average at 21.5 Mev of our yield for Cu®, (3.6+0.3) 
X10* alphas per mole-roentgen, and of the yield for 
Cu®, 1.510" alphas per mole-roentgen, determined by 
Haslam et al.,! weighted by isotopic abundances, agrees 
with our yield for natural copper, (2.60.3) X 104 alphas 
per mole-roentgen. Since the ratios of the yield for 
natural copper to that for Cu® at 21.5 Mev and 24 Mev 
are nearly equal, the assumption of a contribution from 
the (y,#a) process to the yield at 24 Mev is not needed. 
The yields of photo-alpha particles, listed in Table I, 
are shown plotted against atomic number in Fig. 8. 
The values follow a general trend of increasing with 
atomic number up to 30 but there are considerable 
variations superimposed. On the basis of photo-alpha 
yields at 23 Mev tabulated by Greenberg e/ al.,* the 
high yields from aluminum and zinc were unexpected, 
as was the low yield from vanadium. One would expect 
the yields to increase with an increase in the number 
of nucleons and with a decrease in alpha-particle binding 
energy up to a point where the Coulomb barrier becomes 
the dominant influence on the yield. For elements 
having an atomic number greater than forty, the 
inhibiting effect of the higher Coulomb barrier is much 
stronger than the enhancing effect of the lower alpha- 
particle binding energy. The photo-aipha yield from 
natural silver, (0.17+0.07) X 10* alphas per mole-roent- 
gen, is in agreement with the yield at the same energy 
from Ag’, 0.15X10* alphas per mole-roentgen, ob- 
tained by de Laboulaye and Beydon.‘ Since the values 
of the neutron and alpha-particle binding energies for 
Ag" and Ag’ are quite close, one would expect the 
two isotopes to contribute nearly equally to the yield. 
In an attempt to account for the variations in yield 
for the lighter elements, the yields of photo-alpha 
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Fic. 8. Photo-alpha yields plotted against atomic numbers 
for the exposures of the survey. 
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particles were plotted against the difference between 
the binding energies for neutrons and alpha particles. 
This plot is shown in Fig. 9. The binding-energy values 
were obtained from the mass values given by Wapstra."" 
The four values which lie below the curve are for the 
heavier elements for which the Coulomb barrier has 
become the dominant factor in determining the yields. 
Whenever an element had more than one stable isotope, 
binding-energy values were weighted in accordance with 
the abundances. The apparent correlation of yield with 
differences in binding energies for the medium-weight 
elements might, at first, lead one to suspect that at 
energies below the neutron binding energy the alpha- 
particle yield would be enhanced. However, the Cou- 
lomb barrier for alpha particles would tend to prevent 
this enhancement. This effect of the barrier is shown 
by the fact that the value of the photo-alpha cross 
section for Cu® determined by Haslam ef al.! is not 
appreciable below 14 Mev. Also, the energy distribution 
of photo-alphas from copper, Fig. 4, shows no enhance- 
ment of low-energy alpha particles; instead, the maxi- 


17 4. H. Wapstra, Physica 21, 367 and 385 (1955). 
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Fic. 9. Photo-alpha yields plotted against the difference in 


binding energies of neutrons and alpha particles. 


mum is around 8 Mev. It appears, therefore, that 
competition between the emission of alpha particles 
and neutrons, which takes place at energies above the 
neutron binding energy, is in some way dependent upon 
the difference in their binding energies. 
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High-Energy Alpha Particles from B!} 
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An earlier investigation of the alpha-particle spectrum associated with the beta decay of B® has been 
extended to an alpha-particle energy of approximately 3 Mev. The high-energy spectrum appears to indicate 
a broad level in C” having an excitation energy of 10.1+0.2 Mev and a width at half-maximum of ?'~2.5 
Mev. The most probable spin and parity assignment for this level is J=0*, although J =2* cannot be defi- 
nitely excluded; for J/=0* the width is approximately the Wigner limit. It is found that (0.13+0.04)% 


of all decays of B® lead to this state. 


INTRODUCTION 


ORON-12 has a half-life of 20.6 milliseconds and 

a decay energy of 13.38 Mev. The decay proceeds 
mainly to the ground state (J =0*) of C”, with a 1.5% 
branch to the J=2+, 4.43-Mev excited state, which 
subsequently decays by emission of gamma radiation. 
In addition, as was reported in a previous paper,’ a 
1.3% branch leads to a J=0* state at 7.653 Mev 
which is unstable with respect to Be‘+ He‘ by 278 kev. 
The decay of this level and the subsequent breakup of 
Be® result in a distribution of alpha particles extending 
from zero energy to a well-defined upper limit at about 
200 kev. It was also observed in the earlier work that 


+ Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

* Now at Convair, San Diego, California. 

1 Cook, Fowler, Lauritsen, and Lauritsen, Phys. Rev. 107, 
508 (1957). 


a smaller number of alpha particles were emitted with 
considerably higher energy than could be accounted 
for by this level, and the present investigation was 
undertaken to determine the source of these higher- 
energy particles. 
EXPERIMENTAL ARRANGEMENT 

As in the previous work,' the B” was produced in 
the reaction B"(d,p)B™” and the delayed alpha particles 
were detected in a magnetic spectrometer. The target 
was bombarded at the focal point of the spectrometer 
and was provided with a rotating shutter to permit 
alternate exposure to the deuteron beam and to the 
spectrometer. In each cycle of 1/60 sec, the target was 
bombarded for 6.1 milliseconds, and, 2.9 milliseconds 
later, exposed to the spectrometer for 6.1 milliseconds. 
Most of the observations were made with a natural 
boron target evaporated on a thick Be backing. The 
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Fic. 1. Observed alpha particle counts versus momentum. The 
dashed curve shows the sum of observed single- and double- 
charged alpha particles with an energy-dependent correction for 
neutrals. 


target contained 143 ug/cm? of B" and was placed at 
15° grazing incidence to the deuteron beam; the 
target thickness was determined by comparing the 
beta-ray yield with that of an isotopic B" target of 
known thickness. 

The angle between the entrance axis of the magnetic 
spectrometer and the incident beam direction was 83°. 
The target was aligned so that the target normal made 
an angle of 105° with the incident beam and of 22° with 
the spectrometer axis. The solid angle accepted was 
().0063 steradian and the momentum resolution, Ap/p, 
was 5%. At each spectrometer setting a complete pulse- 
height spectrum of the particles was recorded by means 
of a 10-channel discriminator, thus making possible 
unique identification of the particles on the basis of 
both momentum and energy measurements. Inter- 
position of a 2.2-mg/cm? Al foil in front of the spec- 
trometer slit permitted separate determination of 
background due to stray neutrons or rays. 


EXPERIMENTAL RESULTS 


Over a considerable portion of the momentum range 
of interest, each spectrometer setting yielded two groups 
of alpha particles, differing in pulse height by a factor 
of four. The lower energy group corresponds to Het- 
ions, with momentum Bep and the higher to He**-ions 
with momentum 2Bep. The total number of alpha par- 
ticles emerging from the target with a given momentum 
Bep is obtained by adding the low pulse-height group 
observed at a spectrometer setting Bep to the high 
pulse group observed at a setting Bep/2, with an energy- 
dependent correction for neutral particles, which are of 
course not observed. The spectrum which was obtained 
in this way is shown in Fig. 1, where the upper, dashed 
curve indicates the corrected sum. The observed ratio 
He*+/He** is about 30% lower than that found by 
Dissanaike? for charge-exchange ratios in metal foils, 
but the difference may well be due to differences in 


2G. A. Dissanaike, Phil. Mag. 44, 1051 (1953). 
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contamination surface layers. Dissanaike’s ratios for 
He°/(He**++He*) were used without modification. This 
ratio is small for values of ZBp greater than 200 kilo- 
gauss-cm and does not greatly affect the part of the 
spectrum of primary interest here. 

Since the range of momenta accepted by the magnetic 
spectrometer is a constant fraction of the momentum 
setting, the true momentum distribution, in terms of 
number of particles per unit momentum interval, is 
obtained by dividing the ordinate of each point on the 
dashed curve of Fig. 1 by the corresponding abscissa. 
The resulting spectrum is shown in Fig. 2. In this 
figure the upper limit of the group of alpha particles 
from the 7.65-Mev C” state, terminating at an energy 
of 0.2 Mev, is also shown, at } scale. Beyond this region 
is a continuous distribution, extending to about 2.5 
Mev, with some suggestion of a broad peak near 1.4 
Mev, superposed on a generally decreasing spectrum. 
The same experimental points are shown in Fig. 3 with 
an expanded scale of ordinates, together with two com- 
puted distributions which will be discussed below. 

To establish that the observed alpha particles are 
indeed associated with B”, blank runs were made with 
both copper and beryllium targets; in neither case 
were any particles observed above the background. For 
a more decisive test, the half-life was determined by 
comparison of the number of 1.5-Mev alpha particles 
observed when the counting period commenced 2.9 and 
18.3 milliseconds after bombardment: the value ob- 
tained for the half-life was 22+3 milliseconds, in good 
agreement with the known® value of 20.6+0.9 milli- 
seconds. The possibility of Li’ contamination was of 
particular concern, since the alpha-particle spectrum of 
Li’ from Li’(d,p)Li® has a pronounced peak at 1.5 
Mev.‘ The half-life of Li® is, however, 0.84 sec, and the 
half-life observed here clearly excludes any significant 
contribution from this source. 
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Fic. 2. The total spectrum of Fig. 1, reduced to number of 
alpha particles per unit momentum interval. The initial rise of 
the low-energy group (7.65-Mev state of C') is shown at } scale. 

3 Weighted mean of published values, including E. Norbeck, Jr., 
Bull. Am. Phys. Soc. Ser. II, 1, 329 (1956). 

4 Bonner, Evans, Malich, and Risser, Phys. Rev. 73, 885 (1948). 
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DISCUSSION 


Given that the alpha particles of Fig. 3 are associated 
with the beta decay of B", it may be assumed that they 
derive from the breakup of an excited state of C” 
through the process: C' — Be*+ Het — 3He*. It re- 
mains, then, to ascertain the location and properties 
of the C” state which gives rise to the observed alpha- 
particle distribution. As is the case for the breakup of 
the 7.65-Mev state,' three alpha particles are expected 
from each disintegration: the first, here designated by 
a, resulting from the transition from the C” state to 
the ground state of Be* and the next two, designated 
collectively as a2, from the disintegration of Be*. In 
the laboratory system, the latter will have velocities 
determined by the addition of the Be® recoil velocity 
to their velocity of separation. The observed spectrum 
can be crudely reconstructed by assuming an a- 
distribution approximately symmetric about E(a;) 
~1.5 Mev, the associated a» particles filling in the 
spectrum below 0.8-1 Mev. Even for a monochromatic 
a; group, the spectrum will be spread out to some extent 
because of the thickness of the B™” source layer. 

As an example of the spectrum to be expected from 
a single, sharp C” state, Fig. 4 shows a distribution 
calculated on the assumption that only the known 9.61- 
Mev state is involved. The a energy is in this case 
2X (9.61—7.38)=1.49 Mev (ZBp=352 kilogauss-cm). 
The distribution of a, particles extends from 0.16 to 
0.69 Mev (114 to 239 kilogauss-cm). Because of the 
thickness of the B" target layer and of the recoil in the 
B"(d,p)B® reaction, B® nuclei will be distributed to a 
depth in the Be target backing of about 0.3 mg/cm’, 
measured perpendicular to the target surface. Alpha 
particles of 1.5-Mev energy emerging from this depth 
(at 22° to the normal) lose about 0.7 Mev. The ob- 
served a; spectrum will thus be roughly rectangular, 
with some rounding off due to the 5% spectrometer 
resolution and, on the low-energy side, due to straggling. 
For a» particles, the source thickness is essentially 
infinite, and the observed momentum spectrum will 
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Fic. 3. Experimental points from Fig. 2 compared with two 
computed curves. The dashed curve corresponds to E,=2.72 
Mev, 0,?=1.0 and the solid curve to E,=3.00 Mev, 0.?=1.5. 
Both are for /=0, R=5.21 fermis. 
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fic. 4. Computed alpha-particle spectrum assuming a single, 
sharp C® state at 9.61 Mev. 


have a roughly triangular shape, as shown in Fig. 4. 
The detailed shape of the spectrum is subject to rather 
large uncertainty, in view of the crudity of the assump- 
tions concerning the distribution of B” sources and the 
treatment of the energy loss. Nevertheless it is clear 
that the distribution calculated for a single sharp C” 
state differs markedly from the actual spectrum, both 
in the number of particles expected at intermediate 
energies and in the sharpness of the rise of the a; group 
on the high-energy side. Since the next known sharp 
state of C” is about 1 Mev higher in energy, it seems 
quite unlikely that the spectrum of Fig. 3 can arise 
from a superposition of contributions of known sharp 
states of C™. 

The above analysis shows that, in order to account 
for the slow rise of the high-energy end of the alpha 
spectrum and for the flatness of the minimum near 
0.8-1 Mev, it is necessary to assume an extremely 
broad level of C. For purposes of computation, the 
shape of the level was taken to be described by the 
one-level formula : 


[(E)/2x 
p(E)=—— nn 
(Ex +A,— FE) +41 (BE) 


where p is the a priori probability density in energy at 
energy £, measured in C” above Be*+He‘, Ey the 
characteristic energy of the level, A, the resonance 
level shift and '=I,(£) the width. In the beta decay, 
the population of the level will not be uniform, but will 
be weighted by the Fermi integral function’ f(W), 
which introduces a factor approximately proportional 
to the fifth power of the transition energy, W =6.512—E 
in Mev, in the beta decay. The resulting energy dis- 
tribution of a; particles is thus dominated on the high- 
energy side by the fifth-power law, and on the low- 
energy side by the barrier penetration factor implicit 
in I',(£). The energy dependence of I',(£) is given by 
Ta(E)=2kR6."P 1X 3h?/2M R*, where 6,” is the dimen- 


5R. D. Evans, The Atomic Nucleus (McGraw-Hill Book Com- 
pany, Inc., New York, 1955), p. 559. 
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sionless reduced width and P, the penetration factor 
for alpha particles of orbital angular momentum /. 

In fitting the theoretical expression to the experi- 
mental data the quantities Ey, @,.”, and R were varied 
for several choices of /. For each set of parameters, a 
spectrum for a; particles was computed ; from this spec- 
trum, in turn, the distribution for a2 particles was 
computed. The entire spectrum was then numerically 
integrated over the source thickness, with appropriate 
allowance for the variation of energy-loss cross section, 
and the resulting distribution normalized to give the 
best fit to the experimental points. Two such computed 
distributions are shown in Fig. 3. 

The dominant factor in determining the quality of fit 
for a given / value was 6,", since this quantity deter- 
mines the breadth of the a; group. The breadth re- 
quired in order to avoid too deep a minimum below the 
peak was near the Wigner sum-rule limit 6,2~1 even for 
1=0. The dashed curve of Fig. 3 shows the computed 
spectrum for 6,7=1.0, E,=2.72 Mev, with /=0 and 
R=5.21 fermis [1.45X(A,'!+ A>!) ], where 1 fermi 
=10-" cm. The solid curve, for 6,7=1.5 and £,=3.00 
Mev, appears to be in somewhat better agreement with 
the experimental points. Varying the radius had rela- 
tively little effect, an increase to as much as 7.5 fermis 
producing oniy a slight broadening of the a; peak. As 
will be shown later, /=1 is excluded by the allowed 
nature of the beta decay. For /=2, a value of 6,”=7.5, 
E,=3.38 Mev was required for acceptable agreement 
with experiment. While the limit #,2~1 is by no means 
absolute, and, in fact a value 6,2>~3 might even be 
quite plausible in the present case,® a value as high as 
7.5 seems rather unlikely. It may be concluded that the 
decay most probably proceeds by s-wave alpha emis- 
sion and hence that the C” state has J/=0*. The pa- 
rameters used for the solid curve of Fig. 3 correspond 
to a level having a maximum a priori probability 
density at an excitation of 10.1 Mev in C”, falling to 
half at 9.2 and 11.7 Mev. 

It has been assumed throughout that only the ground 
state of Be’ is involved in the alpha emission. At higher 
excitations in C” produced in other reactions, transi- 
tions to the 2.9-Mev excited state of Be* are also known 
to occur, and in view of the great width of this state, 
it might be supposed that some of the alpha particles 
observed here could result from such transitions. That 
this is not the case to any appreciable extent can be 
shown by consideration of the spectral distribution, for 
the a» particles would in this case have energies near 
2.9/2=1.45 Mev. The broad peak in the spectrum of 
Fig. 3 would then be attributed to these particles, with 
a, particles making up the lower energy distribution. 
Since the ae’s are twice as numerous as aj’s, the dis- 
tribution would have to be much more strongly peaked 
than is observed. It is estimated that less than 4% of 


6 A. M. Lane, Proc. Phys. Soc. (London) A66, 977 (1953). 
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the observed spectrum could result from break-up 
via the 2.9-Mev state of Be’. 

It seems also quite unlikely that a direct three-body 
breakup of C*, without the intervention of Be’, could 
account for the observed spectrum. For three alpha 
particles, uncorrelated except for electrostatic inter- 
action, the thin-source spectrum would be expected to 
exhibit a broad maximum at } of the available energy, 
C”*— 3He‘, with an upper limit of } of the available 
energy. Taking into account the distortion due to 
source thickness, one would expect the distribution to 
show a broad, approximately symmetric peak, quite at 
variance with the spectrum of Figs. 2 and 3. 

Some supporting evidence for a broad C™ level near 
10 Mev is to be found in the literature. Jackson and 
Wanklyn,’ studying the reaction C"(n,n’)3Het in 


17.52 nN@ 
2moc* 








LLL LL LL LLL A 
967777777777. 








7.653 o* 





= 


e 


im 
+ 











a 








© 
W 
° 


12 
C 
Fic. 5. Energetics and branching fractions for B' decay. Only 
the low-lying C” levels are shown. The 0.13% decay is to the 
broad state at 10.1 Mev. 


photographic emulsions, report evidence for a level at 
9.7 Mev with an observed width of 1.5 Mev. Goward 
and Wilkins‘ report that the reaction O'*(y,4a) some- 
times proceeds via a C™ level at 9.7 Mev with an ob- 
served width of 1.5 Mev and a true width of approxi- 
mately 1.3 Mev. The alpha spectra from both reactions 
published by Livesey and Smith,’ show similar results. 
Comparison of the reported widths with the known" 


e: D. Jackson and D. I. Wanklyn, Phys. Rev. 86, 381(A) 
(1953). 

8 F. D. Goward and J. J. Wilkins, Proc. Phys. Soc. (London) 
A63, 1171 (1950). 

*D. L. Livesey and C. L. Smith, Proc. Phys. Soc. (London) 
A66, 689 (1953); compare also W. K. Dawson and D. L. Livesey, 
Can. J. Phys. 34, 241 (1956). 

‘© Douglas, Broer, Chiba, Herring, and Silverstein, Phys. Rev. 
104, 1059 (1956). 
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30+8 kev width of the 9.61-Mev level would indicate 
that it is not this level which is involved in the reactions 
in question. It may also be observed that the particle 
group spectra from C!(e,e’)C” and B'(He’,p)C” show 
a continuous background in this region.!!-” 

From the normalization factor used in fitting the 
computed alpha spectrum to the experimental points of 
Fig. 3 and the known cross section for production of 
B®, the fraction of beta decays leading to the 10.1-Mev 
C” state is determined to be (0.13+0.04)%. The 
gamma-ray decay is assumed to be negligible. Using 
W s(max) = 13.376—10.1+0.511=3.79 Mev and 
=().0206/0.0013 = 15.8 sec, one obtains ft= (1.26+0.52) 
X10* sec, corresponding to an allowed transition. 
Assuming B® to have J/*=1*, the C” state must have 
J=0* or 2+, the assignment 1+ being ruled out by the 
alpha decay. The choice J = 2* requires emission of /=2 
alpha particles and, as we have seen, a level width 
several times greater than the Wigner limit. The 
presently known branching of the B” decay, as derived 
from the present work and from the literature,':* is 
exhibited in Fig. 5 and Table I. There is no evidence 


TABLE I. Branching in the B® beta decay 


Branching 

fraction 

0.97 
0.015 +0.003 
0.013 +0.004 
0.0013 -+0.0004 


of any appreciable component to any other state of C”; 
in particular, as far as alpha emission is concerned, 
limits of about 0.01% and 0.003% can be placed on the 
branching to 9.61- and 10.8-Mev states, respectively, 

"J. H. Fregeau and R. Hofstadter, Phys. Rev. 99, 1503 (1955). 

2C, D. Moak and A. Galonsky, Oak Ridge National Labora 
tory, Physics Division Progress Report, ORNL-2076, March 10, 
1956 (unpublished). 

3R. W. Kavanagh, thesis, California Institute of Technology, 
1956 (unpublished); N. W. Tanner, Phil. Mag. 1, 47 (1956). 
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Fic. 6. Comparison of experimental beta spectrum of B” 
(points) that computed from the observed alpha and gamma de 
cays of the resulting C™ (solid curve). 


from the present spectra. Using the indicated branching 
ratios, we have calculated the beta spectrum, assuming 
each component to have the simple, allowed shape. The 
result is compared in Fig. 6 with the experimental points 
of Hornyak and Lauritsen,’ normalized to give the 
best agreement at high momenta. It may be seen that 
the observed spectrum is reasonably well accounted for, 
aside from deviations at the low momentum end, and 
possibly, in the region of the most probable momentum. 
The experimentally observed excess at low energies 
may arise from instrumental scattering effects which 
would be expected to operate in this direction. The 
remaining deviations, which in view of the limited 
precision of the experiment can hardly be regarded as 
significant, may reflect the effect of “‘weak magnetic”’ 
coupling as proposed by Gell-Mann." 
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The angular distributions of the neutrons from the reactions Be*(n,n’)Be*, Q=—2.43 Mev, and 
C®(n,n')\C?*, Q= —4.43 Mev, have been measured from 25° to 140°, employing 14-Mev incident neutrons 
Neither distribution is symmetric about 90°; the inelastically scattered neutrons are peaked in the forward 
direction. The C!(n,n’) first-level angular distribution, which agrees with a recent measurement of the 
C(p,p’) distribution, is in good agreement with the prediction of the Levinson-Banerjee direct interaction 
theory. The integrated inelastic scattering cross sections for the Be® and C® first levels are 0.17+0.03 barn 


and 0.22+0.03 barn, respectively. 


The 4.43-Mev de-excitation gamma rays from C”* are symmetric about 90°. The gamma-ray production 
cross section at 90° is 13.1+2.0 mb/sterad. No gamma rays associated with Be” are seen. It is concluded 
that about one-third of the (,2) cross section at 14 Mev is a two-stage process proceeding via the 2.43-Mev 


level in Be’. 


INTRODUCTION 


HE angular distributions of the protons from the 

reaction C?(p,p’)C*, O= —4.43 Mev have been 
extensively investigated'” in the energy region from 7.3 
to 19.5 Mev. In contrast, inelastic scattering of neu- 
trons from C” in this energy region has not yet been 
investigated. The development of fast-neutron time-of- 
flight spectroscopy** capable of resolving neutron 
groups from inelastic scattering in the light elements, 
has enabled us to investigate inelastic scattering of 
neutrons from the first levels’ in Be’ and C”. Carbon 
was also chosen since it was felt that it might be in- 
teresting to compare the C"(n,n’) with the C"(p,p’) 
angular distributions at the same energy. 

Neutrons of 14-Mev nominal energy® were obtained 
by bombarding a tritium-loaded titanium target with 
().5-Mev deuterons from a Cockcroft-Walton accelera- 
tor. The time-of-flight system has been described in a 
previous paper.‘ The experimental details were similar 
to those used in the measurement of the elastic-scatter- 
ing cross sections for beryllium and carbon.® 


RESULTS 


Figure 1 shows a time spectrum for carbon at a 
scattering angle of 40°. The gamma rays, elastically 

* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1H. E. Gove and H. F. Stoddard, Phys. Rev. 86, 572 (1952); 
W. E. Burcham ef al., Phys. Rev. 92, 1266 (1953); G. E. Fischer, 
Phys. Rev. 96, 704 (1954); H. E. Conzett, Phys. Rev. 105, 1324 
(1957). 

2R. W. Peelle, Phys. Rev. 105, 1311 (1957). 

3. Cranberg and J. S. Levin, Phys. Rev. 103, 343 (1956). 

4 Anderson, Gardner, Nakada, and Wong, Phys. Rev. 110, 160 
(1958). 

5 By “Be? first level” is meant the 2.43-Mev level. There is 
some evidence, from charged particle interactions [ Li’ (He®,p) Be®], 
for the existence of states at 1.8 and 3.1 Mev. However, there is 
no evidence for the excitation of these two states by inelastic 
scattering of electrons, protons, deuterons, or alpha particles [see 
F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955) ]. Our data are consistent with the excitation of just the 
2.43-Mev level. 

6 Nakada, Anderson, Gardner, and Wong, Phys. Rev. 110, 1439 


(1958). 


scattered neutrons, and first-level inelastically scat- 
tered neutrons are clearly resolved. The carbon ring 
cross section was 1 in.X2 in., and the detector was 
biased at 3.8-Mev neutron energy (1.28-Mev gamma- 
ray energy). At a lower detector bias, the neutron group 
corresponding to the 9.6-Mev level in C” is also re- 
solved. However, an accurate measure of the cross 
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Fic. 1. Time-of-flight spectrum for carbon at a scattering angle 
of 40°. The time scale is 1 musec per channel, and increasing flight 
time is towards the left. C is due to the 4.43-Mev gamma ray from 
the inelastic scattering of neutrons from carbon, B to elastically 
scattered neutrons, and A to carbon first-level inelastically scat- 
tered neutrons. 
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Fic. 2. Time-of-flight spectrum for beryllium at a scattering 
angle of 90°. The time scale is 1 mysec per channel, and increasing 
flight time is towards the left. C denotes the expected position 
for Be® gamma rays following inelastic scattering of neutrons. B is 
due to elastically scattered neutrons from Be’, and A to Be’® 
first-level inelastically scattered neutrons. 
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[INELASTIC SCATTERING 
section could not be obtained because of the background 
of neutrons from the direct breakup of C” into three 
alpha particles. Within the experimental accuracy, no 
scattering was detected from the 7.65-Mev level in C”. 
A rough estimate is 07.65 Mev (8)/o4.43 Mev (0) <1/10. 

Figure 2 shows a time spectrum for beryllium at a 
scattering angle of 90°. The beryllium ring cross section 
was 1 in.X1 in., and the detector was biased at 3.8- 
Mev neutron energy (1.28-Mev gamma-ray energy). 
The elastically scattered and 2.43-Mev-level inelasti- 
cally scattered neutrons are adequately resolved. 
Within statistics, the energy region below the 2.43- 
Mev neutron group appears to be a continuum. 
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Fic. 3. Angular distributions of the elastically scattered and 
first-level inelastically scattered neutrons from the scattering of 
14-Mev neutrons on carbon. The elastic scattering data are ob- 
tained from reference 6. 


The counts of first-level inelastically scattered neu- 
trons from Be® and C” were converted to cross sections, 
and errors were assigned according to the methods dis- 
cussed in references 4 and 6. By utilizing a Monte 
Carlo code on the UNIVAC, the inelastic scattering 
cross sections have been corrected for multiple scatter- 
ing, absorption, and angular resolution due to finite ring 
size. Correction was not made for the angular resolution 
due to the detector size, but this correction amounts 
to less than +1°. The corrected inelastic scattering 
cross sections for the C” and Be’ first levels are plotted 
in Figs. 3 and 4. Upon extrapolation of these angular 
distributions to 0° and 180°, the integrated inelastic 
scattering cross sections for the Be® and C” first levels 
are 0.17+0.03 b and 0.22+0.03 b, respectively. 
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Fic. 4. Angular distributions of the elastically scattered and 
first-level inelastically scattered neutrons from the scattering of 
14-Mev neutrons on beryllium. Elastic scattering data are obtained 
from reference 6. 


Figure 1 also shows the gamma-ray counts from a 
carbon scatterer when the detector is biased at 1.28- 
Mev gamma-ray energy. Measurements were also made 
at lower detector biases, namely, at 0.25- and 0.51-Mev 
gamma-ray energies. The gamma-ray angular distribu- 
tions for the three biases were similar in shape. The 
final combined angular distribution of the gamma rays 
from carbon under 14-Mev neutron bombardment is 
shown in Fig. 5. Battat and Graves’ attribute the 
gamma rays entirely to the de-excitation of the 4.43- 
Mev level in C”. Hence, by normalizing the gamma-ray 
distribution to yield an integrated value of 0.22 barn, 
the 90° gamma-ray production cross section is calcu- 
lated to be 13.1+2.0 mb/sterad. Within experimental 
error, the gamma-ray distribution appears to be sym- 
metric about 90°, and can be fitted with an expression 
of the form 


a (0) =0(90°) (1+ cos’*é—6 cos‘), 
where a= 1.75+0.18 and 6=1.20+0.31. 


As shown in Fig. 2, counts due to gamma rays 
following inelastic scattering of neutrons from Be were 
not detected. Since the detector was biased at 1.28- 
Mev gamma-ray energy, this implies the absence of 
2.43-Mev gamma radiation from Be*. At a detector 
bias of 0.25 Mev, however, gamma rays were observed 


from the beryllium scatterer, but they were due pre- 
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Fic. 5. Angular distribution of the 4.43-Mev gamma ray from 
carbon under 14-Mev neutron bombardment. 


dominantly to Compton scattering of gamma rays pro- 
duced at the target. At the forward angles, the gamma- 
ray angular distribution agrees qualitatively with that 
expected from Compton scattering. In addition, the 
arrival time of the gamma rays was very insensitive to 
ring position, indicating that they do not originate in 
the beryllium. These observations are consistent with 
the almost total absence of gamma rays produced by 
14-Mev neutrons interacting with the beryllium. In the 
present experiment, a weak gamma ray was observed 
at the back angles where the Compton-scattered gamma 
rays are too low in energy to be detected. The energy 
of this gamma ray is about 480 kev* and is attributed 
to the reactions 


Be®+-n — Li™*+H?*; Li’ — Li’+(477 kev). 


DISCUSSION 


As seen in Figs. 3 and 4, the angular distributions of 
neutrons inelastically scattered from C” and Be’ are 
not symmetric about 90°; the inelastically scattered 
neutrons are peaked in the forward direction. Also 
shown plotted in Figs. 3 and 4 are the elastic-scattering 
angular distributions for C” and Be’.* The inelastically 
scattered neutrons are more isotropic, and there is no 
correspondence between the minima and the maxima 
of the elastic scattering and the inelastic scattering 
distributions. 

In Fig. 6 is shown plotted the C?(,n’)C”*, O= —4.43 
Mey, neutron angular distribution as a function of the 
momentum transfer to the carbon nucleus. Also shown 
plotted are the C”(p,p’)C”*, Q= —4.43 Mev, proton 


8 J. Benveniste e al. (private communication). 
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Fic. 6. Angular distributions of protons and neutrons inelasti- 
cally scattered from the first level in carbon. The proton results 
are Peelle’s measurements at 14 Mev. The solid curve is taken 
from reference 12 and is the prediction of the Levinson-Banerjee 
direct-interaction theory. The abscissa g is the momentum transfer 
in units of #/(1.4X10~" cm). 


angular distribution measured by Peelle? for 14-Mev 
incident protons. The solid curve is the prediction of the 
direct-interaction theory®™ as calculated by Levinson 
and Banerjee.” The theory predicts the proton and 
neutron distributions to be only slightly different at 
14 Mev, since Coulomb effects are relatively unim- 
portant. The good agreement between proton and neu- 
tron inelastic scattering distributions confirms. this 
prediction. 

The fact that a 2.43-Mev gamma-ray is not seen 
when beryllium is bombarded by 14-Mev neutrons 
implies that the 2.43-Mev level in Be® decays by 
particle emission. The only particle-decay process 
energetically possible is neutron emission. Since the 
(n,2n) cross section is 0.53+0.04 barn,” this implies 
that about one-third of the (7,2) cross section at 14 
Mev is a two-step process proceeding via the 2.43-Mev 
level in Be’. 
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The half-life of the ground state of Tc%? was found to be (2.60.4) 10° years by comparison of its K 
x-ray intensity with that from the 90-day Tc*™ isomeric state. The L/K-capture ratio of Tc’? was compared 
with that of Tc%*; a somewhat larger ratio is indicated for the former. No y rays were observed that could be 
attributed to Tc%’. The relation of these results to the occurrence of technetium in certain stars and to its 
possible occurrence in the earth’s crust is discussed. Improved measurements of the Tc% y-ray energies 


yielded values of 669+5 kev and 769+6 kev. 


INTRODUCTION 

HE discovery of the optical spectrum of tech- 
netium in S-type stars by Merrill’! in 1952 
stimulated new interest and new research in several 
different directions. First, the question arose as to 
whether the technetium spectrum observed in the 
stars might be from an isotope whose half-life is long 
enough (>2X10* years) to have existed since primordial 
element formation about 510° years ago. In 1952 the 
longest lived Tc isotope known was the 2.1X10°-year 
Tc*’. The ground states of Tc*? and Tc** were unknown, 
but it was suspected that these might be very long- 
lived. Efforts were intensified to produce these two 
isotopes by cyclotron and pile irradiations and to 
measure their nuclear properties.*~* Second, if one or 
both of these isotopes were very long-lived (>2X10* yr), 
it should be possible to find some terrestrial and me- 
teoritic technetium. Therefore efforts in this direction 
also were intensified.*~* Finally, if no very long-lived 
Tc isotope should exist, then the observed stellar 
technetium must be an indicator of recent element 
formation in certain types of stars. Several astrophysical 
theories have been proposed'’"'* which describe nucleo- 
genesis of medium and heavy elements in these stars. 
The current status of these problems will be reviewed 

below in the Discussion. 
The present investigation, which was begun in 1952, 
is mainly concerned with a measurement of the half-life 

of the Tc*’ ground state. 


* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

'P. W. Merrill, Astrophys. J. 116, 21 (1952); Science 115, 484 
(1952). 

2G. E. Boyd, Phys. Rev. 95, 113 (1954). 

’ Boyd, Sites, Larson, and Baldock, Phys. 
(1955). 
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Phys. 29, 547 (1957). 
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HALF-LIFE MEASUREMENT 

The two isomeric states of Tc’? were prepared by 
neutron irradiation of 2 g of natural ruthenium metal in 
the Materials Testing Reactor in Idaho (~2X10*! 
neutrons/cm*). The method of chemical separation and 
purification was similar to that described elsewhere.!® 
The 2.88-day Ru*’ formed from Ru®® by neutron cap- 
ture decays to both Tc isomers according to the scheme 
shown in Fig. 1. The upper limit of 3% on the fraction 
of 90-day Tc*’™ which might decay by orbital electron 
capture was established by critical absorption measure- 
ments (Fig. 2). Molybdenum K x-rays were observed 
from the Tc*’? ground state decay, but the 90-day 
isomer showed only Tc K x-rays. No y rays were ob- 
served from Tc*. 

The half-life of the ground state was found by com- 
paring its activity with that of the 90-day metastable 
state at the end of irradiation. The following equation 
was used: 


\e=0.00041 A o(1—e-™17) /(A 7), (1) 


where Az is the activity of the Tc*’? ground state after 
decay of the 90-day Tc*’”; A,° is the activity of the 
latter at the end of a bombardment of duration 7; 
0.00041 is the fraction of 2.88-day Ru*’ which decays 
to 90-day Tc*’"; and A; and d»2 are the disintegration 
constants of Tc’ and Tc*’, respectively. It was as- 
sumed that the ratio of Tc*’" to Tc’ was not appreci- 
ably affected by their capture of neutrons during the 
irradiation. This assumption is valid if the (7,7) cross 
sections of both isomers are less than 100 barns, or if 
these cross sections are approximately equal. 

Both activities, 4,° and A» were measured by means 
of the A x-rays. The 90-day isomer decays by a highly 


” 


, 
90-DAY Tc? 
* 


2.88-DAY Ru®” = STABLE Mo?” 
a 


9 
“9 
9S > ’ 
% 


LONG-LIVED Te®” 
Fic. 1. Decay scheme of Ru®”’. 


'D. C. Williams and S. Katcoff, J. Inorg. Nuclear Chem. 
(to be published). 
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Fic. 2. The K x-rays of Tc%” 
and Tc? observed without 
absorbers and with ~27 mg/ 
cm? of Y, Zr, and Nb. Zirco- 
nium is a critical absorber for 
Tc K x-rays and Y is critical 
for Mo K x-rays. 





RELATIVE INTENSITY 











CHANNEL 


converted (>99%) isomeric transition* to the ground 
state; corrections were applied for ZL and M shell con- 
version, for the Tc K x-ray fluorescence yield, and for 
the fraction of the 18.4-kev K x-rays absorbed in the 
counter gas (see Table I). The Mo K x-ray intensity 
observed from the decay of Tc*’ was corrected for 
L-capture (see below), Mo K x-ray fluorescence yield, 
and for the fraction of the 17.5-kev K x-rays absorbed in 
the counter gas (Table I). The decay of the K x-ray 
activity was measured with a 4-in. diameter, 2-atmos- 
phere argon filled, thin beryllium window proportional 
counter connected to a single-channel analyzer. The 
first count was taken 11 months after the end of the 
irradiation; decay of the 90-day period was observed 
during the following 3 years; and then no further 
decay could be detected in the course of another year. 
A similar result was obtained when the total activity 
was followed with a small end-window proportional 
counter. From Eq. (1) and the data of Table I a value 
of (2.6+0.4)X10° years was calculated for the half- 
life of the Tc%’ ground state. The error results mainly 
from uncertainty in the Ru®’ branching ratio and in the 
fraction of Tc*? decaying by K capture. The only 
previous determination’ of this half-life gave an estimate 
of 10*-10° years, but this was based on an estimate of 
considerable uncertainty in the relative yields of 
Tc and Tc produced by deuteron irradiation of 
molybdenum. 


L/K-CAPTURE RATIO 
For allowed transitions the ratio of Z capture to 
K capture is given by 
P1/Pr=(oi/¥x)L(W-W1)/(W—-Wr) Ff, (2) 
where P, and Px are the probabilities of L and K cap- 


ture, respectively; (Wz/Wx)? is the ratio of electron 
densities for the L and K shells at the nuclear radius; 


TABLE I. Data for calculating half-life of Tc®. 


134 days 


Irradiation time, r j 
3.84 10° counts/min 


Obs. K x-rays of Tc*™ adjusted to end 
of bombardment 

Correction factor* for L+M conversion 
in Ter 

K fluorescence yield,» Tc 

Fraction of incident Tc K x-rays ab- 
sorbed by counter gas 

Corrected 90-day Tc*™ activity, A,° 

Obs. Mo K x-rays of Tc*? 1700 days after 
end of bombardment 

Correction factor® for Z capture 

K fluorescence yield,» Mo 

Fraction of incident Mo K x-rays ab 
sorbed by counter gas 

Corrected Tc*’ activity, A» 

Half-life of Tc’, 0.693/A2 


1.61 


0.78 
0.300 


2.64 10° counts/min 
212 counts/min 


1.205 
0.77 


0.335 


990 counts/min 
(2.6+0.4) X 10° yr 


® Medicus, Preiswerk, and Scherrer, Helv. Phys. Acta 23, 299 (1950); 
J. P. Unik (private communication, 1958); also reference 2. 

> Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953). 

¢ See section below on L/K-capture ratio. 


W is the disintegration energy; W, and Wx are the 
binding energies of the Z and K electrons, respectively. 
When W>W kx, which is usually the case, the factor in 
square brackets is very nearly unity and Eq. (2) holds 
even for forbidden transitions. The ratio of electron 
densities as a function of atomic number is given by 
Rose and Jackson.'® > 

For Tc*’ the transition is second forbidden (g9/2—d5,2) 
and the disintegration energy is unknown. Estimates 
based on nuclear systematics'’:'* indicate that W may 
not be large compared with the K-shell binding energy 
of 20 kev. Therefore, an experimental determination of 
the L/K-capture ratio was made by comparison with 
the corresponding ratio from 4.2-day Tc**®. For this 
isotope it is expected that the ratio will be given by 
(Wi/Wx)*, 0.107 according to Rose and Jackson,'* 
since’? W>>W x. 

The measurements are complicated by the fact that 
L-shell vacancies are produced by the filling of K-shell 
vacancies as well as by L capture; and usually the 
former effect is about ten times the latter.”” An added 
difficulty results from possible self absorption of the 
low-energy (2.3-kev) L x-rays. These complications 
were minimized by use of a mixed source of 4.2-day 
Tc and long-lived Tc*’. The Tc** was made by an 
(an) reaction from Nb which was irradiated with 
14-Mev a particles. It was chemically separated and 
purified, and then mixed with" some Tc*’. The isotopes 
were precipitated together as the sulfide with 150 ug of 
CuS, mounted on a stainless steel disk, and covered with 
~15 yg/cm? of plastic plus ~10 ug/cm? of gold. The 

16 M. E. Rose and J. L. Jackson, Phys. Rev. 76, 1540 (1949). 

17K. Way and M. Wood, Phys. Rev. 94, 119 (1954). 

18 AG. W. Cameron, Chalk River Laboratory Report CRP-690 
(unpublished). 

19 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 


469 (1953). 

2” B. L. Robinson and R. W. Fink, Revs. Modern Phys. 27, 424 
(1955). 

21 The sample also contained some Tc** and Tc. These inter- 
fered somewhat with the measurements as described below. 
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TABLE II. Intensity of K and L x-rays from Tc” and Tc%?. % Tc!7=100—% Tc®. Ix and /, are given in counts per minute. 


IL Ik/IL % To Ik 


4.79 51 
4.65 37 
4.74 
3.94 


Average 4.5+0.2 


source was placed inside a 3-in. diameter proportional 
counter filled with one atmosphere P-10 gas. Initially, 
the 4.2-day Tc** intensity was 97% of the total. The 
relative intensities of the K and L peaks were measured 
with a PENCO 100-channel analyzer as a function of 
time. After decay of the Tc*®, the 0.3-Mev 6 rays from 
the Tc** and Tc** present in the source”! produced a 
significant background (about 3 of the K peak height) 
in the energy region of interest. This background was 
simulated with some Co® (0.31-Mev 6’s) mounted in 
the same way as the Tc. Appropriate subtractions were 
made from the Tc activities in each channel, but this 
correction introduced another source of error. Table IT 
gives the ratios of K x-ray intensity to L x-ray intensity 
derived from the corrected data. 

The observed K/L ratio from the first four measure- 
ments, when the activity was nearly all Tc®, is 4.50.2. 
The ratio from the last six measurements, when the 
X-ray activity was nearly all Tc*’, is 4.1+0.3. A smaller 
ratio is indicated for Tc’ than for Tc** but the difference 
is not outside of experimental error. From these ob- 
served ratios of peak intensities it is possible to calcu- 
late P, and Px for Tc*’. For the observed intensity, 
Ix, of K x-rays we have 


Ik = DP rwxex, 


where D is the disintegration rate, wx is the A fluores- 
cence yield, and ex is the detection efficiency of the 
counter for K x-rays. The observed intensity of L 
x-rays is given by 


1, =Dwzer(P.+0.9X0.99P x), (4) 


where the first term arises from / capture and the 
second term is for L x-rays which follow K capture. 
The factor 0.99 gives the number of L vacancies pro- 
duced” in the filling of a K vacancy in Mo; the factor 
0.9 corrects for the L x-rays lost from the L peak by 
addition to K radiation which may be absorbed simul- 
taneously in the counter gas. By substituting P; ~1— Px 
and dividing (3) by (4), we obtain 


Prexwx 


Tk 
Ty, (1 —0. 109Px)ezw1, 


IL Ik/IL % To 


4.20 10 

3.64 4 
0 ‘ 
0 16.8 
0 , 18.3 
0 16.5 


Average 4.1+0.3 


In the limit, when W>>W x, Px =0.903, and 


Ik €KWK 
(is) ‘ 
Ty lim ELWL 


Substituting (6) into (5) and solving for Px, we have 
g g 


(k/I1) 
P= - s (7) 
(Lx/T1)tim+0.109(7«/T 1) 


For ([«/I1t)\im we use the observed ratio for Tc%, 
4.5+0.2; for (Jx/I,) we use the observed ratio for 
Tc", 4.1+0.3. Thus, for Tc%’, 


Px=0.83 -0.09°" nes rs =0.17_-0.07+°; 


Pr, Px =(),21. 0.10°” Ae. 


It should be noted that Eq. (7) is independent of the 
L fluorescence yield, and that it is not very sensitive 
to the uncertainties in the numerical factors introduced 
in Eq. (4). Although Tc*’ decays by a second forbidden 
transition and Eq. (2) cannot be applied, there is an in- 
dication that W may not greatly exceed Wx (=20 kev) 
since it is indicated that P,/Px is greater than the 
limiting value of 0.107. 


GAMMA RAYS FROM Tc* 


While searching for possible Tc’ y rays, improved 
measurements‘ were made on the y spectrum from Tc". 
The radiation was detected with a 3-in.X3-in. Nal 
crystal and the pulse-height distribution was recorded 
with a PENCO 100-channel analyzer. The sample was 
placed close to the crystal so that an addition peak 
from the two coincident y rays* would be observed as 
well as the two individual photopeaks. By comparison 
with the Co® y ray at 1.332 Mev the addition peak 
was found to be at 1.438+0.010 Mev. Since the energy 
ratio of the individual photopeaks was measured as 
1.148+0.003, the two y-ray energies are 669+5 kev 
and 769+6 kev. The lower energy y ray was also ob- 
served to have the same energy as the 662-kev y ray 
from Cs!*’, within the experimental error of +8 kev. 
These data were all taken at low counting rates (< 200 
counts/sec) to minimize any possible dependence of 
peak position on counting rate. 
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DISCUSSION 


The ground state of Tc’ has the longest half-life of 
any technetium isotope. The half-lives of Tc** and Tc% 
are 1.5X10° years” and 2.1X10° years,'* respectively. 
However, even the Tc’ period, 2.6X10® years, is at 
least 100 times too short to account for survival of 
“primordial” technetium in the earth’s crust. The 
most recent geochemical investigations’”* do not 
support earlier reports’-* of terrestrial technetium. 
Thus both the nuclear physical and geochemical evi- 
dence indicate that the technetium observed!‘ in 
late-type stars must have been formed within the last 
few million years.*® Evidently conditions must exist 
in these stars for the synthesis of medium weight ele- 
ments and for bringing them to the surface in a time 
comparable with the longest half-lives of the Tc 
produced. 

In a recent elaboration" of a theory of nucleogenesis 
an attempt has been made to explain the abundance 
distribution of the elements. It is suggested that all of 
the elements have been synthesized in stars by a series 
of eight different processes starting with hydrogen as 
the only primeval element. One of these eight, called 
the “‘s process” (neutron capture at a slow rate com- 
pared to the beta lifetimes), accounts for the production 
of a considerable proportion of the isotopes of elements 
from Cu to Bi. This process occurs during the red 


giant stage of stellar evolution when the hydrogen in 
the core has already been exhausted, when the central 
temperature has reached ~10* degrees, and when much 


“12 


of the helium has been converted to C” by 3He*—( 
Considerable C'* and Ne®*! are also present, having been 
produced by (p,y) and (a,y) reactions. The exothermic 
reactions C!¥(a,n)O'® and Ne*(a,z)Mg** then provide 
an intense source of neutrons. These are captured by 
the iron group elements to produce heavier elements. 
Abundance peaks are produced at mass numbers 90, 
138, and 208 because the neutron cross‘sections are low 
at the neutron magic numbers 50, 82, and 126. Three 
groups of stars (S, Bam, and carbon) show direct 

22 G. D. O’Kelley and A. V. Larson, Oak Ridge National Labora- 
tory Report ORNL-2386, June, 1957 (unpublished). 

23 E. Anders (private communication, 1957). 

* P. W. Merrill and J. L. Greenstein, Astrophys. J. Suppl. II, 
225 (1956). 

25Qne cannot completely rule out the possibility that there 
might exist a very long-lived isomeric state whose half-life is 
>2 10° years. 
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evidence of the s process since they have overabundances 
of the heavier elements, especially those with neutron 
magic numbers. The S stars and carbon stars also con- 
tain Tc and thus they indicate that both synthesis and 
mixing is taking place now or at least within the last 
few million years. Synthesis by the s process can pro- 
duce Tc** from Mo*, Tc? from Ru, and Tc** from 
Tc’, Since Mo" can itself be produced by the s process 
while Ru*® cannot, the initial abundance of Tc% is 
likely to be considerably greater than that of Tc*? (and 
of Tc**). However, Tc*’ can persist in stars for a much 
longer time after the neutron capture process has 
ceased because its half-life is about 12 times that of Tc’. 

Technetium-99 can also be produced in stars by the 
“ry process,”’!* neutron capture at a rapid rate compared 
to the beta decay lifetimes. This is thought to occur 
in supernovae. If it should prove possible to identify 
the spectrum of Tc in the remnants of recent super- 
novae, such as the Crab Nebula, this would constitute 
direct evidence for the ‘“‘r process.” Of course, even 
better evidence would be the identification of trans- 
uranium elements in these residues. 

An alternative mechanism for production of Tc in 
stars has been proposed by Greenstein.'’ He has 
postulated that variable magnetic fields in the atmos- 
phere of certain stars can accelerate protons, which 
would interact with light elements by (p,7) reactions. 
The resulting neutrons could then produce Tc from Mo 
in the following cycle: 


Mo**(2,7) Mo*(8-,v)Tc*?(B-,v) Ru’’- 
(n,a) Mo**(n,y) Mo*? (n,y) Mo". 
Additional cycles such as the following might also occur: 


Ru*(n,p)Tc*(8-,v)Ru®, 
Mo*?(p,n)Tc*7(K,v) Mo*”’, 


Mechanisms involving such reactions in the stellar 
surface require that there by very little mixing between 
the stars’ atmospheres and their interiors, since other- 
wise it would not be possible to build up an appreciable 
concentration of Tc. 
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The gyromagnetic ratio of the 181-kev state of Tc is found to be +1.5+0.2 nuclear units. The angular 
correlation pattern obtained for the 740- and 181-kev pair of gamma rays is W (6) = 1+ (0.067+0.004) P2(cos@) 
+ (0.020+-0.005)P,(cos#) and that of the 740- and 140-kev pair of gamma rays is W(@)=1— (0.107+0.010) 


x P2(cos@). 


HE gyromagnetic ratio of the 181-kev state’ of 

Tc” (Fig. 1) has been measured by observation 
of the perturbation of the angular correlation pattern 
of the 740- and 181-kev gamma rays by a magnetic 
field applied perpendicularly to the plane of the gamma 
rays. Also, the angular correlations of the 740-181 kev 
and the 740-140 kev gamma-ray pairs have been studied 
in an effort to obtain information about the spin and 
parity assignments of the levels of Tc”. 

The gamma-ray cascades in Tc” were 
following the beta decay of 68-hour Mo”. Ordinary 
0.008-inch molybdenum wire was irradiated with neu- 
trons in the Argonne Research Reactor CP-5 to form 
Mo* by neutron capture. The activated molybdenum 
was partially dissolved in 6.V nitric acid. After repeated 
centrifuging and separation, more 6.V nitric acid was 
added. The centrifuging process and separation were 
repeated. In this way liquid sources were obtained? 
which gave reproducible results and the maximum 
observed anisotropies. 

The coincidence circuit and counting equipment 
have been described previously. The pulse-height 
analyzer of the counter which detected the 740-kev 


obtained 


gamma ray was set to accept pulses corresponding to 


99 99 
Mo Tec 





140;kkev lelkev 








Fic. 1. Decay scheme of Tc” from Varma and Mandeville.’ 

t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 J. Varma and C. E. Mandeville, Phys. Rev. 94, 91 (1954). 

2A, Abragam and R. V. Pound, Phys. Rev. 92, 943 (1953). 

3\V. E. Krohn and S. Raboy, Phys. Rev. 107, 536 (1957). 


radiation from 500 to 950 kev. An absorber of lead 
0.32 cm thick was used on this counter to reduce back- 
scattering contributions to the observed coincidence 
rates. The counter which detected the 181-kev gamma 
ray was biased to select pulses caused by radiation 
ranging from 180 kev to 240 kev. This window selection 
reduced the contribution of the 140-kev gamma ray to 
a negligible amount. In order to study the 740-140 kev 
cascade, the lower energy counter was biased to accept 
from 90 to 130 kev. This reduced the contribution from 
the 181-kev gamma ray to about 8%. 

The angular distribution, corrected for the solid 
angle of the detectors, was determined to be 


W (8) =1+ (0.067 +0.004) Ps(cos@) 


+ (0.020+0.005)P4(cos@) (1) 


for the 740-181 kev cascade, while for the 740-140 kev 
cascade the result was 


W (6) =1—(0.107+0.010) P2(cosé). (2) 


These results and the internal-conversion data* are 
consistent with a ground-state spin of 9/2* and spins 
of 3*, $-, and 3~ for the 140-, 181-, and 921-kev 
levels of Tc”, respectively, with the 181-kev gamma 
ray a mixture of M2 with 0.36% E3 (6=+0.06) 
radiation. The 140-kev transition ist M1 with 0.25% 
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Fic. 2. Attenuation of the 740-181 kev gamma-gamma anisotropy 
by the applied magnetic field. 


‘J. Laberrique-Frolow and P. Radvanyi, Compt. rend. 242, 
901 (1956). 
5C, Levi and L. Popineau, Compt. rend. 239, 1782 (1954). 
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E2 (6=+0.05) if the 41-kev radiation is pure £1. If 
M2 mixing is allowed in the 41-kev transition, then 
reasonable fits can be obtained with two parameters. 
If, for example, the latter were 60% M2, the 140-kev 
transition would have to contain 2% £2 in order to fit 
the angular-correlation data. 

The observed attenuation of the anisotropy of the 
740-181 kev gamma-ray cascade as a function of the 
magnetic field applied perpendicularly to the plane of 
the gamma rays is shown in Fig. 2. The experimental 
curve has been fitted by a theoretical curve which takes 
account of the solid angle of the detectors. The fit is 
obtained by relative adjustment of the horizontal 
scales. The result for the gyromagnetic ratio of the 
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3.5X10-*-sec state is g=+1.540.2 nuclear units. The 
sign of g was obtained from measurements at 135° and 
225° with a field of 10 000 oersteds. 

The measured gyromagnetic ratio and the assign- 
ment of spin } lead to a magnetic moment p= 3.8+0.5 
nuclear magnetons. This value lies just below the upper 
Schmidt limit, suggesting positive parity for the state 
if the spin is indeed 3. As our proposed spin scheme 
assigns negative parity, we would like to see more 
precise internal conversion coefficients for the 41-, 181-, 


and 740-kev gamma rays. This would provide a better 
5- 


test of the spin and parity assignments. If the 3 
assignment for the 181-kev level is correct, the magnetic 
moment is surprisingly large. 
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Polarization of Bremsstrahlung from Polarized Electrons 
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We analyze the polarization of bremsstrahlung emitted from polarized electrons, in the Born approxima 
tion. Spins of the final electron are summed over. Differential cross sections are given, and are integrated over 
final electron directions. The results are valid for all electron energies, subject only to the limitations on the 


validity of the Born approximation. Screening is taken into account by using an exponential atomic form 
factor. Methods for relativistic spin description are discussed. 


I. INTRODUCTION 


REIT" seems to have been the first to point out 

that polarized electrons can produce circularly 
polarized bremsstrahlung. This subject, however, be- 
came of interest only recently when it was discovered 
that electrons from 8 decay” and u—e decay’ are polar- 
ized. One of the first experiments to determine the 
polarization of these electrons‘ consisted in measuring 
the circular polarization of the bremsstrahlung emitted. 
The evaluation of this experiment was based on results 
of McVoy® who calculated in Born approximation the 
bremsstrahlung circular polarization for longitudinally 
polarized electrons and forward emission of the radia- 
- tion. Calculations of this type have subsequently been 
extended: differential cross sections were published by 
Claesson® and Boébel,’ and integrated cross sections for 
high-energy electrons by the authors* and by Olsen and 


1 Gluckstern, Hull, and Breit, Phys. Rev. 90, 1026 (1953). 

2? Frauenfelder, Bobone, von Goeler, Levine, Lewis, Peacock, 
Rossi, and De Pasquali, Phys. Rev. 106, 386 (1957). 

3 Culligan, Frank, Holt, Kluyver, and Massam, Nature 180, 751 
(1957). 

* Goldhaber, Grodzins, and Sunyar, Phys. Rev. 106, 826 (1957). 

5K. W. McVoy, Phys. Rev. 106, 828 (1957); K. W. McVoy and 

*, J. Dyson, Phys. Rev. 106, 1360 (1957). 

6 A. Claesson, Arkiv Fysik 12, 569 (1957). 

7G. Bébel, Nuovo cimento 6, 1241 (1957). 

8 C. Fronsdal and H. Uberall, Nuovo cimento (to be published). 


Maximon’; the last reference is the only work which 
goes beyond the Born approximation and takes Coulomb 
corrections into account. In the following, we derive the 
differential cross section of bremsstrahlung for polarized 
initial electrons and polarized photons (Sec. III), and 
integrate it over final electron directions (Sec. IV). In 
Sec. II, we give a short summary of the methods used in 
the literature for describing the spin of relativistic 
particles, as well as a discussion of projection operators. 
In Sec. V, the polarizations of the emitted radiation are 
analyzed. This includes the linear polarization, which 
has been discussed previously by May” and by 
Gluckstern and Hull.’ Whereas May limited his in- 
vestigation to energetic electrons, the latter authors 
considered all electron energies, but introduced the 
effect of screening in an intuitive way which is reason- 
able for energies of a few Mev only. Our treatment gives 
a correct account of the screening, using an exponential 
atomic form factor. 

As to experimental applications of our results, they 
might, on the one hand, provide a more accurate theory 
for use in the experiment of Goldhaber e/ al.‘ than does 
that of McVoy; on the other hand, they could represent 
a means for determining transverse electron polarization 

9H. Olsen and L. C. Maximon, Proceedings of the Physics 
Seminar in Trondheim, 1958 (unpublished), Vol. 2. 


10M. M. May, Phys. Rev. 84, 265 (1951). 
1 R. L. Gluckstern and M. H. Hull, Phys. Rev. 90, 1030 (1953) 
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by a polarization measurement of the radiation. Such a 
measurement of transverse spin components of electrons 
from decay processes!’ seems to be of interest as it could 
help to determine the exact form of Fermi couplings, 
detect terms which violate time-reversal invariance, and 
establish whether the electron polarization is complete, 
as is predicted by the two-component theory. 


II. SPIN DEFINITION AND POLARIZATION 
OPERATORS 


The state of a single Dirac particle with given mo- 
mentum is completely specified by the eigenvalues of 
two commuting operators (in the following, we use a 
Euclidean metric, Hermitean y matrices, #=c=1, and 
the convention a4= — ido): 


(i/m)py=y, 

iysy=y, 

where s“, a covariant generalization of the nonrelativistic 

spin vector, represents the spin of the particle, and 

p=p"y.. The choice of the vector s* is somewhat 

arbitrary, corresponding to the various possible spin 
directions, and is restricted only by the conditions 


(1) 
(2) 


s=1, (3) 


s*p,=0, (4) 


which follow from (2) and from the commutativity of 
the two operators, respectively. 

Besides this covariant way of describing the spin, 
there is another method which has been applied ex- 
tensively in the literature, namely the use of the spin 
in the rest system of the electron, 


(S*)rest= (C, 0). 


Condition (4) in the covariant method permits the 
introduction of a 3-vector s by 


s:p/£), 


g@= ( Ss, _ 


where, because of (3), s is not normalized to 1. To obtain 
¢ from s, one simply performs a Lorentz transformation 
connecting s# to (5*)rest, With the result 


p's 
(=1-——_—-p. 
E(E+m) 

2 In 8 decay: Jackson, Treiman, and Wyld, Phys. Rev. 106, 517 
(1957); G. Gyérgyi and H. Uberall, Nuclear Phys. 5, 405 (1958). 
In uw decay: H. Uberall, Nuovo cimento 6, 376 (1957); T. Kinoshita 
and A. Sirlin, Phys. Rev. 108, 844 (1957). 

1 R. P. Feynman, California Institute of Technology lecture 
notes on Quantum Electrodynamics, 1953 (unpublished), p. 51; 
L. Michel and A. S. Wightman, Phys. Rev. 98, 1190 (1955); 
C. Bouchiat and L. Michel, Compt. rend. 243, 642 (1956); Nuclear 
Phys. 5, 416 (1958). 

4N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Clarendon Press, Oxford, 1949), second edition, p. 76; 
H. A. Tolhoek, Revs. Modern Phys. 28, 277 (1956); G. W. Ford 
and C. J. Mullin, Phys. Rev. 108, 477 (1957), for electrodynamic 
processes; reference 12 for 8 decay and u-meson decay. 


(5) 
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This can be written particularly simply in terms of the 
spin components perpendicular and parallel to p: 


Cr=St, $= (m E)s1, (6) 


the subscripts meaning transverse and longitudinal, 
respectively. From (3) it follows that ¢ is normalized 
to 1. 

Feynman showed" that, in the rest system, the spin 
direction defined by (2) reduces to the nonrelativistic 
spin vector. An alternative proof that Eq. (2) defines the 
spin may proceed as follows: generally, the spin is the 
eigenvalue of the operator 

S= (1/41) 5"'y 7», (7) 
where s*” is the antisymmetric spin tensor. 

Using (1), we can write 


SY= (1/4) p's” ’yuye7 W- 


As there exist simultaneous eigenfunctions of energy and 
spin, the two operators p and s*”y,7, commute, and only 
the part of y,v,7, which is completely antisymmetric in 
(u,v,p) actually contributes to (8). However, this part 
is nothing else than the pseudovector ysy,, where 
(u,v,p,A) is an even permutation of (1,2,3,4). 

Hence, S may be written 


(8) 


ens = 
S=hiyss“y,, (9) 


where s*= (1/2m1)p*s*’e,y»x is a pseudovector which 
satisfies Eqs. (3) and (4). Thus, Eq. (2) does indeed 
specify the spin. In particular, in the rest system, the 
spin tensor has the form 
sh? = §,"5;"—5;46,’, 
where (7,7,) is an even permutation of (1,2,3), if the 
spin points along the & axis. In this case, s* reduces to a 
unit space vector in the & direction. 
Squared matrix elements between states of specified 


energy and spin are evaluated with the aid of energy- 
spin projection operators : 


'M\2=TrOtP,OP), 
Pi (PigSi) =Wil PiSdVi(PrySs)- 
Because of the equivalence of (7) and (9), P; may be 


written as): 


P;=- (10) 


i 1 
—(p—- im)(44+—"1.7.), 
41 


2m 


1 
P;=—(p—im)}(1+7y;8). 
2m 


(10a ) 


With the help of (5), P; can be expressed by the 
vector ¢, but this leads to a more complicated expres- 
sion.’* We preferred, nevertheless, to give our fina! 


16C. Fronsdal, University of California thesis, 1957 (unpub- 
lished); and Nuovo cimento (to be published). See also Michel and 
Wightman, and Bouchiat and Michel, reference 13. 

16 F. W. Lipps and H. A. Tolhoek, Physica 20, 85 (1954). 
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results in terms of ¢, in order to agree with the literature 
on production of polarized electrons. 

The emitted photons will in general not be in a pure 
state, especially as the final electron variables are 
summed over. The polarization state of the radiation is 
then analyzed by a density matrix 


p=3(1+E-o), 


where the components of @ are the Pauli matrices, 
rather than by a vector potential A. The three com- 
ponents of &, called Stokes’ parameters, determine the 
polarization completely; they can be taken as the 
probability of circular polarization, and two proba- 
bilities of linear polarization whose reference planes 
form an azimuth of 2/4 [see Tolhoek, reference 14]. 
Alternatively, the polarization state could be described 
by an unpolarized and an elliptically polarized com- 
ponent, which is obtained by a diagonalization of the 
density matrix. 


III. DIFFERENTIAL CROSS SECTIONS 


We derived the differential cross sections by using the 
trace method described in Sec. II; the spins of the final 
electrons were summed over. The following variables 
are used: 


Initial electron energy and momentum: /), pi; 

Final electron energy and momentum: Ff, pz; 

Photon momentum: k, with k= £,— £2; 

Recoil momentum of nucleus: q= po— pi tk; 

Nuclear charge: Z; initial electron spin: s or ¢; 

Angle (k,p:) : 61; Ai= E1— pi cos; 

Angle (k,p2) : 62; A2s= E2— p2 cosbe; 

Azimuth between (p,,k) plane and (p;,é) plane (i.e., 
the angle between p;X¢ and p: Xk): yi. 


All energies and momenta are measured in units of 
mc? and mc. Exponential screening was assumed, with a 
screening radius @= 111Z~! (see Schiff!’). 

The unit vector in the direction of the vector po- 
tential A of the photon is called e. If it is set perpen- 
dicular to k and assumed real (linear polarization), we 
obtain, starting from the matrix element of brems- 
strahlung given, e.g., in Heitler,!* a cross section 


= —(p»-e)? 
(2n)? p, k (B2+Q7)21 AY? 


4E, E.—¢ 
—(p;-e)(po-e) 


g A, Ai 
+e(— +2-—- -—)}. (11) 
A,A> A; As 


17. I. Schiff, Phys. Rev. 83, 252 (1951). 

18W. Heitler, The Quantum Theory of Radiation (Clarendon 
Press, Oxford, 1954), third edition, p. 243. See also Feynman,” 
p. 95. 


ZS pydk dQdQ% er 


E?-¢ , 
——(p,-e)?—2—— 


1 
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This formula was given by May” and by Gluckstern 
et al.® It reduces to the Bethe-Heitler cross section opx 
if summed over two vectors e perpendicular to each 
other. Even though in the evaluation of the traces, 
initial electron spin projectors were used, (11) does not 
depend on the electron polarization. Thus the linear 
polarization of bremsstrahlung is the same for polarized 
and unpolarized initial electrons. 

If e is chosen parallel (e=e1) or perpendicular 
(e=e1) to p:Xk, call the corresponding cross sections 
o, and o,;. Then the linear polarization is given by 


Prin = (01-011) /oBn. (12) 


Another independent type of linear polarization, Pjin™, 
is obtained if the two basis vectors e are taken as 
(1/v2) (eye). Then Pin and Py, together with 
the circular polarization P, describe the polarization 
state of the radiation uniquely, as pointed out in 
Sec. IT. 

The probability of circular polarization is obtained by 
setting e=(1/V2)(e1+75e11) in the matrix element, 
where 6=+1 (—1) for right- (left-) handed photon 
polarization; €1, €11, and k must be chosen to form a 
right-handed reference system. We obtain 
(13) 


o=}ornn+}60-, 
Z*e® pe dk AQ dQe 


k 
A AA 5! 
(2)? p: k (B-2+q°)? E 


4EY—-g 4E2—¢° 1 1 
x| cies inne ie *+4(E+E)( = )] 
As A? A, Ae 


1 


o-= 


jninigneiseian 4 —? 
A,? A? 


2k 2F,—A, 2E.— Ae 
A A> A, 


4Ep—q AEG AEA Eyt+¢ 
+(s-h| am | | 
A, A: 


The circular polarization is given by 


P.=0o./opn. (14) 
We see that it is proportional to the degree of electron 
polarization, |{|. Hence, as predicted by Gluckstern 
el al.,! unpolarized electrons cannot emit circularly 
polarized bremsstrahlung. 


IV. INTEGRATED CROSS SECTIONS 


In practice, outgoing electrons are not observed, and 
an integration of (11) and (13) over dQ, the final elec- 
tron directions, is r cessary. The only remaining vari- 
ables are then pu, k, ¢, and 6. In (13), , is multiplied by 


19 Gluckstern, Hull, and Breit, Science 114, 480 (1951). 
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6 and must therefore be a pseudoscalar of the form 


Cp 60 MX pi 
o-=ar— +4, 


Pi nX pi 


=O, IT F6,t; 


with n= p,Xk. The first term is proportional to the 
longitudinal spin component ¢, of the electron, the 
second one to the transverse component ¢; projected 
into the (pi,k) plane, i.e., ¢, cosy. 

The integration of (11) and (13) is greatly facilitated 
by using the relation 


1 te) ( 1 ) 
(+g) a(e)\e2+_7 


In this way, the following expression is obtained : 


0 | 2P28 Ly 
‘ C1'+-—(cC'— 80’) 
mk p ae « cl 

Ly 

= (ac ",'— dC, )—B "CLs 
a? 


Ze§ dk dQy 
- F 


C;= 
(15) 


(the actual differentiation with respect to 8~* is trivial). 
Here, o; stands for opn, o1, o-,1, and o,., where o, is 
again the cross section for emission of radiation polarized 
in the direction n, and o, was decomposed according to 
the longitudinal and transverse components of @, as 
indicated above. 

The notations are as follows: 


2A;(E£,£.—1)+8 *Eot proc! 
L=In( _ ), 
2A;(E, E,—1)+87F2— poc! 


B?+ (T+ po)? 
L.= n( ), 
B?+ (T— pr)? 
Ext po 
L=In( ) * 
| pe 
a=4T°, 
b=4[}¢(E2—A1)— Esp?’ sin’, J, 
c=e+4p/ sin’6,, (15b) 
T=pi-— k, 
g=@°+2(F,A1—1). 
The individual coefficients are 
(1) for opn: 
F=1, 
C,\=4k +8", 
‘o= 2A [-4 A, E+ kA? 


+ *(pr+ E+ kAit3e) ], (16a) 
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C3= Ar *[4E2+ 8-7 (1—2kA) ], 
Cy= 2k*Ar 
C=Ar'; 
(2) for o,: 
=(). 
‘9= Ai R°—4E (Ey E.— 14+kA;)/ pi? sin*6, | 
+68-°[4 (44 ,?+ g) (E2— A1)/ pr’ sin’6, 
— Fo+k?Ar"], 
C3= —2k+-T*(4E°+8-")/ pr sin’6,, 
C,=k*Ar, 
C= }(F2.—A))/ pi’ sin, ; 


16b) 


(giving agreement with the formulas of Gluckstern and 
Hull!! for Z=0). 
(3) for o-. 17: 
F=¢1k/ pa, 
C3 4F, (FE) - A) + 
Cs =2A1 iT 4 Fo+2( A \+ Ks Ai REA, 
+P "By (A+ E5- A) iF 
2F A) |, 


16c) 
= Ar *[4E2(E.—A1) +8 (1 
“= 2E, RAY", 
C=0: 
(4) for o< +: 
F=¢ k cosp1/ p,’ sind, 
C,= 2p; sin’+ g(pr+L’— EA), 
Co= 2A, [42 F2.— 2A) (2EYE2t+ Ei4 F2) 
+A?(2E?+ E,E.+1— kA) 
+8-*(p,* sin’; — Fy E24 F2A)) |, 
Cs= Ar? —4F 2+ 442A (Ai Ft 1)+2APr(1— EY 
—2E,E2)+8-? (pr? sin’: + £1A1— A,’) J, 
Cy= 2Ay? (AF 2—1+A}), 


16d) 


C=0. 
The three photon polarization states are specified by: 
Prin = Piin= (201/onn— 1), 
Pun =0, 


P.= (6, 1+6c, t)/oBH, 


Be cae ee 
P..1= Oc, 1/ TBH, Fi tc, t/OBH.- 


The second type of linear polarization integrates to zero. 
Equation (15) simplifies considerably in the high- 
energy limit, where one can neglect terms of order 1/y 
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Fic. 1. Bremsstrahlung cross section (apn), linear polarization 
(Piin), and circular polarization (for 100% longitudinally or 
transversely Bon ry? electrons: P.,1, P.,¢) for initial electron 
energy E,=6 (~2.5 Mev) vs fractional eo energy k/(E,—1), 
for photon emission angles 6,=0°, 2°, 10°, and 30°. The solid 
curves are for Z=26 (Fe), with screening ; the broken curves are 
for Z=82 (Pb), with screening; the effect of no screening (Z =0) 


is indicated by a dotted curve for one representative angle in each 


figure. 
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1/E>. We obtain 


dx 4UdU ds 
x (14+U 2)2 ‘nr 


x{t1+a-aeyfn( “)- 1 
2U? (1+?) 
—2(1—x)} —— in — *)- i|+1]| (17a) 
(1+U”) 


dy; 1 


2nr 2 


opn=Ze&— 


dx 4UdU 
o,= Zee — — 


x (14+U")? 


r 7 (1+U")? 
x in( 
a 


4UdU dy, (1+1 
o. = Ze*dx c, 2-s) n( 
(1+U?)? 2x a 
(1+U")? 
—{1n( 
, a 
4UdU dy 
Oo (= Lear = 
(1+U*)? 2n 


{t1+0—99 


)-1]-20-». (17b) 
"2)2 
)-1] 


-21-»[— 


Ct cosy; ( 1—.x) 


2 
)-s) (17d) 


5.10 New 


2U(1—U") (1+U 
ee [in( ' 
(1+U7)? a 


in agreement with previously published results. 
notations are x=k/k,, U= E46), and 


1 x ° 
(2 )faser 
2E, \1—<x7 . 


the screening is very important at 


a=, +4 


As is well known,” 
these energies; it contributes, however, 
arguments of the logarithmic terms. 

At high energies, the radiation is emitted mostly 
forward, and it makes sense to consider the “‘average”’ 
polarization of the entire bremsstrahlung cone. We 
therefore integrate (17) over the angles U’. Then o, and 
o-,¢ Vanish on grounds of symmetry, and we obtain 


only to the 


dx 
opn=2Z%e°—{[1+(1—x)"JA (B,gm) 
x 
—#(1 —x)B(B,qm)}, 


0, 1= 2Z°edxt i{ (2—x) A (B,gm) 


$(1 x)B (8,9m)}, 


» See, e.g., reference 18, p. 248. 
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1 
A (B,gm) = 1+1n6?—In(1+9m282) — 2gm8 raw(—), 
B(B,qm) _ 24 Ing?— In(1+¢9m28*) +4q mB" 


1 1 
~3qmib in(1 rs )~ 4008 tan-*(— ). 
Gm?" Qn 


Only the longitudinal electron polarization contributes 
to the average circular photon polarization. These 
formulas can be generalized to a nonexponential form 
factor, using the functions ,2(y), defined by Bethe” 
and tabulated by Bethe and Heitler®’ for the Thomas- 
Fermi atom, with the result 


A (B,qm) = $[#1 (7) — § InZ], 
B(B,qm) = 3[®2(v) — § InZ], 
y= 200Z-*¢m. 


(19) 


The validity of Eqs. (15), (17), and (18) is determined 
by the Born approximation limits, 


Ze" Avy, 


which prohibits too slow electrons or too hard spectral 
components. There is no limitation for soft spectral 
components, as the screening is taken care of correctly. 

All corresponding formulas for pair production are 
obtained from the bremsstrahlung formulas by the 
substitution : 


E-£_, 


E- -_ E, > 


Pi—P-_, 
Pz—— P+, 


and by an additional factor 
p "dE,./k*dk 


representing the difference in phase spaces. 


V. DISCUSSION 


Equations (15) were evaluated numerically on the 
Paris IBM-704 electronic computer,”* for £,;=2 and 
E,=6; and Z=0, 26 (Fe), and 82 (Pb). Curves of the 
total cross section, linear and circular polarization are 
shown in Fig. 1 for initial energy £:=6, or ~2.5 Mev, 
and various emission angles. The solid lines are for 
Z= 26, broken lines for Z= 82, and some dotted curves 
for Z=0 (no screening). 

The spectrum is given in part (a) of the figure. It is 
characterized by a rapid decrease in magnitude for 
increasing angles. The screening effect is not very pro- 
nounced at this low energy, and the tentative screening 
correction of Gluckstern and Hull" is more or less 
correct here. Part (b) gives the linear polarization which 
agrees with Gluckstern and Hull’s result. Its magnitude 
is quite considerable (up to 60%), it is positive and large 
for soft spectral components, but small in the high 


21H. A. Bethe, Proc. Cambridge Phil. Soc. 30, 524 (1934). 

2H. A. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 
83 (1934); see also M. Stearns, Phys. Rev. 76, 836 (1949). 

% A program for all energies and angles is available. 
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Fic. 2. Bremsstrahlung cross section, linear and circular 
polarization for initial electron energy E;= 103.25 (=4$m,=52.75 
Mev), vs fractional photon energy for various photon emission 
angles U = E,6,, with screening, for Z=26 (Fe). 


spectral region and even negative for not too large 
angles. Screening is again of little importance, and then 
only for soft photons. 
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Fic. 3. Bremsstrahlung cross section and circular polarization, 
integrated over photon emission angles, for initial electron energies 
E,=103.25 and «, vs fractional photon energy x=k/E,, with 
screening, for Z= 26. 





For 100% longitudinally polarized electrons, the 
bremsstrahlung has the circular polarization given in 
part (c). Its value goes from zero for soft radiation to 
almost 100% at the high spectral end. There is little 
variation with angle, and practically no screening effect. 

For 6,;=0°, a similar curve was given by McVoy,° 
which does not entirely agree with our curve for Pjjin.”4 
Finally, the circular polarization for 100% transversely 
polarized electrons and radiation emitted in the upper 


*% The disagreement seems to be due to an error in sign in 
McVoy’s integrated cross sections, given in an unpublished note 
(while his differential cross section is correct). Use of the corrected 
cross section leads to better agreement with the experimental 
points in Fig. 2 of reference 4. 
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(pi,¢) plane is shown in (d); it is mostly positive and of 
the order of 5-10%, but can reach up to 30% for larger 
angles and high spectral components. 

Figure 2 represents the cross section and polarizations 
according to Eq. (17) for £,=103.25, the maximum 
energy of-electrons from u—e decay. Screening is very 
important at this energy, and the curves are plotted for 
Z=26. The spectrum (a) was given by Schiff,'’ and the 
linear polarization (b) by May.” In Pijn, the crossover 
to negative values which was found for low electron 
energies, does not occur. P,,; is similar to that for low 
energies, except that it now reaches entirely up to 100% 
for the hardest photons. P,, ; has changed considerably ; 
it is identically zero for U=1, smaller than 10% 
throughout, positive for <1 and negative for U>1. 
Comparing with Fig. 1, we see that the large polariza- 
tions for hard quanta have disappeared, and that the 
negative trend for larger angles, exhibited by the 30° 
curve, is now dominating. 

Figure 3 presents the intensity and P., ; for the entire 
high-energy bremsstrahlung cone, according to Eq. (18), 
for £,= 103.25 and £;= © (complete screening). 

If the incident electrons have arbitrary polarizations, 
with longitudinal and transverse components ¢,; and ¢;, 
the curves (c) and (d) have to be multiplied with ¢; and 
¢, cosy,, respectively, and added, in order to give the 
actual circular photon polarization. Because of the 
cosy; dependence of P..;, an experiment to detect 
transverse electron polarizations is best performed by 
selecting an optimal emission angle and spectral com- 
ponent and then observing a periodic variation of the 
degree of circular polarization when the detector is 
rotated azimuthally around the direction of the incident 
electrons. 
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NalI(TI) scintillators were used to study the gamma radiations from the isomer Rb*”. The radiations 
were observed to consist of three components having energies of 216+3 kev, 250+3 kev, and 464+3 kev 
The half-life of the radiations, the intensities of the gamma rays, and the angular correlation between the 
216-kev and the 250-kev radiations were measured. The measurements are consistent with the following 
assignments: the first excited state is located at 250+3 kev and has J=3+; the isomeric state is located 


at 464+3 kev and has J=6+. 


I. INTRODUCTION 

HE 20-min half-life activity of Rb” was first 

discovered by Flammersfeld! and has since been 
studied by several other investigators.** Caird and 
Mitchell? observed the gamma rays emitted by the 
isomer; they showed that the radiations include a 
463-kev gamma ray corresponding to the transition to 
the ground state of Rb™ and a parallel transition of two 
cascading gamma rays of approximately equal but un- 
resolved energy. On the basis of the lifetime, they 
proposed a tentative decay scheme. Doggett* studied 
the energy spectrum of the internal-conversion elec- 
trons and found two lines of energies 216 kev and 
466 kev. 

The 24-Mev betatron of the U. S. Naval Research 
Laboratory has been used to produce Rb™” by irradi- 
ating samples containing natural rubidium with brems- 
strahlung at an end point energy greater than the 
Rb*(y,2) threshold.’ The residual radiations were then 
studied with scintillation techniques. Gamma _ rays 
originating with other activities in rubidium and with 
(y,p) reactions were unobserved because of the short 
irradiation times and the long half-lives involved. 


II. GAMMA-RAY SPECTRUM 


A sample of rubidium carbonate was irradiated with 
15-Mev bremsstrahlung and the gamma rays from the 
sample were observed with a 1}-in. diamX 1-in. NaI (T} 
crystal mounted on a 6292 Dumont photomultiplier. 
The pulse-height spectrum, obtained with the aid of an 
Atomic Instruments Company twenty-channel pulse- 
height analyzer, is shown in Fig. 1. An energy calibra- 
tion curve is superposed. With an uncertainty of 3 kev 
in each case, discrete peaks are observed at 216, 250, 
and 464 kev. For the geometry of observation, the 
fraction of pulses in the 464-kev peak attributable to 
summing of the two coincident radiations is negligible. 

III. COINCIDENCE MEASUREMENTS 

Two 13-in. diamX2-in. NalI(TI) scintillators and 
associated electronic circuitry were used to search for 

1A, Flammersfeld, Z. Naturforsch. 5a, 687 (1950). 

2R. S. Caird and A. C. G. Mitchell, Phys. Rev. 89, 573 (1953). 

3W. O. Doggett, University of California Radiation Laboratory 


Report UCRL-3438, 1956 (unpublished). 
* Tobin, McElhinney, and Cohen (to be published). 


coincidences between the observed radiations. In agree- 
ment with the findings of Caird and Mitchell, the two 
lower energy radiations were found to be in coincidence 
with each other and not with the higher energy radia- 
tion. Two single-channel pulse-height analyzers were 
used in conjunction with the two detectors. Each 
analyzer was set to bracket the double peak of the 
radiations in coincidence. Thin rubidium carbonate 
samples, contained in aluminum pillboxes having 5-mil 
walls, were subjected to the following schedule: a 
sample was irradiated at constant beam intensity for 
30 minutes; the irradiated sample was transferred to 
its standard position in the counting room (4 minutes 
were required) ; single channel counts, total coincidence 
counts, and accidental coincidence counts were re- 
corded for the ensuing 36 minutes. The total and acci- 
dental coincidence circuits were modification of circuits 
used in a previous experiment.*® While the counts from 
the irradiated sample were being recorded, the next 
sample was undergoing irradiation. The center of the 
irradiated sample was positioned at the intersection of 
the axes of the crystals and at a distance of nine inches 
from the front face of each crystal. Measurements were 
made for 6=30°, 60°, 90°, and 180°, where @ is the 
angle between the axes of the crystals. For each meas- 


RELATIVE NUMBER OF COUNTS 
GAMMA ENERGY IN MEV 
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Fic. 1. Pulse-height spectrum and energy calibration for the 
electromagnetic radiations from Rb™”™, 


> Cohen, Hanna, and Class, Phys. Rev. 94, 419 (1954). 
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2. The gamma-gamma angular correlation data and the 
least-squares fit to the data (VY = 1—0.18 cos*@). 


urement, the true coincidence count was normalized to 
the product of the single-channel counts. Observations 
were also made with calcium carbonate:to determine 
whether the irradiated carbonate contributed back- 
ground counts. The results were negative. The final 


data are presented in Fig. 2. The least-squares fit to, 


the data, of the form Y(@)=1+A cos”, is also shown. 
The resultant fit gave 4 = —0.18+0.06. Corrections for 
solid angle and sample thickness were negligible. 

Table I gives angular correlation functions for several 
possible pure multipole transitions. J;, J, and J» 
designate the spins of the second, first, and ground 
states, respectively. 1; and L» characterize the multi- 
poles of the first and second transitions. The ground 
state of Rb™ is known® to be J2=2—. J; is limited to 
values > 5 because of the long lifetime of the metastable 
state (see Sec. V). J is limited to values <4 because of 
the small internal-conversion coefficient (see Sec. IV) 
and because the long lifetime requires a large spin 
change |J;—J|. Only the transitions 6(3)3(1)2 and 
7(4)3(1)2 are seen to be in good agreement with the 
experimental result. It is possible to have an admixture 
of quadrupole radiation with the dipole transition. 
Consistency with the experimental uncertainty in the 
correlation coefficient requires —0.05<6<+0.05 in the 
6—3—2 case and —0.02<6<+0.09 in the 7-3-2 
case, where 6? is the ratio of intensities of quadrupole to 


TABLE I. Angular correlation functions for 
various spin assignments. 


(L: 


(1) 
(1) 
(1) 
(1) 
(1) 
(1) 
(1) 
(2) 
(3) (2) 


1S 


Angular correlation function* 


1—0.023 cos? 
1—0.026 cos*é 
1+0.200 cos*@ 
1+0.251 cos’# 
1—0.103 cos? 
1—0.176 cos*# 
1—0.215 cos*é 
1+0.125 cos*#+-0.042 cos? 
1+0.311 cos*#@—0.021 cos? 


NRWNNNHNNHNHN tO 


* Calculated from tabulations of F coefficients. M. Ferentz and N. Rosen- 
zweig, Argonne National Laboratory Report ANL-5324, 1954 (unpub- 
lished). 


6 Way, King, McGinnis, and Van Lieshout, Nuclear Level 
Schemes, A=40—A=92, Atomic Energy Commission Report 
TID-5300 (U. S. Government Printing Office, Washington, D. C., 
1955). 
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dipole. The 5(2)3(1)2 transition appears much less 
likely, and is further ruled out by considerations of life- 
time and internal-conversion coefficients. 


IV. INTENSITY MEASUREMENTS AND TOTAL 
INTERNAL-CONVERSION COEFFICIENTS 


The shape of the pulse-height spectrum due to the 
464-kev gamma ray was approximated by the spectrum 
shape due to annihilation radiation from a F'* source. 
The properly normalized shape was subtracted from the 
gamma-ray spectrum shown in Fig. 1, leaving only the 
pulse-height spectrum from the 250-kev and the 216-kev 
radiations. Similarly, the shape of the 250-kev gamma- 
ray spectrum was approximated by the 279-kev gamma 
ray from a Hg** source and was subtracted to leave 
only the 217-kev spectrum. In this manner, the relative 
areas under the photopeaks of the three gamma rays 
were obtained. The pulse-height spectra due to the 
monochromatic gamma rays of Hg®*, F!8, and Cs!" 
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Fic. 3. The suggested 
decay scheme for Rb™™. 











Rb®4 


sources were used to obtain a curve of photopeak 
fraction as a function of energy. This curve and pub- 
lished tabulations of Nal efficiencies’ then yielded an 
estimate of the relative intensities of the three gamma 
rays. In extrapolating the photopeak curve to 216 kev, 
two possible extremes were used, giving 2 sets of 
intensity ratios: 0.92:1.79:100 and 1.335: 2.12: 1.00. 
Doggett* has studied the internal-conversion electron 
spectrum from Rb™“™. He has observed lines corre- 
sponding to conversions of 217-kev and 466-kev transi- 
tions but has observed none in the vicinity of 250 kev 
(to a limit of 6% of the 217-kev line). The difference in 
intensities of the 216-kev and the 250-kev gamma rays 
can therefore be equated to the number of conversion 
electrons at 216 kev to obtain an estimate of the total 
internal-conversion coefficient for this transition. One 
then obtains a value of 0.76+0.25, which includes an 


7 Wolicki, Jastrow, and Brooks, Naval Research Laboratory 
Report NRL-4833, 1956 (unpublished). 
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TABLE II. Values of K-shell* and total internal-conversion coefficients for 216-kev, 250-kev, and 464-kev transitions in Rb®*. 


Energy 
M2 


0.090 
0.11 


E3 


0.24 
0.30 


E2 
“0.049. 
0.058 


Mi 


0.03 
0.04 


0.06 
0.07 


0.006 
0.007 


0.011 
0.013 


* Interpolated from the tabulations of reference 9. 
+ Estimated with the help of the privately circulated tables of M. E. Rose. 


additional uncertainty of about 10% due to the sub- 
traction process described above. Using the ratio of 
intensities of the 217-kev and 466-kev internal-con- 
version lines as obtained from Doggett’s graph and the 
above value of the total conversion coefficient for the 
216-kev transition, one obtains a rough estimate of 0.1 
for the total internal-conversion coefficient correspond- 
ing to the 464-kev transition. Similarly, the ratio of 
intensities of the 216-kev and the 250-kev gamma rays, 
the above-quoted accuracy with which electrons were 
observed in the vicinity of 250 kev, and the value of the 
216-kev conversion coefficient establish an upper limit 
of about 0.03 for the total internal-conversion coefficient 
corresponding to the 250-kev transition. 

Values of K-conversion coefficients interpolated from 
the tabulations of Sliv and Band®* are given in Table II. 
The privately circulated tables of M. E. Rose were 
used to estimate the contributions from the L and M 
shells in order to obtain the total internal-conversion 
coefficients. These estimated values are also given in 
Table II. Thus, for the 216-kev transition, M3 appears 
most likely; for the 464-kev transition, M4 or E5 is 
reasonable. Dipole radiation is most probable for the 
250-kev transition. 

V. LIFETIME 


The activity of the Rb*™ radiations was observed for 
about 2 hours, and the half-life was found to be 19.8 
+0.7 min. The partial lifetimes for the 2 modes of 
decay (corrected for internal conversion) are then about 
5.4X 10° sec for the crossover transition and 2.6X 10° sec 
for the cascade. Comparing these results with the 
empirical data of Goldhaber and Sunyar,’ one obtains 

8L. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57 ICCK], issued by 
Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) }. 

®M. Goldhaber and A. W. Sunyar, in Beta- and Gamma-Ray 
Spectroscopy, edited by Kai Siegbahn (Interscience Publishers, 
Inc., New York, 1955), p. 453. 
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K shell 
Total 


K shell 
Total 


K shell 
Total 


0.036 
0.28 


0.093 
0.12 


0.077 
0.09 


0.034 
0.04 


0.026 
0.030 


as the most probable multipole values £4 or M4 for 
the crossover and #3 or M3 for the first transition in 
the cascade. 


VI. DISCUSSION 


The energy measurements establish that the second 
excited state has an energy of 464+3 kev, and that the 
first excited state has an energy of either 250+3 kev 
or 217+3 kev. The fact that the 217-kev gamma ray 
is strongly converted and that the 250-kev gamma ray 
is not establishes that the first excited state has an 
energy of 250+3 kev. The angular correlation, the 
conversion coefficient, and the lifetime tend to establish 
the crossover as an M4 transition, verifying Caird and 
Mitchell’s assignment J=6+ to the second excited 
state. The angular correlation and the lifetime establish 
the first excited state as /=3. The internal-conversion 
coefficient suggests an assignment of even parity for 
this state. There would thus be an M3, E1 cascade 
paralleling the M4 transition. The suggested decay 
scheme is shown in Fig. 3. 

The ground-state assignment, /=2—, is consistent 
with an f; proton coupling to a gs/2 neutron according 
to Nordheim’s” second (strong) rule. The J=3+ 
assignment to the first excited state can be explained 
by raising a neutron from the ; shell to a go/2 state and 
invoking Nordheim’s third (weak) rule in coupling the 
fy proton to the unpaired p; neutron. The J=6+ 
assignment could be explained similarly by raising the 
odd proton to a goy2 state. 


VII. ACKNOWLEDGMENTS 
The author would like to thank Professor L. Madansky 
for the loan of the coincidence circuits. He also wishes 
to thank Dr. W. L. Bendel for several helpful dis- 
cussions. 


© L. W. Nordheim, Revs. Modern Phys. 23, 322 (1951). 
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Radioactivity of Lead-205* 


Pb*® has been produced by the Pb®*(n,7)Pb*® reaction in the Materials Testing Reactor. The Pb®®/Pb™ 
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atom ratios of 0.001175+0.000060 and 0.005064+-0.000063, respectively, were measured in a mass spec- 
trometer for lead samples irradiated in the MTR for approximately 3 months and 1 year. The neutron 
capture cross section of Pb® for MTR neutrons is 0.7+0.2 barn. The partial half-life of Pb®* for L-electron 
capture is (3.0+0.5)X 10’ years. The K/L electron capture ratio of Pb®> is <6X 10~, and the disintegration 


INTRODUCTION 


HE possibility of using extinct natural radio- 

nuclides’ to estimate the time interval between 
element formation and fractionation has been previously 
applied. The method of estimation is based on deter- 
mining the amount of the decay product of an extinct 
nuclide in a very old sample. In view of the possibility 
that extremely old lead ores contain detectable quanti- 
ties of radiogenic Tl** and the interesting application 
of such measurements to the time interval between the 
formation of elements and the deposition of ores, we 
have made additional measurements of the Pb*® half- 
life. The present paper reports a more accurate value 
of the L-electron capture half-life of Pb”. 

The abundance of Pb”® in nature has been deter- 
mined to be less than 0.001% of natural lead. Recent 
observations have shown that Pb” decays by L-electron 
capture with a partial half-life of approximately 5X 107 
years for this mode of decay. The Pb was produced 
from Bi** which decays by electron capture with a 
14-day half-life. The Bi? resulted from a long deuteron 
bombardment of natural lead in the Argonne 60-inch 
cyclotron by the Pb”*(d,3”) Bi reaction. The bismuth 
was chemically separated from the target lead and 
served as the parent source of Pb” in the initial experi- 
ment in which Pb*® was detected. The preliminary 
value of the half-life of Pb”® was based on the cyclotron 
yield ratio of Bi*®/Bi** and x-ray counting of Pb”® 
and Pb*** The entire Pb”® sample had an L x-ray 
counting rate of only 1.8 counts/min. With the long 
half-life of Pb*®®, it was not feasible to produce more 
intense activities of carrier-free Pb” by cyclotron 
bombardments. Therefore, we decided to produce Pb® 
by neutron irradiation of lead samples enriched in Pb™. 


EXPERIMENTAL PROCEDURE AND RESULTS 


Two lead samples enriched to 26.6%' in Pb™ as lead 
oxide were irradiated in the Materials Testing Reactor 

* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1T, P. Kohman, Ann. N. Y. Acad. Sci. 62, 503 (1956). 

2 Katcoff, Schaeffer, and Hastings, Phys. Rev. 82, 688 (1951). 

3 White, Collins, and Rourke, Phys. Rev. 101, 1786 (1956). 

4J. R. Huizenga and J. Wing, Phys. Rev. 102, 926 (1956). 

5 The lead enriched in Pb was supplied by the Isotopes 
Division of Union Carbide Nuclear Company, Oak Ridge, 
Tennessee. 


energy is probably less than 86 kev. No gamma rays were observed in the decay of Pb®®. 
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(MTR) at Arco, Idaho. The first sample containing 
100 mg of lead oxide received a total integrated neutron 
flux of 2.1310"! neutrons cm~™ over a period of three 
months and the second sample of 150 mg of lead oxide 
received 9.39X 10"! neutrons cm~ over a period of one 
year. Neither of the irradiations contained a neutron 
monitor. The neutron fluxes reported above were calcu- 
lated from pile data supplied by the MTR staff. Our 
experience with other irradiations in the MTR has 
been that neutron fluxes derived from the MTR data 
are usually about 20% too high. We assume therefore 
that the integrated neutron fluxes are 1.7010" and 
7.51X10" neutrons cm~? for the 3-month and 1-year 
samples, respectively. 

After the irradiation, the lead oxide samples were 
dissolved in nitric acid, and Tl, Bi, Hg, Sn, Sb, and Fe 
holdback carriers were added. Chemical purification of 
the lead involved the following steps: (1) precipitation 
of the lead as Pb(NO3)2, Pb(OH)2, PbCrO4, PbSO,, and 
PbS; (2) elution from anion exchange column; (3) steps 
to remove specific elements, e.g., ether extraction of Tl, 
dissolution of SbeS; and SnS,» with alkali after sulfide 
precipitation. 

Many of the chemical steps were repeated several 
times. Small samples of the lead were withdrawn during 
the purification and examined with a scintillation spec- 
trometer for possible retention of impurities. 

After the above chemical purification procedures 
were completed, the lead was converted into lead 
chromate and deposited on filter paper disks over a 
defined area. The disks were mounted onto counting 


TABLE I. Specific activity and weight of Pb**® samples. 


Sp. act. of Pb 
(counts/min)/mg 


Net L x-ray 
counts/min 


Wt. of Pb in mg* 


One-year irradiated sample 


64.14+2.3 5.23+0.10 12.2+0.5 
44.94+1.9 3.44+0.07 13.0+0.6 
38.2+1.8 2.92+0.06 13.1+0.7 
26.0+1.4 1.79+0.04 14.5+0.8 
11.341.1 0.78+0.02 14.4+1.4 
Three-month irradiated sample 
1.4+1.1 0.26+0.01 


5.3441 


® Determined on the basis of an average atomic weight of 206.1 for 
the lead. 
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cards and covered with cellophane. The Pb”* radiations 
were examined with a 256-channel scintillation spec- 
trometer employing an 1/8-inch thick sodium iodide 
crystal with a 0.015-inch beryllium window. The 
gamma-ray spectrum of one of the one-year irradiated 
samples is shown in Fig. 1. The only radiation observed 
for Pb*® is L x-rays. Since the specific activities of the 
Pb**® samples of this exneriment are low, it was neces- 
sary to make a correction for the self-absorption of the 
L x-rays in the PbCrO,. Samples of PbCrO, were 
prepared from the one-year irradiation containing from 
0.8 to 5.2 mg of lead, and the Z x-ray counting data of 
these samples are given in Table I, and plotted on semi- 
logarithmic paper in Fig. 2. The extrapolation of the 
data by the least squares method gives 15.2+0.4 
counts/min of Z x-rays per mg of 1-yr irradiated lead. 
The experimental self-absorption curve agrees qualita- 
tively with the attenuation coefficients calculated for 
Tl L x-rays in various weights of PbCrOx. 

The lead content on each PbCrO,y sample was re- 
determined® after completing the x-ray counting by 
dissolving the PbCrO, sample and measuring the 
transmission of lead dithizonate in CHC]; solution in 
a Beckman spectrophotometer at 5100 A. Snyder’s 
procedure’ was used without the preliminary separation 
of lead as recommended by Snyder. 

The lead from both the 3-month and 1-year irradi- 
ations was isotopically analyzed in a 12-inch, 60° mass 
spectrometer with a multiple-filament ionization source. 
The lead isotopic compositions are given in Table II. 
The experimental Pb”*/Pb™ atom ratios for the 
3-month and the 1-year irradiations are 0.001175 
+0.000060 and 0.005064-+0.000063, respectively. From 
these ratios one calculates a neutron capture cross 
section of Pb for MTR neutrons of 0.70.2 barn. 

6 We wish to thank K. J. Jensen for making these analytical 


determinations. 
7L. J. Snyder, Anal. Chem. 19, 684 (1947). 


This value is in good agreement with the cross section 
of 0.9+0.6 barn obtained by Pomerance’ with the pile 
oscillator technique. Also from the mass spectrometric 
data, one calculates the number of atoms of Pb*® per 
mg of lead to be 9.2110" and 39.2210" for the 
3-month and 1-year samples, respectively. 

The value for the mean L-fluorescence yield (@z) 
may be obtained from the following sources: (1) Ross 
et al.® have examined available experimental data on 
L fluorescence of Bi produced by internal conversion 
and by soft x-rays, and concluded that , lies between 
0.38 and 0.49. They were able to establish numerical 
values for L-fluorescence, Auger, and Coster-Kronig 
transition yields in various L subshells of Bi. The 
relative yields of primary ionization in the L subshells 
depend upon the type of excitation. Calculations using 
the data of Ross ef al.,* however, show no significant 


change in the value of @,, with different ratios of 
primary vacancies in the LZ subshells. (2) Interpolation 
of Lay’s curve” of @, (obtained by x-ray excitation 


experiments) vs atomic number at Z=81 gives @, =0.39 
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’H. Pomerance, Phys. Rev. 88, 412 (1952). 

® Ross, Cochran, Hughes, and Feather, 
(London) A68, 612 (1955). 

0H. Lay, Z. Physik 91, 533 (1934). 
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TABLE IT. Isotopic content of lead enriched in Pb™ 


and irradiated in the MTR. 


One-year 
irradiation 


Three-month 
irradiation 
Total neutrons/cm?, (Noit)* 1.70 X102 7.51 X10" 
sotopic composition (at 
204 26.7 +0.3 
205 0.0314 +0.0010 


26.48 +0.20 
0.1342 +0.0013 
33.52 +0.30 
15.86 +0.15 
24.00 +0.20 
0.005064 +0.000063 
39.22 X10 
0.7 +0.2 barn 


206 33.5+0.3 
207 15.9+0.2 
208 23.9+0.4 
0.001175 +0.000060 
9.21 X10" 
0.7 +0.2 barn 


PbS / Ph 
Atoms of Pb™®/mg Pb 
Neutron capture cr¢ 


ss section 
® See text. 


+0.04. (3) Lazar ef al.!' have determined @, to be 
0.37+0.05 for Tl, in which only the Ly and Ly levels 
have primary vacancies, by measuring the number of 
L x-rays per K, x-ray. (4) For comparison, the @, for 
Pb excited by soft x-rays has been determined by 
Patronis et al.” to be 0.390.02. 

Correcting the specific L x-ray counting rate of 15.2 
counts/min per mg of lead for the lead sample irradi- 
ated for one year by (1) transparency of Be window 
(0.92), (2) solid angle (0.244), and (3) mean L-fluores- 
cence yield (assumed 0.40-+0.05), one obtains 169+18 
dis/min per 39.2210" atoms of Pb*®® (mg lead). The 
partial half-life for L electron capture in Pb*® is calcu- 
lated from the above data to be 3.020.5X 10 years. 

Previously a lower limit of 10" years was determined 
for the partial half-life of Pb** for K electron capture.” 
From the present experiment we conclude that the 
K/L electron capture ratio is <6.7X10~. With a 
partial half-life of 3.010" years for L electron capture, 
the partial half-life for K electron capture is >4.5 
X10" years. 

Since no K x-rays or gamma rays other than the L 
x-rays are observed in the decay of Pb, the dis- 
integration energy of Pb” is probably about equal to 
or less than the K electron binding energy of thallium 
of 85.5 kev. This is in agreement with a previous cycle 
calculation“ from which an electron capture disintegra- 
tion energy of 554130 kev was derived for Pb”. 

An attempt was made to measure the M x-rays of 
Pb*® with a proportional counter. Owing to the low 
specific activity of our lead sample, we were not able 
to gain any information on the M electron capture 
of Pb”. 

1N. H. Lazar and W. S. Lyon, Bull. Am. Phys. Soc. Ser. II, 3, 
29 (1958). 

12 Patronis, Braden, and Wyly, Phys. Rev. 105, 681 (1957). 

13 Herber, Sugihara, Coryell, Bennett, and Huizenga, Phys. Rev. 


103, 955 (1956). 
4 J. R. Huizenga, Physica 21, 410 (1955). 
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DISCUSSION 


The spin of Tl*® has been measured to be 1/2.'® With 
only 55+130 kev of energy available for electron cap- 
ture, Pb*® will not decay to the first excited state 
(3/2+), 205 kev,!® of TP, but only to the ground 
state (Si2) of Tl*. The spin of the ground state of 
Pb*> has not been experimentally determined. Calcu- 
lation of energy levels in Pb*®® by Pryce!’ using the 
shell model shows that the fs2 and p12 levels have 
approximately the same energy and lie below other 
levels considered. Pryce!’ and Schmorak ef al.’ have 
presented the following arguments favoring a spin of 
5/2 for Pb*®: (1) The systematics of spin in odd lead 
isotopes suggest that neutrons fill the fs. level before 
the f1y2 level since the spins and parities of Pb, Pb”, 
and Pb”? are thought to be 5/2—,%5/2—," and 1/2—,"® 
respectively. (2) The absence of the ground-state 
transition in the decay of Bi*®> (9/2—)!"48 by positrons 
suggests a spin change of at least 2 in this transition, 
and thus the spin of Pb is <5/2. (3) The 1766-kev 
excited state'’-!* in Pb*® following the electron capture 
of Bi*® is thought to have a spin of either 7/2, 9/2, or 
11/2. Since the gamma transition from the 1766-kev 
state to the ground state of Pb”® is best interpreted as 
an M1 transition,” one infers that the spin of the 
ground state of Pb*® is > 5/2. From these considerations 
one concludes that the most probable spin of Pb*® 
is 5/2. 

If the spin and parity of Pb is indeed 5/2—, then 
its ZL capture to Tl*”® would be a first forbidden, unique 
transition. For this type of transition, theoretical calcu- 
lations by Brysk and Rose® show that the electron 
capture ratio of Ly to Ly in Pb*® is >10 (assumed 
decay energy <86 kev). From the data of Ross et al. 
the value of @, for the ratio of primary vacancies, 
Lin/L1=10, is about 0.40 (see earlier discussion of @;). 
The L electron capture half-life determination is thus 
approximately independent of the type of transition 
assumed between Pb” and TI*. A direct measurement 
of the primary L subshell vacancies with an internal 
proportional counter would be helpful in establishing 
the transition type and hence the spin of Pb”. 


16 J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 

16 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 520 (1956). 

17M. H. L. Pryce, Nuclear Phys. 2, 226 (1956/57). 

18 Schmorak, Stockendal, McDonell, Bergstrém, and Gerholm, 
Nuclear Phys. 2, 193 (1956/57). 

19 Stockendal, McDonell, Schmorak, and Bergstrém, Arkiv 
Fysik 11, 165 (1956). 

% H. Brysk and M. E. Rose, Oak Ridge National Laboratory 
Report ORNL-1830 (unpublished). 
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Neutrons from the p+d Breakup Reaction* 
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(Received March 11, 1958 


The high-energy end of the energy spectrum of neutrons from the p+d reaction at incident energies of 


about 10 Mev is examined. It is found that the structure in the spectrum measured | 


Nakada and co 


workers can be attributed to the final-state interaction of the two protons 


INTRODUCTION 


HE disintegration of deuterons by medium-energy 
(~10 Mev) neutrons or protons has been ex- 
amined theoretically by several authors. Bransden and 
Burhop! made an extensive calculation of the process. 
They quote results only for the total cross sections, and 
their values are substantially larger than the experi- 
mentally measured values. Frank and Gammel’ have 
approached the problem from a rather elementary 
point of view, using zero-range potentials and the im- 
pulse approximation. Their calculations of the total 
cross section and angular distributions of the products 
agree rather well with the experimental data available 
to them, although it is not entirely clear why their 
approach agrees with experiment as well as it does. 

Recently Nakada and co-workers* have made further 
experimental studies of the +d reaction. Using time- 
of-flight techniques, they have measured the energy 
distribution of the neutrons coming off at various angles 
to the incident proton beam. A comparison of their 
results in the forward direction with some of the nu- 
merical results given by Frank and Gammel’ (F-G) 
shows qualitative agreement with a substantial part of 
the neutron energy spectra. However, the F-G theory, 
as it stands, does not yield the peak that is experi- 
mentally observed*® at the upper end of the neutron 
energy spectrum (see Fig. 1). This peak can be readily 
attributed to the final-state interaction of the two pro- 
tons, which was neglected in the calculations of Frank 
and Gammel. In the present paper, the effect of this 
final-state interaction is evaluated, using the F-G 
theory. As will be seen, this particular aspect of the 
disintegration process is not properly accounted for in 
the F-G approximation. 

Accordingly, the high-energy peak is examined some- 
what further by means of another simple approximation. 
One can conclude that the position and shape of this 
peak depend predominantly on the final-state interac- 


*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1B. H. Bransden and E. H. S. 
(London) A53, 1337 (1950). 

2R. M. Frank and J. L. Gammel, Phys. Rev. 93, 463 (1954). 

3 Anderson, Gardner, McClure, Nakada, and Wong, Uni 
versity of California Radiation Laboratory Report UCRL-5075, 
December, 1957; M. P. Nakada e? al., Phys. Rev. 110, 594 (1958). 


Burhop, Proc. Phys. Soc. 


tion of the two protons, but that an evaluation of the 
magnitude of the peak requires a detailed analysis of 
the scattering process. 


FRANK AND GAMMEL APPROXIMATION 


The calculation of Frank and Gammel proceeds by 
setting up the problem in Born approximation, making 
the assumption of zero-range potentials, and replacing 
a certain integral by an experimentally measured 
quantity. The F-G formulation takes into account the 
final-state interaction of the neutron with a proton. 
For the emission of high-energy neutrons, we assume 
instead that we can neglect the effect of the final-state 
n-p interaction and consider only the final-state p-p 
interaction. Letting the incident proton be represented 
as particle No. 1, and the deuteron’s proton and neu- 
tron as particles No. 2 and No. 3, respectively, we can 
write the matrix element for the process as 


M = (X;(3)¢;(1,2), 
[ Vap(1,3)+1] 


} Pl 


(1,2) JX;(1)@,(2,3)), (1) 


> 


where ¢,(2,3) specifies the initial deuteron, @,(1,2) 
specifies the final state of the two protons, and x 
specifies a plane wave. Because of the low relative energy 
of the two protons, we need to consider their s-state 
motion only. It will be important, though, to include 
the effect of the Coulomb potential on this state. The 
spin sums implicit in the above expression can be 
readily evaluated, and one obtains for |M ? the 


Evap Mev 
§ 22 263 33 4 Sh 
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Fic. 1. Experimental 0° time-of-flight spectrum of neutrons from 
bombardment of deuterium with 8.9-Mev protons. 


593 





W. HECKROTTE 





} Experimenta! points 


—— Theoretical curve * 8.6 


mb/sterad 


Enimax) CALCULATED 
| 


dg 
dQdEcy 








| 
2 





En, Mev (C.M.) 


Fic. 2. 0° neutron breakup spectrum plotted on a c.m. energy 
scale and compared with a peak (smooth curve) calculated from 
the Frank and Gammel theory. The experimental points have not 
been corrected for time resolution. The theoretical curve has been 
multiplied by a normalizing factor of 8.6 to show that the shape 
is given correctly even though the magnitude is not. 


expression 


| 19 } LOIY + 2 
M |\?= ast 2 'V solos 
where 
I np= 


T pp= (Xs(3)G/ (1,2) | U(1,2) | X(1)G5(2,3)). (4) 


(X(3)@/(1,2) | U (1,3) |X.(1)s(2,3)), 


We have taken V(r)=VU(r), and have neglected the 
interactions in the odd-parity states, since with the 
assumption of very short-range potentials, they will 
not contribute. The zero-range potential used by F-G 
can be represented by U(r)=6({r|)/)r|. With this 
potential, the form of the final-state wave function of 
the two protons is needed only at the origin. For the 
p-p system the wave function for small r is’ 


e eK 1 
ox(r)=— -|ckr coséx+— snix (5) 
Kr c 


where C is the Coulomb penetration factor and 6x is 
the s-wave p-p scattering phase shift. In the Born 
approximation for the scattering of two nucleons, the 
zero-range potential yields a value of zero (although 
there does exist a solution of the Schrédinger equation 
- D. Jackson and J. M. Blatt, Revs. Modern Phys. 22, 77 
(1950). 
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for this potential). For this reason 7,, [Eq. (3) ] is 
zero. However, /,» [Eq. (4) ] is finite because of the 
singularity in ¢x«(r). To calculate J,,, we take the 
coordinate system 


f=f3— fo, X=—f)-—fe. 


Then 


I= fe K’(t— 30) *(x)U (x)a(re'®o 2-1 drdx 


= {caren Niue 


4or sind e®K"’ 
= fe i(K’+3Ko)-tg o(r)dr, (6) 
K"C 


*()U(x)dx fc i(K’+1Ko) th (r)dr 


where the kinematical equations and definitions of the 
wave vectors are given in reference 2. The integral 
which appears here can, of course, be readily evaluated. 
However, instead of a direct evaluation of this integral, 
Frank and Gammel’ write down the expressions for 
p-d elastic scattering which contains a similar integral, 
and then evaluate the integral in terms of the experi- 
mentally measured elastic scattering cross section. 
When this procedure is extended to the calculation of 
I »p, We obtain finally 
1 doe) i Ang 
3 mi Nani 
where the elastic scattering cross section is to be 
evaluated at the angle corresponding to the same 
momentum transfer as for the inelastic scattering 
problem. When evaluated in this manner, the F-G 
theory gives a peak in the neutron energy spectrum of 
the right shape and position, as shown in Fig. 2. How- 
ever, the magnitude of the peak is low by an order of 
magnitude. (Note that the theoretical curve in Fig. 2 
has been normalized.) This is not surprising, since 
physically one would expect the high-energy neutrons 
to come from the incident proton striking the neutron 
and knocking it in the forward direction, which is the 
In» contribution to Eq. (2). However, this particular 
contribution vanishes in the F-G theory, because of 
their treatment of the zero-range potential. Accord- 
ingly, in the next section, we estimate the contribution 
of J,» in a rather simple manner. This term does then 
make a larger contribution to the production of high- 
energy neutrons than the /,, term. 


PP» 


doin 


(7) 


) 2x sin*6x, M x 
(Qeh)? KoK"” 


dQ’'dE’ Qa Cc? 


FURTHER APPROXIMATION 


In order to obtain a nonvanishing contribution from 
In» in Eq. (2), we adopted a potential of the form 
’(r)=6(r). With the coordinate system 


f=fe—63, X=Mm—}(ret+8s), 
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the integral /,,, becomes 


Tg fo 8G (at B1) 
XU (x—}rda(re'**drdx (8) 


-fe hi (K’—Ko) the ,,*(r)ba(r)dr. 


We now need to know ¢x(r) not just at the origin, 
but in a region 0<r<radius of the deuteron. Outside 
of the region of nuclear forces, ¢« has the form 


ox(r)=F x(r) cos6+Gx(r) sind. 
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Fic. 3. 0° neutron breakup spectrum plotted on a c.m. energy 
scale and compared with a peak calculated from the potential 
V(r)=V8(r). The theoretical peak has been multiplied by a 
normalizing factor of 0.28. 


We take 


Kr v2 
pac sink — cos( _ kr), 
2R 3 


“ 


(9) 


1 sinKr r r 
G= [osx —+ {in<+-2y+40m)-1) | 
Cc Ke “RN R 
where R=e?/mc?, n=e?/hv, and h(n) is defined in 
reference 4. This representation is reasonably good over 
the required range of integration. We have used this 
form down to r=0, although it should be modified inside 
the range of nuclear forces. Calculations showed that 
the modification is not important for these considera- 
tions. It turns out that the first terms in the F-G ex- 
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Fic. 4. 0° experimental neutron spectra at several bombarding 
energies, plotted in c.m. and uncorrected for time resolution. The 
arrows indicate calculated maximum energies for the spectra. The 
data are those of Nakada and co-workers.’ 


pansions are dominant, so that the approximations 
made in the second terms are sufficiently accurate for 
our purposes. The integrals that one obtains from Eqs. 
(8) and (9) can be solved analytically, but the results 
are lengthy and it seems hardly worthwhile to quote 
them. The potentials 'V,,* and *V,,* were chosen by 
calculating the m-p scattering cross section, using 
U(r)=6(r), in the Born approximation, at the same 
incident energy, and choosing the potentials to give the 
experimental ”-p cross section. 
The integral /,, in Eq. (2) was also evaluated: 


Io fA (EHD 
XU (x+4r)oa(re'®*drdx. (10) 
Since the potential U(r)=6(r) would cause a diver- 


gence in J», we used a square-well potential!: 


r<2.63X10-" cm 
r>2.63X10-® cm. 


V(r) = —13.2 Mev, 
V(r)=0, 


The Coulomb contribution to V(r) was calculated to be 
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Fic. 5. 0° neutron peaks calculated in Born approximation, 
which are to be compared with the experimental results shown in 
Fig. 4. A 30° curve (c.m.) at 8.9 Mev is also shown. 
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small for our purposes and was neglected. Putting 
z= Xx-+3r, we obtained 


Typ = (2m) 'ba(4Ko+K’) i $x(2) 


XV (s)etKotiK-zdz, (11) 
Upon evaluation, the contribution to M from I,» 
turned out to be about 15% of the contribution from 
I np at 9-Mev bombarding energy. This result is then in 
agreement with the notion that the main contribution 
to the high-energy neutron scattering results from the 
n-p interaction. 

Figure 3 gives a comparison of the calculations of 
this section with experiment at 8.9 Mev. The calculated 
values are too high, although the discrepancy is not as 
large as with the F-G model. Figures 4 and 5 illustrate 
the progressively poorer fits to the magnitude of the 
peak as the bombarding energy is decreased. 

As with the previous calculation, the shape and 
position of the high-energy peak is given quite accur- 
ately. One can conclude from this that the shape and 
position of this part of the neutron energy spectrum is 
primarily dependent on the final-state interaction of the 
two protons—particularly the Coulomb interaction. If 
there were no Coulomb interaction, as would be the 
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case for the (,d) reaction, then this peak would occur 
practically at the maximum-energy position and have a 
very narrow width. It is the Coulomb interaction which 
causes the shift in position to roughly 0.5 Mev below 
the maximum-energy position and increases the width. 
It is apparent that as the incident energy is de- 
creased, it will be a less and less good approximation to 
consider separate energy regions in which either the 
n-p or p-p final-state interaction is dominant. Rather, 
both will be effective in distorting the final-state wave 
function, which, of course, becomes difficult to treat. 
This is a consequence of the fact that when the velocity 
of the incoming nucleon becomes equal to, and less (at 
about 7 Mev) than, the internal velocities of the 
deuteron, there is a polarization of the deuteron, which 
must be taken into account in order to obtain any 
quantitative agreement with experiment. In the method 
of F-G, these effects seem to be partially taken into 
account by their use of the impulse approximation. 
This accounts for the fair agreement of Frank and 
Gammel’s calculation with a substantial part of the 
experimental results. 
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Analysis of C’-+d Reactions* 


M. T. McELuistrEMt 
University of Wisconsin, Madison, Wisconsin 
(Received March 3, 1958) 


The C"(d,d)C” scattering is analyzed at two levels in N™, one at 12.42-Mev excitation and the other at 
12.60 Mev. The lower level is assigned as 4~ and the upper as 3*. A nuclear radius is assumed and reduced 
widths are obtained for the two levels. With the aid of the reactions C2(d,p)C® and C!2(d,p)C™* (3.09-Mev 
level), partial level widths for the three modes of decay of N™ are obtained. Both (d,p) reactions are shown 
to be consistent with the presence of stripping amplitudes and resonant compound nuclear amplitudes and 
also consistent with the B+a data of Shire et al. for the same excitation region in N™. The (d,p) angular 
distributions are analyzed to obtain the reduced neutron widths of the ground and first excited states of C™. 

An appendix gives an explicit partial-wave expansion of the differential cross section for reactions involving 
incident spins of 0 and 1 and outgoing spins of $ and 3. 


INTRODUCTION 


HE differential cross sections for the C"(d,d)C¥, 
C"(d,p)C® (ground state), and C?(d,p)C™* (first 
excited state) reactions have been measured and pub- 
lished.! The present paper gives a partial analysis of 
those measurements. 


* Work supported by the U. S. Atomic Energy Commission, and 
by the Graduate School from funds supplied by the Wisconsin 
Alumni Research Foundation. 

t Now at University of Kentucky, Lexington, Kentucky. 

1 McEllistrem, Jones, Chiba, Douglas, Herring, and Silverstein, 
Phys. Rev. 104, 1008 (1956), henceforth referred to as I. 


Recent attempts to obtain a more complete treatment 
of the (d,p) and (d,) reactions than has been provided 
by the Butler approximation have introduced the 
Coulomb interaction, the nuclear interaction of incident 
deuteron with the target and the interaction of liberated 
particles with the residual nucleus (references contained 
in I). The formulations of Tobocman,’ Grant,’ and also 
that of Thomas* include all of these modifications. The 


2 W. Tobocman, Phys. Rev. 94, 1655 (1954) ; W. Tobocman and 
M. H. Kalos, Phys. Rev. 97, 132 (1955). 

81. P. Grant, Proc. Phys. Soc. (London) A67, 981 (1954). 

4R. G. Thomas, Phys. Rev. 100, 25 (1955). 





ANALYSIS OF C!8+d REACTIONS 


parameters introduced into the (d,p) and (d,n) ampli- 
tudes by the deuteron-target and liberated particle- 
residual nucleus interactions may be determined from 
the elastic scattering of deuterons by the target and the 
elastic scattering of the liberated particles by the 
residual nucleus, respectively. Therefore, if one should 
include the elastic scattering of protons by C® with the 
cross sections of I, one would have enough information 
to attempt a rather complete analysis of the C”(d,p) 
reaction,® at least away from resonances. Such analysis 
should yield a reliable value for the neutron reduced 
width of C®, 

Of the formulations mentioned above, ‘Tobocman’s” 
neglects the compound-nucleus amplitudes in the (d,p) 
reaction and treats ‘‘resonances” as the result of the 
scattering of (stripped) protons by the residual nucleus. 
On the other hand, Thomas’s‘ formulation is specifically 
concerned with both compound-nucleus and stripping 
amplitudes in (d,p) and (d,n) reactions. Our analysis 
shows that the cross sections of I are consistent with the 
point of view adopted by Thomas in the vicinity of 
resonances. Although the C"+ scattering cross sec- 
tions are not available in the desired energy range (~5- 
Mev protons), we are able to obtain many of the proton 
parameters from a comparison of the cross sections of I 
and the B"°(a,p)C® cross sections of Shire et a/.* The 
parameters of the C’+d interaction are obtained at the 
two most prominent resonances from an analysis of 
C"(d,d)C”. This analysis yields the spins, parities, and 
deuteron widths of the two corresponding N* levels. 

A detailed quantitative analysis of the C"(d,p)C* 
cross sections has not been attempted. Instead, the 
neutron reduced widths of the C® ground and first 
excited states are determined by an approximate analy- 
sis of the (d,p) angular distributions. For this analysis, 
the method of Bowcock’ is employed. This method is 
expected to yield widths in which one might place 
greater confidence than one usually attributes to values 
obtained from a direct comparison of Butler’s formalism 
and the experimental cross section. 


C#(d,d)C® ANALYSIS 


The deuteron scattering data present two resonances 
which are quite strong, and which one might hope to 
analyze as “isolated” resonances. These occur at 
Ea=2.502 Mev and E,=2.735 Mev. The differential 
cross section for the elastic scattering of spin 1 particles 
by spin 0 nuclei has been published.’ The formulas and 
notation of reference 8 are used throughout this analysis. 
In this scattering, levels of a given total angular mo- 
mentum (/) and parity may be excited by two values of 


5 This statement requires the additional assumption that all 
competing reactions other than the C”(d,p) reaction are small 
compared to the two mentioned elastic-scattering cross sections. 

6 Shire, Wormald, Jones, Lunden, and Stanley, Phil. Mag. 44, 
1197 (1953). 

7 J. E. Bowcock, Proc. Phys. Soc. (London) 68, 512 (1955). 

8A. I. Galonsky and M. T. McEllistrem, Phys. Rev. 98, 590 
(1955). 
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the orbital angular momentum (/) of the deuterons. 
However, we begin the analysis by assuming that only 
one / value enters a given resonance, or that orbital 
angular momentum is conserved as well as total angular 
momentum. We shall see that this assumption is rather 
reasonable for these particular resonances, 

‘~The apparent complexity of the analysis is greatly 
mitigated by several features of the scattering formula 
of reference 8. As mentioned there, for example, if the 
resonant cross section at 90° should dip below the cross- 
section level near the resonance, then the compound 
nuclear state must have even parity. Another restriction 
is placed on the resonance by the Wigner limit, which 
specifies that yz, .°< $(#’/ua), where s denotes a particu- 
lar mode of formation, uw denotes the reduced mass of 
the deuteron and a denotes the nuclear radius. Since the 
penetrability (1/4?) decreases rapidly with increasing /, 
an upper limit on the possible / value of the resonance is 
obtained from the experimental width (3! =ky?/A/?). 
Data taken at angles near 180° simplify the analysis 
because at 180° the spin-orbit coupling terms in the 
scattering formula, which contain sin@ as a factor, 
vanish. Also the resonant amplitude has its maximum 
value at 180°. Finally, in this energy range the Coulomb 
phase shift a, varies rapidly with /. Consequently the 
interference of the resonant amplitude with the non- 
resonant ones changes rapidly with /. By studying the 
scattering at forward angles, where the interference of 
the resonant amplitude is quite apparent, one may place 
quite restrictive limits on the / value of the resonance. 
In fact, since both the Rutherford amplitude and the 
Coulomb phase shifts are well determined, the forward- 
angle data may uniquely fix the / value. 


2.502-MEV RESONANCE 


The first problem is the determination of the orbital 
angular momentum of this resonance. To put an upper 
limit on the / value, we use the Wigner limit. From a 
comparison of the (d,d) data and Shire’s B-+a@ data, 
we see that the most important mode of N“ formation at 
this resonance is deuteron formation. Consequently, we 
assume that I'g/I'20.5. This assumption together with 
the Wigner limit tells us that for /=4, I< 12 kev and for 
1=3, !'<175 kev. The experimental value is I'.x,=47 
kev (lab.)=40.3 kev (c.m.); consequently we can cer- 
tainly say that /¢4, With this restriction, the pro- 
nounced dip at 59° (c.m.) plus the following arguments 
permit only /=3. First, /=0 would not enable us to 
reproduce the large back-angle (169.3°) cross section, 
even if 'g/I'=1. For /=1, we get both constructive and 
destructive interference at 59° (c.m.), and the destruc- 
tive interference is much too weak to fit the data. For 
1=2, we would have very little resonant effect and very 
little interference at 59°, because P2(@)=0 at 55°, and 
is still very small at 59°. For /=4, we would have too 
large a resonant effect at 90° unless I’ 2/I'<0.2; for such 
a small I',/I’, the back-angle cross section would be too 
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c?2(d,4)c! 
Ep=2.502 MEV 


Bow = 169.3° 


(CM) — mb/ster 


do 
dw 
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Fic. 1. Deuteron elastic scattering resonance at @=169.3° c.m. 


The solid points represent the data, and the curve is the theoretical 
fit for J=4- and pure F-wave excitation. 


2.44 2.59 


small by about an order of magnitude. Consequently 
j=3. 

The allowed J-values (for an /=3 resonance) are 2-, 
3-, and 4-. For 2-, the large back-angle cross section 
observed cannot be reproduced, even if we assumed 
Il’ ,/T' =1. As can be seen from the scattering formula of 
reference 8, there is a large resonant, spin-orbit inter- 
action amplitude for J=/ (term labeled £).* Such an 
amplitude cannot interfere with the Coulomb amplitude. 
At 59° (c.m.), therefore, we find it impossible to obtain 
the large dip observed if J=/. The only remaining 
single-level possibility for this resonance is J/=4-. 

The calculated fit to the cross sections for /=4- is 
shown for the back angle and for 59° (c.m.) in Figs. 1 
and 2. The parameters which have been deduced from 
the fit to the cross sections are listed in Table I. 


2.735-MEV RESONANCE 


The Wigner limit in this case limits the / values such 
that once again /< 4. Here also we obtain qualitative 
help from the data near 90° (c.m.) (Fig. 9 of I). Since 
the cross sections at the beginning of the resonance dip 
well below the value expected from Coulomb-+ potential 
scattering, the / value entering this resonance must be 
even. For /=0, if 'a/T!'=1, the cross section can just 


Taste I. Level parameters from C#(d,d)C” analysis. Re- 
duced widths are calculated on the assumption that ro=4.25, 
X 10733 cm. 


Ea (Mev) r (c.m.) 





2.502 40 
2.735 47 








equal the measurements at the back angle. Such a large 
I'z/T here is impossible, in view of the fact that the 
resonant (d,p) cross section to the first excited state of 
C* is as large as the (d,d) cross section. (See Fig. 10 of 
I.) In addition, this assumption (/=0, '4/l!' =1) would 
produce a pronounced dip followed by a slight “hump” 
at 59° (c.m.), neither of which is observed. For /=4, the 
cross section at 96° (c.m.) would begin with a rise or 
hump followed by a dip, just the opposite of what is 
observed. The only remaining even / value is 2. This 
value is further supported by the lack of appearance of 
the resonance at 59° (c.m.), because we have already 
noted that the angle factor P2 is very small at this angle. 
With /= 2, there are three possible J-values, 1+, 2+, and 
3+. With J/=1*, in order to fit the back-angle data we 
must have I'4/I">0.9, which (we have already seen) is 
not possible. For J=2*, we have (at 96°) the difficulty 





250 


(C.M.) — mb/ster 


do 
dw 


c2(d.d)c"? 

Ep= 2.502 MEV 
Boyz 59° 

50 l l 











249 2.54 2.59 


ENERGY IN MEV 


Fic. 2. Deuteron elastic scattering resonance at @=59° 
The solid points represent the data, and the curve is the theoretica 
fit for J=4- and pure F-wave excitation. 
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we mentioned for the J=/ possibility at the 2.502-Mev 
resonance, namely, that the large spin-orbit term for 
this case reduces interference effects at the resonance. 
In fact, we would need '2/T =1 at 96° (c.m.) in order to 
reproduce the interference observed there, and this 
ratio is not possible. The only remaining possibility is 
J =3*. This possibility has been checked at 59° (c.m.), 
96° (c.m.), and the back angle 169.3° (c.m.). It is found 
that it does reproduce the shapes and cross-section 
variations at these angles. A detailed fit to the cross 
sections over the region of the resonance has not been 
calculated; however the parameters of the level (listed 
in Table I) have been extracted from the magnitude of 
the cross-section variations at the angles mentioned. 
At the beginning of the analysis, we assumed that 
orbital angular momentum was conserved, and then 





ANALYSIS OF 


fixed the two resonances analyzed as /=3 and /=2 at 
2.502 Mev and 2.735 Mev, respectively. If we do not 
assume conservation of /, then we could have additional 
contributions from /=5 and /=4 at 2.502 Mev and 2.735 
Mev, respectively. At the lower energy resonance, how- 
ever, the Wigner limit on the width restricts the /=5 
contribution to less than 1% of the total, so that / 
conservation seems a very good assumption here. At the 
higher energy resonance this restriction would allow the 
1=4 contribution to be < 25%. For this case, however, 
we have already noted that an /=4 amplitude would be 
shifted in phase from the /=2 amplitude by an angle 
near 180°. An /=4 contribution would then tend to 
cancel the /=2 interference observed at 96°. In order to 
fit the magnitude of this interference, it was necessary 
to make I'4/T’ quite large. Adding an appreciable /=4 
term would force us to take '4/I’ appreciably larger to 
fit 96°, and this does not seem very reasonable. 

We note also that the “potential” phases which we 
found necessary to fit the data depart radically from the 
‘hard sphere” phases usually employed in this type of 
analysis. We assume that this is the effect of several 
nearby resonances which are not Specifically treated in 
the analysis. Since we do not deduce our “potential”’ 
phases from hard-sphere scattering or any other po- 
tential, we are not able to fix a nuclear interaction dis- 
tance from the data. For this parameter, we have 
arbitrarily assumed that ro=ro'A', where ro’ =1.22 
X10- cm. The reduced widths listed in Table I depend 
on this choice of ro. 

Shire ef al.® and Shire and Edge’ have observed all of 
the resonances of I in their study of the B’+-a reactions, 
including the two analyzed above. They were able to 
assign a spin of 4 to the lower energy resonance, and 
our assignment is in agreement with theirs. 


(d,p) RESONANCES 


We have noted, in I, the close correspondence between 
the anomalies in the elastic scattering data and in the 
C"(d,p) reactions (see Fig. 10 of I). In order to test 
whether these (d,p) ‘‘resonances”’ could be interpreted 
as the result of single levels in the compound nucleus 
(N"), the C?(d,p)C™ (ground state) data at the 2.735- 
Mev resonance was separated into a resonant and non- 
resonant amplitude via the following formula: 


do 1 
—~—|A,+Ar|?, 
dw k? 
where 
(T'pI'a)! ’ 
Ar=C(|A,,.’|,5,s’)—— singe*. 
P 


A; is the nonresonant amplitude, defined in terms of the 
A, (A... is the nonresonant amplitude for a given 
state of incident and outgoing channel spins and 
polarizations; s, s’ are indices specifying the channel 


°F. S. Shire and R. D. Edge, Phil. Mag. 46, 640 (1955). 


Ci#+d RE 


ACTIONS 








ANGLE (C. M.) 


Fic. 3. C#(d,p)C™ (ground state) data at Ez=2.735 Mev. The 
“remainder” cross sections (1/k?|A,|*) after the resonant ampli- 
tude has been subtracted from the data are shown as box points 
(dashed curve). The circle points (solid curve) represent the 
measured cross sections at the 2.735-Mev resonance. 


spins and polarizations), and [(I',I'a)!/I'] sinBe* is 
the familiar Breit-Wigner amplitude with tan8=43T'/ 
(Er—E£). This formula has been shown to be a valid 
expression for the cross section in the vicinity of a single 
resonance.'” 

The separation was undertaken with the parameters 
listed in Table I for this resonance: [T! =47 kev (c.m. 
system), Erg=2.735 Mev (lab. system) ]. It was found 
possible to fit the data at all angles to well within the 
experimental error. Figure 3 shows the C"(d,p)C% 
angular distribution on the resonance, and also shows a 
“remainder” distribution, after the resonant amplitude 
(Ar) has been extracted from the data. The latter 
distribution is similar to one obtained away from 
resonances (see Fig. 5 of 1). 

The angular dependences of the resonances in the 
C"(d,p)C* reaction are consistent with the assumption 
that they are the result of compound-nucleus ampli- 
tudes. To discuss this, we must know the orbital angular 
momentum (/’) of the outgoing protons as well as that 
of the incoming deuterons (/). The intrinsic parity of 
C*-+ is the same as that of C’+d, and there are only 
two possible outgoing channel spins, 7’=0 and 1 (for 
notation and formulas see Appendix). From the two 
analyzed scattering resonances we found J=/+1, and 
hence in this (d,p) reaction only j’=1 can contribute to 
the resonances. The j'=1 part of the cross-section 
formula has a spin and orbital angular momentum 
dependence identical to that of the C?(d,d)C” formula.® 
Also the outgoing proton energy is approximately equal 
to the incoming deuteron energy, and thus the argu- 
ments which suggested orbital angular momentum 
conservation in the resonant deuteron scattering would 
apply also to this (d,p) reaction. 

At the 2.502-Mev resonance we found the assignment 


10 W. Haeberli, Phys. Rev. 99, 640(A) (1955). 
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TABLE II. Ratios of partial widths to total widths, compound-nucleus intensity factors, and (I',/I’)*.* 
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Eex in 
N'* (Mev) 


Eine (lab) 


(Mev) ra/T l'y,/T 


0.55 0.04 
0.63 0.4 
0.065 0.012 
0.14 0.006 


Reaction 





12.41 
12.60 
12.69 
12.78 


(2.502 
\2.735 
(1.51 
\ 1.64 


C#4d 


BY+a 


(Tal p,/T?) (Tal pp/T'?) (U'p,/T)? 
xX 102 x 102 


(T'p,/T)? 
02 102 


r,/T x10 





0.01 (0.007)> 
0.06 

0.045 

0.013 


0.01 
0.36 
0.20 
0.01 


0.16 
16 

0.01 

0.004 








® Eine (incident energy) =Eq for B“®+a; =Ea for C“+d. pe—proton group to g 
» Obtained from B'°+a data and data on elastic scattering of deuterons from C, 


J=4-, 1=3 from an analysis of the deuteron scattering. 
For /’=3 protons we expect the resonant effects near 
140° (c.m.) and also near 90° (c.m.) to be small, because 
the amplitude of this orbital angular momentum com- 
ponent is zero at these angles. We see that the data 
(Fig. 8 of I) have this behavior. At the 2.735-Mev 
resonance we found the assignment J = 3+ and /=2. For 
l’=2 protons we expect reasonably large resonant ampli- 
tudes near 90° (c.m.), larger effects there than at any 
angles except those well beyond 125° (c.m.). This is 
observed in the data. That is, the 90° (c.m.) (d,p) data 
show the resonance more strongly than any other angle 
except the two largest angles, 141°(c.m.) and 169° (c.m.). 

We would like now to discuss the resonant magnitudes 
in more detail. To do this, we shall need the formulas of 
the appendix and a notation for partial widths: 


I'g=partial width for formation by C”+d, 
I',o=partial width for formation by C® (ground state) 


p, 

I'p;=partial width for formation by C™* (first excited 
state)+), 

I',=partial width for formation by B™ (ground state) 
+a, 

opo=differential cross section for C"(d,p)C® (ground 
state), 

op, = differential cross section for C(d,p)C™* (3.09-Mev 
state). 


The stripping amplitudes indicated in the appendix are 
not explicitly written down here, but may be obtained 
from the paper of Thomas‘ or that of Tobocman and 
Kalos.? With the aid of the formulas and the resonant 
parameters determined in the elastic scattering analysis, 
we are able to fix the proton partial level widths for the 
two prominent resonances of I. 

Shire et al.6 have covered the same excitation region 
of N** in the B-+a reactions as we have in the C”+d. 
They have analyzed their data to obtain N™ level 
parameters for levels near the two we analyzed. The 
partial widths for four N™ levels, the two we analyzed 
and two analyzed by Shire ef al., are tabulated in 
Table II. We have also tabulated the relevant factor 
I'dJ',/I? for compound nucleus formation in the (d,p) 
reaction. 

In the analysis of the elastic scattering, no effort was 
made to obtain a unique set of potential phases which 
would insure a fit to the cross sections at all angles, and 


round state of C3. :—proton group to first excited state of C™, 


it is not clear that there is a unique set. Consequently 
all of the partial level widths in Table II are uncertain 
by about 10 to 15% of the quoted values. In addition, 
I'p;/f at the 2.502-Mev resonance was obtained from 
data at angles such that the ‘‘off-resonant”’ cross section 
was comparable to the cross section on resonance. These 
angles were 56°58’ and 122°28’ (see Fig. 8 of I). Since 
the nature of the interference between the ‘‘off reso- 
nant” amplitude and the resonant amplitude is not 
known, the value quoted in Table IT (0.04) could be too 
large by as much as a factor of 2. This value was 
extracted assuming that the interference mentioned was 
negligible. 

The relative sizes of the I'¢/I’ from B"-+a analysis 
and those from C+d analysis explains why the former 
two resonances appear so weakly in the C"(d,d)C” 
reaction (at Eg=2.954 and 2.986 Mev, Fig. 10 of I). 
The compound-nucleus factors for the (d,p) reactions 
also explain the fact that the two higher-energy reso- 
nances are not even identified in the (d,p) reactions. 

A quantitative comparison can be made between the 
partial widths obtained for the two levels analyzed by 
us from the C”+d data and the data of Shire e¢ al. for 
the same two levels, although the B+<a data have not 
been analyzed at those levels. We have noted earlier 
that at these two resonances the spins and parities are 
such that the spin and orbital angular momentum de- 
pendences of the C"(d,d)C” and C”(d,p)C* (3.09-Mev 
level) are the same. For the same reasons the spin and 
orbital angular momentum dependences of the B%(a,d)C” 
and B(a,p)C* must also be the same. Consequently 
the ratio of these two B'-+a cross sections at 90° (c.m.) 
gives us directly the ratio of their “compound-nucleus 
intensity factors.” For B(a,d)C™, the factor isT' I’ ¢/T?, 
and for B"(a,p)C"* the factor is I'l’ p;/I*. These ratios 
are I'p;/I'g=0.082 at the 2.502-Mev resonance and 
T'p:1/T g=0.92 at the 2.735-Mev resonance. From the 
C”+d partial widths in Table II, extracted assuming 
compound nucleus formation, we find I'p;/T'4=0.073 at 
2.502 Mev and J'p;/I' g=0.64 at 2.735 Mev. Since our 
ratios are uncertain by as much as 20 to 30%, and since 
there is some uncertainty in the B+ data,® these two 
sets of ratios are in good agreement. We may make one 
additional test of our compound-nucleus assumption for 
the (d,p) resonances. We may obtain a value for I'po/T 
at the 2.502-Mev resonance from the data of Shire e¢ al. 
for B°(a,p)C® (yield at 90° and angular distribution) 
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and B°(a,d)C” [yield at 90° and angular distribution if 
we normalize his B'°(a,d)C" yield to our T'4/T’ (Table 
II) }. In this way we obtain I'po/T!' =0.007 without re- 
ferring to the C"(d,p)C® data. This value agrees well 
with our value.of I'po/!=0.01 obtained from the 
C"(d,p)C® data. 

The agreement between our resonant parameters for 
C"+d and the data of Shire for the B'+-a reactions 
suggests that the same mechanism (compound nucleus 
formation) is the dominant one for both sets of reso- 
nances. We should like to turn now to the (d,p) cross 
sections “away” from resonances. The experimental 
angular distributions show significant deviations from 
the Butler stripping calculations at large angles. (See 
Figs. 4 and 5.) In fact, the C"(d,p)C® (ground state 
data is about 30 times the Butler cross section at large 
angles. If these large-angle deviations from stripping are 
caused by compound nucleus formation, we might be 
able to relate the cross sections to the B’+a reaction 
cross sections. To do this, we must select the C"(d,p)C" 
(ground state) distribution and the C"(d,p)C%* (3.09- 
Mev level) distribution at or quite near the same energy. 
Such distributions near Ey=2.88 Mev are found in 
Figs..5 and 11 of I. The ratio of the large-angle cross 
sections of these distributions (¢p;/opo) has a minimum 
of ~1.9 at 135° and a maximum of ~3.2 at 100°. We 
can also obtain this ratio (op;/op0) from the B’’+a data, 
for E. equal to such an energy that the compound- 
nucleus (N") excitation corresponds to Eg=2.88 Mev. 
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Fic. 4. C2(d,p)C® (ground state) data at Ha=2.68 Mev. The 
solid points (solid curve) represent the data. ro=nuclear radius. 
The measurements were actually made at Ez=2.656 Mev, but the 
cross sections are flat enough so that this is also a representation 
of the distribution at Ez=2.68 Mev. 
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Fic. 5. C#(d,p)C#* (3.086-Mev level) data at Eg=2.889 Mev. 
The solid points (solid curve) represent the data. r>=nuclear 
radius. 


If we interpolate between (a,p) angular distribution 
data of Shire ef al.6 at Eg=1.51 Mev and 1.64 Mev and 
make use of their 90° excitation curves, we can estimate 
o»:/or. From the (a,p) data for the two reactions 
B"(a,p)C® (ground state) and B'(a,p)C* (3.09-Mev 
level), we find op;/opc2.6+0.5, and we note that the 
ratio is quite insensitive to angle. Thus, between 
resonances, the (d,p) data at large angles behave in a 
manner consistent with the presence of compound- 
nucleus amplitudes. 

Tobocman and Kalos*® have suggested that certain 
(d,p) resonances may be interpreted as distortions of the 
stripping amplitude, and that the resonance occurs in 
the scattering of the stripped protons by the residual 
nucleus. Their calculations show that the (d,p) angular 
distributions are most seriously distorted by the reso- 
nance near the angles which correspond to the stripping 
peaks of the undistorted stripping theory. We see that 
the (d,p) data of I do not behave in this manner near the 
two prominent resonances. At the 2.735-Mev resonance, 
for example, the largest effect is at very large angles, 
where the stripping amplitude would be expected to be 
small. The resonant distortions expected at large angles: 
would be proportional to (I',/T)* if they were caused by 
the scattering of the stripped protons. These factors are 
tabulated in Table IT. On this basis, we would not have 
seen the Eg=2.502 Mev resonance in the ground-state 





602 M. 


(d,p) reaction, and the resonance expected at Eg= 2.954 
Mev should have been as prominent as the 2.735-Mev 
resonance. In C"(d,p)C™* (3.09 Mev), the 2.735-Mev 
resonance should have been 100 times as important as 
the 2.502-Mev resonance, which would mean that we 
should not have seen the lower energy resonance in this 
reaction either. Since these expectations are all incon- 
sistent with the data of I, we do not think that our 
resonances could be explained in this manner. To ex- 
plain the relative magnitudes of the resonant effect in 
the (d,p) data of I, it seems necessary that they be 
proportional to T dT’ ». 


ANGULAR DISTRIBUTION ANALYSIS AND 
C8 REDUCED WIDTHS 


The stripping cross section has been shown to be pro- 
portional to the reduced nucleon width of the residual 
nucleus."' The calculations of Tobocman and Kalos? 
have shown that the extraction of these widths from the 
measured angular distributions can result in large errors 
if the relatively simple formalism of Butler is the basis 
for the extraction. Recently Bowcock’ has introduced a 
method for extracting the widths which would tend to 
remove some of the uncertainty noted by Tobocman 
and Kalos. Bowcock’s method is an approximation 
which is based on the assumption that only low-angular- 
momentum components of the reaction amplitude are 
appreciably distorted, either by nuclear interaction 
between the outgoing proton and the residual nucleus or 
by compound nucleus formation. In order to make use 
of this assumption, it is necessary to obtain the reaction 
amplitude from the experimental cross sections. This is 
not simple, since in general the amplitude will be com- 
plex, and the cross section will be the square of its 
magnitude. Bowcock has developed an approximate 
method for extracting the real part of the reaction 
amplitude from the data. He then expands this ampli- 
tude and the Butler amplitude (which is real) in terms 
of the angular momenta of the outgoing protons. Instead 
of comparing the total extracted amplitude with the 
total Butler amplitude, only the higher angular mo- 
mentum components are compared with each other. 

For deuteron energies not well above the Coulomb 
barrier, the Coulomb distortion of both deuteron and 
proton wave functions will also be important. The 
most useful calculations of this effect for light nuclei 
are the approximate calculations of Yoccoz.” He finds 
that the principal part of the effect is a reduction 
in magnitude of cross sections at all angles, with 
only a slight distortion of the angular distribution. 
Yoccoz writes an expression for the reduction factor /: 
fa=p(na,0)[nae—*"4/sinh(ana) |, where »=Zze?/hv and 
the dependence on @ represents the distortion of the 


11 R. Huby, Progress in Nuclear Physics (Butterworths-Springer, 
London, 1953), Vol. 3, p. 177; F. L. Friedman and W. Tobocman, 
see reference 2; S. Yoshida, Progr. Theoret. Phys. (Japan) 10, 1, 
370 (1953). 

2 J. Yoccoz, Proc. Phys. Soc. (London) A67, 813 (1954). 
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distribution. Neglecting the 6 dependence, p may be 
expanded as a power series in 7’. We find empirically 
that if we set p=7’, the factor f correctly extrapolates 
from one of Yoccoz’ numerical calculations (n=0.7) to 
another (n~1). Since our 7’s were within the range 
defined by the n’s of Yoccoz calculations, we have 
interpolated between his calculated reduction factors 
for Be*(d,p) and Be®(d,x). We used f with p=»? for the 
interpolation. In addition there is the assumption that, 
aside from the difference in n, the Coulomb effects for 
the Be®(d,p) reaction will be the same as those for 
C®(d,p). 

We have used Bowcock’s methods in analyzing the 
C”(d,p)C (ground state), C’(d,p)C* (3.09-Mev level) 
and C"(d,n)N® (ground state) angular distributions. 
Figure 5 shows the data and two Butler distributions for 
the C?(d,p)C™* reaction. It is clear that the distribution 
for the smaller radius provides th etter fit. The (ap- 
proximate) real part of the reaction amplitude ez (6) and 
the Butler amplitude 5(6) normalized to the data at 
forward angles are shown in Fig. 6. The expansion of 
er(@) in terms of the outgoing proton angular momenta 
(l’) is 
er=—0.17Po+7.67P1+3.25P2+0.35P3 

+0.95P4+0.39P5+0.26P.+0.30P;, 


and the expansion for b(@) is 


b=0.80Po+-4.16P1+3.88P2+ 2.06P; 
+1.08P4+0.55P5+0.39P.+0.45Pz, 
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Fic. 6. Approximate real part of the reaction amplitude [in 
unit of (mb/sterad)!] and Butler amplitude of Fig. 5, normalized 
to the data at the smallest angle. The solid points represent the 
data extractions and the solid curve has been drawn to join three 
points smoothly. 
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where the P;=P;(cos#) are Legendre polynomials. 
Bowcock suggests that a criterion for the validity of his 
assumptions and approximations is the constancy of the 
ratio of coefficients of corresponding terms in the two 
expansions beyond some minimum value of /’. We see 
that for /’<3, the coefficients are certainly not in, con- 
stant ratio, but for /’24, the ratio is reasonably con- 
stant. The average of the ratios for /’>4 is 6/ér=1.38. 
Thus, if we extract the reduced width of the C® ground 
state from the total Butler angular distribution nor- 
malized to the total experimental cross section at the 
Butler peak, then this width must be divided by 
(1.38)?= 1.9 to allow for the high angular-momentum 
comparison. 

Figure 4 contains the angular distribution to the 
ground state of C™ as well as two Butler curves for the 
radii shown. Here, the larger radius seems to fit best. 
This radius is also the one used by Holmgren et al.'"® to 
fit their data. It would seem surprising that the ground 
state of C should require a much larger radius than the 
first excited state, especially since the relative cross 
sections to the two states indicate that the neutron 
width is much larger for the excited state. Benenson 
et al.‘ found that the C(d,n)N™® (ground state) reaction 
is well fitted with a radius of 4.7X10-" cm. Many 
stripping reactions in the light nuclei have been fitted 
with radii of 5X10-" cm or less, including this one 
[C#(d,p)C* (ground state) |] at a bombarding energy 
Ea=8 Mev." In order to determine what could cause a 
need for a larger radius at Eg=2.5 Mev, a proton 
angular momentum expansion was carried out for both 
Butler curves of Fig. 4. For r79>=6.5X 10-" cm, we obtain 


b=0.75Po+2.78P,+1.70P2—0.32P3 
—0.99P,—0.88P;—0.65Ps—0.52P3. 
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Fic. 7. C#(d,p)C™ (ground state) amplitudes. The solid curve is 
the approximate real part of the reaction amplitude minus the 
l’=0 term. The dashed curve is the Butler amplitude minus the 
l’=0 term. 
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18 Holmgren, Blair, Simmons, Stratton, and Stuart, Phys. Rev. 
95, 1544 (1954). 

4 Benenson, Jones, and McEllistrem, Phys. Rev. 101, 308 
(1956). 
18 J. Rotblat, Nature 167, 1027 (1951). 
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For ro=4.7X10-® cm, we obtain 


b=1.49Po+2.85P,:—0.88P2—0.88P3 
—0.90P,—0.77P5—0.58Ps—0.45 P7. 


The principle difference between the two curves is in the 
components for /’< 3. These are just the ones expected 
to be strongly affected by compound-nucleus amplitudes 
and nuclear distortion of the incoming- and outgoing- 
particle wave functions. We note also that Butler curves 
for r9= 4.7 X10-* cm fit both reactions which prefer this 
radius [C"(d,n)N™ and C"(d,p)C"*] better than any 
Butler curve fits C"(d,p)C. For the reasons outlined 
we have assumed that the correct radius for all three 
reactions is ro>=4.7X10-* cm. The proton momentum 
expansion yields, for the distribution of Fig. 4, 


€r=0.36Po+5.43P1+0.23P2—0.55P3 
+0.36P,—0.96P5—0.17Ps—0.505P3. 


Bowcock has mentioned that if the cross section at large 
angles is large compared to the Butler cross section, as is 
often the case for /,0 (/,=angular momentum of the 
captured neutrons), the individual expansion terms may 
not agree well, even for large /’. He then adopts the 
alternative procedure of subtracting terms for small /’ 
until the remainder curves agree well with one another. 
This procedure was adopted here. Figure 7 shows the 
remainder curves (renormalized to one another at the 
peak) after the /’=0 terms have been subtracted from 
both expansions. Good agreement was not obtained 
until all of the terms for J’ < 4 had been subtracted from 
both curves. Figure 8 shows this final agreement at 
forward angles. We require agreement at only forward 
angles, since we expected that most of the cross section 
at large angles was not stripping. A similar analysis was 
carried out for the C"(d,p)C™ angular distribution at 
Ea=3.26 Mev. 

The two C"(d,n)N™ angular distributions of Benenson 
et al.!® were measured at Eg=2.68 Mev and Ey=3.26 
Mev. Figure 9 shows the (approximate) real part of the 
reaction amplitude extracted from their data and also 
the Butler amplitude, normalized to their data at the 
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Fic. 9. C8(d,n)N® (ground state) amplitudes. The solid curve 
is the approximate real part of the reaction amplitude and the 
dashed curve is the Butler amplitude. The Butler amplitude is 
normalized to the data at the stripping peak. The “point” at 150° 
is not a measurement, but an extrapolation from the trend of the 
data below 90°. 


Butler peak. The two curves are brought into good 
agreement (Fig. 10) by subtracting a fixed amount of 
the /’=0 term from the experimental data and re- 
normalizing the Butler curve to the remainder of the 
data. The angular distribution at Ez=3.26 Mev is 
treated in the same way, except at this energy it is 
necessary to adjust both the /’=0 and /’=1 terms to 
obtain agreement between the Butler curve and the 
remainder of the data. Table III contains the results of 
the angular distribution analysis, the reduced widths in 
Mev-cm, the fraction they represent of the Wigner 
limit, the Coulomb factors (C=1/f), and the normal- 
ization factor (m) resulting from the application of 
Bowcock’s method. The factor is the ratio of the width 
which would have resulted from a direct comparison of 
the data to Butler’s theory to the width as modified by 
Bowcock’s analysis. The Coulomb factors (/) and the 
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Fic. 10. Experimental amplitude of Fig. 9 with a fixed amount 
of the /’=0 term subtracted out, and the renormalized total 
Butler amplitude. 
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angular momentum analysis factors (”) partially cancel 
each other. A value for both the C" and N® ground 
state reduced widths of (0.09+0.03)X3(h?/ua) would 
include all of the four ground state measurements. In 
addition, the average of the two reduced width measure- 
ments for each nucleus yields the same value, (0.09) 
 $(h?/ua). As we can see from the table, the procedures 
for obtaining the individual width measurements yield 
results which are uncertain by approximately a factor of 
two. The measurements of the ground state widths do 
not indicate a difference between the mirror nuclei C® 
and N™, and are therefore in agreement with the as- 
sumption of charge symmetry. Our measurement of the 
ground state reduced width is in excellent agreement 
with the value obtained by Bowcock’ from the C"(d,p)C¥ 
angular distribution of Rotblat ef al.!° at Ea=8.0 Mev. 
Bowcock quoted (0.09) X 3(h?/ua) for this width. 

The value obtained here for the C* (3.09-Mev level) 
reduced width is (0.3) X $(#?/ua). This may be compared 
with the value (0.53)X$(h?/ua) obtained by Jackson 
and Galonsky"® for the mirror level in N™. They ex- 
tracted this width from an analysis of the scattering of 


TABLE III. Reduced nucleon widths of residual nuclei as 
inferred from a Bowcock-type analysis of stripping. C= Coulomb 
factors; m is the ratio of width from simple stripping theory to that 
from Bowcock’s prescription. 


At?\71 
¥2 X1013 a ) 
(Mev-cm) ya 
0.12 
0.05 
0.09 


Deuteron 
energy 
(Mev) ; y 
2.68 1.28 # 
3.26 ’ 1.58 0.7 
8.0 1.56 
NB 2.68 Jue 2.08 0.96 0.07 
3.26 : 1.0 1.6 0.11 
2.89 y 1.9 3.9 0.3 


Residual 
nucleus 


C3 


C™* (3.09 Mev) 


protons by C™. Within the accuracy of our analysis, 
these two results are not in disagreement. This is 
especially so since the Coulomb factor is very large in 
this case (10.4) and obtained by an approximate method. 


NOTES ON FURTHER ANALYSIS 


We have analyzed two resonances in the C®(d,p) 
reaction. For this analysis we have relied upon the 
magnitude and energy dependence of the cross sections 
at a few angles. We have also shown that the angular 
dependence of each resonance is in rough agreement 
with our analysis. For the C”(d,p)C* (3.09-Mev level), 
additional information from the angular dependence of 
the resonances can be easily obtained. Since this reaction 
proceeds with /,=0, it can be shown that a stripping 
amplitude can only enter the terms F and G of the 
formula in the appendix. Thus the importance of inter- 
ference between stripping and compound-nucleus (reso- 
nant) amplitudes can be estimated. We are especially 
interested in data at two angles approximately equi- 


16H. L. Jackson and A. I. Galonsky, Phys. Rev. 89, 370 (1953). 
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distant from 90°. At such angles, if the interference 
between the resonant and stripping amplitudes does not 
change much, the size and shape of the resonance ought 
to be quite similar. The data of I (Fig. 8 of I) at 56°58’ 
and at 122°28’ provide a test of this suggestion. 

At the 2.502-Mev resonance, /’=3, and the resonant 
amplitudes of F and G contain the factor P3(cos#). Thus 
the amplitudes change sign from one angle to the other, 
but retain the same magnitudes. Figure 6 shows the 
Butler amplitude for this reaction, and we see that it 
also changes sign from one angle to the other, but 
retains approximately the same magnitude. Conse- 
quently we might expect that the interference at the two 
angles would be similar. The data show that the shape 
and size of the resonance at the two angles is quite the 
same, although the ‘‘off-resonant” cross section changes 
from one angle to the other by the factor 1.5. 

At 2.735 Mev, the resonant /’=2 and the amplitude 
is proportional to P2(cos@). This amplitude has the same 
sign at angles equidistant from 90°. Thus the relative 
phase of the stripping and resonant amplitudes might 
change by something like 180° from 57° to 122.5°, with 
quite large changes in their interference. The data at 
this energy (see Fig. 8 of 1) show a resonance size which 
changes by a factor of three for these symmetric angles. 
However, P2(cos#)=0 at 125.2° and 54.8°, and is not 
very large at our angles. Thus little of the resonance can 
result from the terms F and G, which alone contain 
stripping amplitudes. We have made detailed calcula- 
tions to see if the interference can be great enough so 
that changes in it could be used to interpret the data. 

The resonance parameters needed for the calculation 
have been determined in our analysis of the C’(d,d)C” 
scattering and the analysis of C’(d,p)C* at the back 
angle (168.7°). We have found these parameters to be 
consistent with the B!’+ea data of Shire et al. We there- 
fore regard the resonant amplitude at both angles as a 
known quantity. The calculations show that stripping 
amplitudes of such size are required that the “off- 
resonance” cross sections would be 4.7 times as large as 
they are. We conclude that it is not possible to interpret 
the data entirely in terms of a single compound nuclear 
resonant amplitude plus a stripping amplitude. A pos- 
sible explanation for the data would be the presence of 
compound-nucleus amplitudes other than the single 
resonant amplitude. They would result from the pres- 
ence of resonances observed in the data of I ‘‘near”’ this 
resonance. This suggestion would be consistent with our 
earlier observation that the ratio of the two (d,p) 
reaction cross sections ‘‘away”’ from the analyzed reso- 
nance was that to be expected from compound-nucleus 
formation. We had “predicted” the ratio from the data 


of Shire et al. 


SUMMARY 


The analysis of the data of I has yielded spins, parities, 
and partial level widths for two levels in N'*, With the 
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assumption of a nuclear radius, we have also obtained 
N* reduced widths. The resonances analyzed have been 
shown to be consistent with the assumption of com- 
pound-nucleus resonant amplitudes in the (d,p) reac- 
tions. An approximate analysis of the (d,p) angular 
distributions has yielded reduced widths for N¥ and C® 
ground states and the 3.09-Mev level in C®. Our values 
are all consistent with the assumption of charge sym- 
metry in nuclear forces. 
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APPENDIX 


We wish to express the differential reaction cross 
sections for the reactions C(d,p)C™ (ground state) and 
C”(d,p)C8* (3.086-Mev level). The differential scat- 
tering cross section for C"(d,d)C” has already been 
expressed in reference 8. Certain quantities contained in 
both reaction formulas are defined : 


A,..'; B,,.? are stripping vectors for given outgoing 
channel spin (7’) and states of incoming and outgoing 
polarizations (s,s’). See Thomas (reference 4). 


U,v’7 are components of the collision matrix and are 
obtained from the one-level approximation of the dis- 
persion formalism. 


I 
pi= >. arc tan(n/s)=}ap. 


s=l1 


a, is that of reference 8.!” 


tan(¢') = —(F,/G,)q for the incident particle. ¢"’ is the 


corresponding phase for the reaction product. 


All other quantities are defined in reference 8. 

In general, the reaction cross sections contain contri- 
butions from outgoing channel spins of 0 and 1. For the 
first excited state (d,p) reaction, only resonances whose 
J=lcan contribute to the channel of spin 0. Therefore, 
since J =/+1 for both resonances analyzed in this work, 
only the channel of spin 1 is important in the (d,p) to 
the first excited state. This limitation is of importance, 
because it means that the spin dependencies of the 
B’(a,d)C” and B'’(a,p)C* (3.086-Mev level) are the 
same. 

For the (d,p) cross section to the 3.086-Mev level, we 
require the formula for incident spins of 0+, 1+, and 
outgoing spins of 3+, 3+. For the outgoing channel spin 


17 The a: are erroneously defined in reference 8, but the nu- 
merical values of them used in the analysis of the He*+d scattering 
were obtained from the correct expression given above. 
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of 1 (i.e., 1/2+4+1/2+=1*) the reaction cross section in written below. 
terms of the collision matrix is formally identical to the , - ' , ' ' 

: ‘ . 3h / =}|F/24+1/G)/24+2 2 2 \2 
scattering formula*® with the Rutherford amplitude (R) TE ERI a vite ee KI? 
excluded. In addition there is the outgoing channel spin sin*(6) | J|?+sin?(@)| K|?. 


0 contribution. The entire cross-section formula is XK is the contribution of outgoing channel spin =0. 





F=> etrt{eiP[ (1+2)U, + (24-1)U,,'+(1-1)U 7] 

| —etrt+2P,, of (14+-1)(1+2) U1, 42! —e'*! Pf 1(I—1) 8U 1, 2’ + By 1, 
G=> ett{ett Pf (I+-1)U 1, UH +l, J +e%! +P of (1+-1) (+2) }! 
i KU 1 ye! + ei! Pf 1 (l— 1) U1, 2" } + Boo, 


’ 
erp, 


———[1(14+2)U 1," — (214+-1)U 1, '— (P-1)U 1,177) 
1(1+1) 


(1+1)}! 1 7 
tenPur| =| U, watt—erPr | U;, ut, 
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a ) CRE a. A a liad 
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1 (1+1)] 


where 


U 
Pi, 


+[TeTo"} 
U1 ~7=— —2i sinB’ exp(i8’) exp[i(ga'+ grr") ]. 
Tr 


For the (d,p) cross section to the ground state, we need the formula for incident spins of 0* and 1*, and outgoing 
spins of 3+ and 3-: 
3k (do /dw) =}| L|?+sin?(6){4| M|?+3|N|*}+4§ sin*(6)|O|*+3| P|?+3]Q]? sin?(6). 
P and Q are contributions of outgoing channel spin =0. 
L=>d e*{etot[ [1 (214-1) PPP iV 1, og’ +L (04-2) (2/43) PU i, ya] 
— eto (14-1) (+1) PP ya s+ 0-1) (+1) PP a +A, 
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om 41 Ui, 141 
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Gamma Rays from the Proton Bombardment of Mg” 


H. E. Gove, A. E. LirHERLAND, E. Atmgvist, AND D. A. BROMLEY 
Atomic Energy of Canada Limited, Chalk River, Ontario, Canada 
(Received March 24, 1958) 


Further measurements on the Mg™(p,7y)AI*> reaction at the 1.66-Mev resonance have revealed a new level 
in Al* at an excitation energy of 2.739+0.010 Mev. The level decays to the ground state, the second excited 
state at 0.95 Mev, and the fourth excited state at 1.81 Mev in the intensity ratios (8-6): (63410): (294-14). 
This new level should correspond to a resonance at 0.47 Mev in the laboratory system. A careful search for 
the resonance failed to show it and an upper limit on its value of w(I',T'y/T) is 0.6X 10-3 ev. Revised gamma- 
ray branching ratios for the decay of the level corresponding to the 1.66-Mev resonance have been estab- 
lished. The excitation energies of the first and second excited states in Al** have been measured as 
0.461+0.004 and 0.949+0.003 Mev, respectively. The Q value for the Mg*(p,7)AI* reaction is found to be 
2.287+0.006 Mev. The existence of the previously reported level at 1.61 Mev in Al is confirmed as is the 
fact that the proton width of the 0.418-Mev resonance in the Mg*(p,7) reaction is substantially greater 


than the gamma-ray width. 





INTRODUCTION 


N a previous paper! a fairly extensive series of 
measurements on the reaction Mg*(p,y)Al*®> and 
Mg*(pp’y)Mg™ were reported. The results at one 
resonance (1.66 Mev) at which no coincidence measure- 
ments were made were rather ambiguous. It was 
pointed out! that although an observed gamma ray of 
energy 2.07 Mev had the correct energy to correspond 
to a primary transition to the 1.81-Mev level it did not 
have sufficient intensity to account for all the 1.81- and 
1.36-Mev gamma rays observed in the direct spectrum. 
The possibility that a hitherto unobserved state was 
being fed was suggested. The work reported here was 
undertaken primarily to elucidate this point. A pre- 
liminary account of some of these experimental results 
has been presented previously.” 

The results of the previous work! have been inter- 
preted® in terms of the rotational collective model of 
Bohr and Mottelson.* None of the rotational bands 
required in this interpretation, however, contained 
more than three levels.! Higher members of the bands 
should exist; for example, the fourth member of the 
K=}4 band based on the first excited state of Al*® at 
0.45 Mev should occur near an excitation energy of 
2.89 Mev and have spin and parity $+. Such a level 
might be fed with appreciable probability by gamma- 
ray de-excitation of the $+ level at 3.88 Mev. 


APPARATUS 


The apparatus employed was identical in most re- 
spects to that described previously.’ The main difference 
was the use of an 80-channel Sunvic pulse amplitude 
analyzer of the Hutchinson-Scarrott® design for record- 


1 Litherland, Paul, Bartholomew, and Gove, Phys. Rev. 102, 
208 (1956). 

? Bromley, Gove, Litherland, and Almqvist, Bull. Am. Phys. 
Soc. Ser. II, 2, 178 (1957). 

* Litherland, McManus, Paul, Bromley, and Gove, Can. J. 


Phys. 36, 378 (1958). 
4A. Bohr and B. R. Mottelson, Kgl. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 
5G. W. Hutchinson and G. G. Scarrott, Phil. Mag. 42, 792 
(1951). 


Danske Videnskab. 


ing most of the gamma-ray spectra. Later in the experi- 
ment a 100-channel Chalk River transistorized ‘“‘kick- 
sorter” became available.® The latter has a much smaller 
dead time and, in addition, has an automatic decimal 
print-out system. 

As before,! enriched Mg™ targets obtained from the 
Atomic Energy Research Establishment, Harwell, were 
used. The target thickness was about 5 kev for 1.66-Mev 
protons. 

One other feature of the electronics, representing a 
modification of that previously employed and one which 
proved quite useful, allowed the “self-gated” spectrum 
to be measured directly. The output signals from the 
preamplifiers on each crystal were fed into two linear 
amplifiers in parallel. The output of one amplifier went 
to a single-channel analyzer whose upper and lower 
biases could be set independently. The output of the 
other amplifier was connected to the input of a pedestal 
free voltage gate circuit. In a coincidence experiment 
the discriminator biases were set to include a portion of 
the spectrum from one of the scintillation spectrometers 
and the single-channel analyzer output opened the 
gate allowing pulses from the linear amplifier of the 
other scintillation spectrometer to be recorded in the 
80-channel pulse-height analyzer. In order to be certain 
what portion of the direct spectrum was included 
within the discriminator biases the procedure was to 
open the gate, through which the linear amplifier output 
on one spectrometer passed, with the single-channel 
analyzer associated with the other linear amplifier on 
the same spectrometer. This was done first with the 
discriminator biases opened wide to record the direct 
spectrum, and then with them closed to include that 
portion of the spectrum required for the coincidence 
experiment. This technique was also employed recently 
in measurements involving coincidences between proton 


groups and gamma rays.’ 


® Designed by F. S. Goulding, Atomic Energy of Canada 
Limited, Chalk River, Ontario. 

7 Bromle ey, Almqvist, nO Litherland, Paul, and Ferguson, 
Phys. Rev. 105, 0s (1957) 
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Fic. 1. Yield of 2.93-Mev gamma rays. The two resonances at 


approximately 1.62 and 1.66 Mev corresponding to levels in Al* at 
3.85 and 3.88 Mev are shown. 


In most of the coincidence measurements the two 
5-in. diameter by 4-in. long Nal(Tl) crystals were 
located at 90° on each side of the beam and their front 
faces were placed as close to the target as possible 
(about two inches) in order to increase their efficiency. 
A preliminary attempt to measure a_ coincidence 
angular correlation with the crystals at about six inches 
from the target indicated that the counting rate was 
too low to obtain meaningful results in a reasonable 
time. 

A “fast-slow”’ coincidence arrangement was used for 
one of the coincidence measurements towards the end 
of the experiment. This system had a resolving time of 
about 50 musec. Otherwise the coincidence resolving 
time was about two microseconds. 


RESULTS 


Direct and Coincidence Gamma-Ray 
Spectra Measurements 


The yield of 2.93-Mev gamma rays was measured as a 
function of proton energies between 1.59 and 1.69 Mev. 
The results are presented in Fig. 1 where the broad 
resonance at 1.62 Mev and the narrow 1.66-Mev 
resonance are shown. The direct gamma-ray spectrum 
was measured at 90° to the beam on, and just below the 
1.66-Mev resonance for the same number of protons 
reaching the target. The measurement made on the 
resonance took slightly less time than that off, and 
counting was continued with the beam current reduced 
to zero until the times were equal. In this way back- 
ground from sources other than the accelerator was 
compensated for. The subtracted pulse-height spectrum 
obtained from the difference of these two measurements 
is shown in Fig. 2. The only gamma ray not observed 
previously! was that at 2.27 Mev. 

Since the gamma-ray spectrum at this resonance is 


§ Bell, Graham, and Petch, Can. J. Phys. 30, 35 (1952). 
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Fic. 2. Direct spectrum of gamma rays measured at the 1.66- 
Mev resonance at 90° to the incident beam. Measurements made 
on the resonance and just below it are subtracted to obtain the 
result shown here. 


clearly quite complex, a series of coincidence measure- 
ments was made by setting a voltage gate to accept a 
narrow band of pulse heights in various regions of the 
direct spectrum from one detector and measuring the 
pulse-height spectra in coincidence with these in the 
second detector. Some of the results are shown in Fig. 3. 
In each case the direct spectrum and the narrow band 
of pulse heights selected is shown on the upper part and 
the corresponding coincidence spectrum on the lower 
part of each drawing. The total number of protons 
striking the target was not the same for each of the 
coincidence spectra shown in Fig. 3, the relative 
amounts being in the ratio of 1:1:1.5:2:1:1.1 in order 
of decreasing energy of the gate setting [(a), (b), (c), 
(d), (e), and (f), respectively, in Fig. 3]. The qualitative 
results of these coincidence measurements are inter- 
preted as follows (reference to Fig. 11 may be helpful). 
Figures 3(a) and 3(b) show that the 2.93- and 0.95-Mev 
gamma rays are in coincidence and that the 1.16-Mev 
gamma ray is in coincidence with one of energy between 
2.93 and 2.44 Mev. Figure 3(c) indicates that the 2.27- 
Mev gamma ray (shown in Fig. 2) is in coincidence 
with a 1.61-Mev gamma ray. In the previous work’ 
the 1.61-Mev gamma ray was observed only at the 
1.20-Mev resonance (corresponding to a level in Al*® 
at 3.44 Mev) where it was shown to be in coincidence 
with a 1.83-Mev gamma ray. From those data it was not 
possible to say whether these two gamma rays resulted 
from a cascade through a level at 1.83 or through one 
at 1.61 Mev in Al* although the latter was assumed. 
The results shown in Fig. 3(c) demonstrate that the 
level involved is likely at 1.61 Mev as do those of Fig. 
3(d).° In the latter case the 1.61-Mev gamma ray is 


® Results of a recent investigation of another new level in Al** 
provide additional confirmation of an excited state in Al at 
1.61 Mev (Litherland, Gove, and Ferguson, Bull. Am. Phys. 
Soc. Ser. II, 3, 37 (1958) ]. 
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Fic. 3. A series of coincidence spectra measured at the 1.66-Mev resonance. In each case the direct spectrum measured in one 
spectrometer is shown together with the section of the direct spectrum used in the coincidence circuit gate (shown shaded) in 
the upper half of each figure, while the corresponding coincidence spectrum measured in the second spectrometer is shown in the 


lower half. 


included in the gate and the concidence spectrum shows 
a 2.27-Mev gamma ray. The sum of these two energies 
is equal to the level excitation of 3.88 Mev in Al** which 
corresponds to the 1.66-Mev resonance. The 2.27-Mev 
gamma ray is then the primary to the 1.61-Mev level. 
Similarly the primary to the 1.81-Mev level of energy 
2.07 Mev is included to some extent in the gate shown 
in Fig. 3(c) which accounts for the 1.36- and 1.81-Mev 
gamma rays observed. The results shown in Fig. 3(e) 
are only of interest when compared to those of Fig. 3(f), 
and indicate that a considerable change occurs in the 
coincidence spectra when the gate is set to include the 
1.16-Mev gamma ray and when it is set to include 
gamma rays of slightly higher energy. The results 
shown in Fig. 3(f) demonstrate that a new level in Al’ 





Fic. 4, The curve 
through the open 
circles is the yield 
of gamma rays in 
the direct spectrum 
which give rise to 
pulses corresponding 
to the energy range 
from 0.87 to 0.98 
Mev, while that 
~ through the closed 
circles is the same 
for the energy range 
from 1.08 to 1.21 
Mev. 
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is being fed by gamma rays from the 1.66-Mev 
resonance. In this case the coincidence spectrum shows 
principally a gamma ray of energy 1.79 Mev in coin- 
cidence with the 1.16-Mev gamma ray. That this 1.79- 
Mev gamma ray is not due to the ground-state transi- 
tion from the 1.81-Mev level is clear from the previous 
results! which showed that the 1.81-Mev level decays 
with greater probability to the first excited state of Al*® 
at 0.45 Mev than to the ground state and hence a 1.36- 
Mev gamma ray of greater intensity should also be 
observed. The spectra of Figs. 3(a) and 3(b) indicate 
that the 1.16-Mev gamma ray is in coincidence with a 
gamma ray of energy between 2.44 and 2.93 Mev; some 
evidence for a 2.74-Mev gamma ray appears in Fig. 3(f). 
These results can only be explained by assuming that 
the 1.16-Mev gamma ray is a primary feeding a new 
level in Al*® at about 2.74 Mev, which in turn decays 
predominantly by a cascade through the second excited 
state at 0.95 Mev. 

Since this new level is very close in energy to the 
well-known level at 2.69 Mev the two primary radi- 
ations are not resolved in the direct spectrum at the 
1.66-Mev resonance. The fact that the spectrum in 
coincidence with 1.16-Mev gamma rays, shown in 
Fig. 3(f), is completely different from that observed!-” 


1 J. Varma and W. Jack, Proc. Phys. Soc. (London) 71, 100 
(1958). 
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Fic. 5. Spectrum of. gamma 
rays in coincidence with 1.16- 
Mev gamma rays at the 1.66- 
Mev resonance. The inset 
figure shows the region of this 
spectrum in the vicinity of 1.79 
Mev on an expanded scale in- 
cluding, in addition, calibration 
gamma-ray lines of energy 
1.368 and 1.850, respectively. 
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at the resonance corresponding to the level at 2.69 Mev 
and that the intensity of the 1.16-Mev gamma ray is 
too great to be interpreted as leading to the new level 
alone, shows that the width of the 2.69-Mev level for 
proton emission is substantially greater than that for 
gamma emission. 

Figure 4 shows the direct yield of pulses correspond- 
ing to energies between 0.87 and 0.98 Mev and those 
between 1.08 and 1.21 Mev. This demonstrates that 
both the 1.16-Mev and 0.95-Mev gamma rays resonate 
at the 1.66-Mev resonance and hence the two levels 
at 2.74 and 2.69 Mev are fed by gamma rays from the 
§+ level at 3.88 Mev. 


Energy Measurements 


In order to establish the excitation energy of this new 
level in Al*® and the laboratory energy of the protons 
required to excite the resonance corresponding to this 
level, a series of measurements of gamma-ray energies 
was undertaken. The measurements described below 
consisted first of measuring the energy of the transition 
between the new level and the second excited state, and 
the transition between the second excited state and the 
ground state. This gives the excitation energy of the 
new level, and to determine the proton energy required 
to excite this level an accurate knowledge of the Q value 
is necessary. This was obtained by measuring the ex- 
citation energy of the level in Al** corresponding to the 
resonance at 0.825 Mev. In this case the energies of the 
gamma-ray transitions from this resonance to the first 
excited state of Al** and from the first excited state to 
the ground state were measured. Noattempt was made to 
measure the proton energy corresponding to this 
resonance; the value of 0.825 Mev measured at the 
University of Wisconsin" was assumed. In all cases the 


ie Mooring, Koester, Goldberg, Saxon, and Kaufmann, Phys. 
Rev. 84, 703 (1951). 
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energies of calibration gamma rays from radioactive 
sources were obtained from Nuclear Data Cards.” 

To obtain the energy of the gamma-ray transition 
between the new level and the second excited state in 
Al*> the spectrum in coincidence with 1.16-Mev gamma 
rays was remeasured at the 1.66-Mev resonance. This 
is shown in Fig. 5 together with a comparison between 
this gamma ray and the 1.368+0.001 Mev gamma ray 
from the decay of Na™ and the 1.850+0.008 Mev 
gamma ray from the decay of Y**. This gives a value of 
1.790+0.010 Mev for the gamma ray in question. 

The energy of the second excited state of Al*® was 
obtained by measuring the energy of the gamma ray in 
coincidence with the 2.93-Mev gamma ray at the 
1.66-Mev resonance. In this case the gamma rays 
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Fic. 6. The curve through the closed circles is the gamma-ray 
spectrum in coincidence with 2.93-Mev gamma rays measured at 
the 1.66-Mev resonance, while that through the crosses is the 
direct spectrum of gamma rays from a Sc** source used for 
calibration. 


12 Nuclear Data Cards (National Research Council, Washington, 
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612 GOVE, LITHERLAND, 
resulting from the decay of Sc*® were used for calibra- 
tion. This is illustrated in Fig. 6. Using values of 
1.118+0.003 and 0.892+0.003 Mev for Sc* an energy 
of 0.949+0.003 Mev was obtained for the second 
excited state of Al*®. The value previously reported was 
0.97+0.03 Mev." From these two measurements 
the excitation energy of this new level in Al* is 
2.739+0.010 Mev. 

In order to calculate what proton energy would be 
required to excite the resonance corresponding to this 
level, a more accurate (Q value for the Mg™(p,7) reaction 
is required than was previously available. To measure 
the Q value the gamma-ray energies at the 0.825-Mev 
resonance were examined. Figure 7 shows the high- 
energy portion of the direct gamma-ray spectrum 
together with a calibration line from the decay of 
TP (ThC”) of energy 2.61425+0.00005 Mev. From 
these spectra and a pulse height versus channel number 
curve, obtained using a linear pulse generator, the 
energy of the transition from the level corresponding to 
the 0.825-Mev resonance to the first excited state in 
Al is found to be 2.618+0.005 Mev. To measure the 
energy of the first excited state of Al**, the spectrum of 
gamma rays in coincidence with these 2.618-Mev 
gamma rays was measured. The result is shown in 
Fig. 8 together with a calibration line from the decay 
of Na” of energy 0.51094-+0.00007 Mev taken both 
before and after the coincidence spectrum measurement. 
Again a linear pulse generator gave the pulse height 
versus channel number variation. From this measure- 
ment the energy of the first excited state of Al** is found 
to be 0.461+0.004 Mev. This is in agreement with a 
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Fic. 7. The curve through the open circles is the high-energy end 
of the direct spectrum of gamma rays at the 825-kev resonance, 
while that through the closed circles is a calibration line from 
ThC” of energy 2.614 Mev. The straight line is a plot of pulse 
height versus channel number using a pulse generator. 


#8 -—. S. Craig, Phys. Rev. 101, 1479 (1956). 
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previous determination” yielding 0.454+0.005 Mev. 
Hence the excitation energy of the level in Al*® corre- 
sponding to the 0.825-Mev resonance is 3.079+0.006 
Mev; this is in agreement with the energy of the ground- 
state gamma ray shown in Fig. 7. The Q value for the 
reaction Mg™(p,7)Al*® is then 2.287+0.006 Mev. This 
can be compared to the best average value previously 
quoted" of 2.28+0.01; Mev. 

From the measured excitation energy of the new 
level and the Q value, one obtains for the laboratory 
proton energy required to excite the resonance corre- 
sponding to this new level the value of 0.471+0.013 Mev. 

As a rough check on the consistency of these energies 
the spectrum of gamma rays in coincidence with 
1.8-Mev gamma rays was measured at the 1.66-Mev 
resonance. The results are shown in Fig. 9 together with 
calibration gamma rays from the decay of Co® of energy 
1.3325+0.0003 and 1.1728+0.0005 Mev. From these 
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Fic. 8. The curve through the open circles is the spectrum of 
gamma rays in coincidence with 2.6-Mev gamma rays at the 
825-kev resonance, while those through the closed circles and 
crosses are the direct gamma-ray spectra from Na” in the vicinity 
of the 0.511-Mev gamma ray measured before and after the coin- 
cidence run, respectively. The straight line is a plot of pulse 
height versus channel number using a pulse generator. 


data the energy of the primary gamma ray leading to 
the new level from the 1.66-Mev resonance is found to 
be 1.156+0.010 Mev. If one adds to this the previously 
measured energy of the gamma transition between the 
new level and the second excited state and the energy 
of this second excited state, one obtains for the excita- 
tion energy of the level in Al corresponding to the 
1.66-Mev resonance the value 3.895+0.014 Mev. From 
this and the Q value, one obtains a laboratory energy 
for this resonance of 1.675+0.017 Mev which is to be 
compared with 1.66 Mev as measured at Wisconsin." 


Search for the Resonance Corresponding 
to the New Level 


Since the resonance energy corresponding to the new 
level is established as 471+13 kev, it should be detected 


4D. M. Van Patter and W. Whaling, Revs. Modern Phys. 29, 
757 (1957). 





y RAYS FROM 
slightly higher in energy than the well-known resonance 
at 418 kev. Previous work had shown! however that 
carbon contamination on the targets caused the region 
between 440 and 500 kev in the yield curve to be 
obscured by the broad C”(p,y)N™ resonance at 457 kev. 
This is demonstrated in Fig. 10(a) in which the direct 
yield of 0.9-Mev gamma rays from E,=380 to 520 kev 
is shown. The horizontal bar indicates where the 
resonance corresponding to the new level should be 
found. 

As a consequence it was necessary to search this 
region using coincidences between two gamma-ray 
detectors. A voltage gate on one crystal was set to 
include pulses corresponding to the total energy peak of 
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Fic. 9. The curve through the closed circles is part of the spec 

trum of gamma rays in coincidence with a gate set to include the 
total absorption peak of gamma rays of approximately 1.8 Mev at 
the 1.66-Mev resonance, while that through the crosses is a direct 
calibration spectrum showing the 1.171- and 1.332-Mev gamma 
rays from Co®, 


about 0.9-Mev gamma rays, while the yield of 0.9-, 
1.36-, and 1.8-Mev gamma rays in coincidence with 
these pulses were measured in the second crystal. These 
coincidence yield curves are shown in Figs. 10(b), 10(c), 
and 10(d), respectively. No evidence for a resonance in 
the expected region is found. 


From the measurements and the known values of ° 


wy for the 418-kev resonance an upper limit can be set 
on the value of wy for the new level. The 0.89-Mev 
transition between the level corresponding to the 418- 
kev resonance and the 1.81-Mev level has a value of 
y=T,,I’,/T of 6X10- ev. Since the spin of the 418-kev 
resonance is $ the height of this resonance in Fig. 10(c) 
should be proportional to wy=12X10~* ev. The 
resonance corresponding to the new level must then 
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Fic. 10. Attempts to locate the resonance corresponding to the 
level in Al*5 at 2.74 Mev. (a) The direct yield of 0.9-Mev gamma 
rays; (b) the yield:of 0.9-Mev gamma rays in coincidence with 
0.9-Mev gamma rays; (c) the yield of 1.36-Mev gamma rays in 
coincidence with 0.9-Mev gamma rays, and (d) the yield of 1.81- 
Mev gamma rays in coincidence with 0.9-Mev gamma rays. The 
broad resonance observed in the direct yield curve is the 457-kev 
resonance in the reaction C(p,y)N™. The horizontal bar indicates 
where the resonance corresponding to the 2.74-Mev level in Al? 
should occur. 


have wy<0.6X10-% ev for the transition to the 1.81- 
Mev level. 


DISCUSSION 


The results of these experiments do not provide 
unambiguous spin and parity assignments for the new 
level at 2.74 Mev in Al’. Because it is fed by a relatively 
low-energy transition from the 3+ level at 3.88 Mev 
its spin is probably 3, §, or 3. Because its decay by 
gamma emission does not feed the 3+ first excited state 
at 0.46-Mev spin assignments of $ or } are most 
probable. One cannot further select between these on 
the basis of such arguments. The parity of the level is 
completely undetermined. 

The relative branching ratios of the decay of the 
2.74-Mev level can be estimated from the coincidence 
spectra as illustrated in Figs. 3(f) and 5. Both were 
measured with the front faces of the NaI crystals about 
two inches from the target; hence, angular correlation 
effects are considerably attenuated. The results shown 
in Fig. 11 are in the ratios (86): (63410): (29+14) 
to the ground state, the level at 0.95 Mev, and that at 
1.81 Mev, respectively. 

Relative branching ratios for the 3.89-Mev level are 
obtained by analyzing the direct spectrum of Fig. 2 
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Fic. 11. A simplified energy level diagram for Al** showing the 
levels involved in the work described in this paper. Excitation 
energies and spin and parity assignments (bracketed where not 
certain) are given for each level. Gamma-ray energies and relative 
branching ratios are given for four of the levels. 


into its various components. Again this spectrum was 
measured with the crystal front face two inches from 
the target, thus attenuating correlation effects. How- 
ever, the results given in Fig. 11 are not particularly 
accurate both because of the complexity of the spectrum 
and because of the possible existence of large residual 
direct correlation effects. 

The possible interpretation of this level in terms of 
the collective model is of some interest. For an odd-A 
nucleus the rotational spectrum for a band with 
K=} is given by‘ 


Ey=Ey+ ALJ (J+1)+a(—)7+4(J+4)] 
— BLJ (J+1)+a(—)*+4(J+4)P 

where 
164? 


(hw)? 


=164°-| —— 
4L (hws)? 


1 
+—| 
(he)? 


Here J is the moment of inertia about an axis perpen- 
dicular to the axis of deformation and hw is the vibra- 
tional energy assuming beta and gamma vibrations are 
equal. Applying this formula to the three levels pre- 
viously assumed to lie at excitations of 0.45, 0.95, and 
1.81 Mev, interpreted! as J=}, $, and } members of a 
K = band, and using a value for fw calculated from 
the rotational band based on the ground state of Mg”, 
the position of the fourth member with J=} 
dicted? to lie at an excitation of 2.89 Mev. The value of 
ww in this case is 11.1 Mev. 

The model furthermore predicts* that the M1 part 
of the gamma-ray transitions between this fourth 
member of the rotational band based on the first 
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excited state and the ground state and 1.61-Mev 
excited state (both members of a K =$ rotational band 
on the collective model interpretation) should be 
K-forbidden. In practice this is found’ to attenuate 
reduced gamma-transition probabilities by about a 
factor of 10. 

Finally, definite predictions for the gamma-ray 
branching ratios between levels in the same rotational 
band can be expected from the model.'® These pre- 
dictions,’ for the band in question here, are illustrated 
in Fig. 12. In this figure the predicted intraband 
branching ratios for both the third and fourth members 
of the rotational band based on the first excited state of 
Al*® are shown as a function of the distortion parameter 
n'® for two different values of x, the parameter which 
measures the strength of the spin-orbit coupling. In 
both cases the crossover E2 transition is predicted to 
be appreciable compared to the M1-E2 cascade 
transition. 

Qualitatively the characteristics of the 2.74-Mev level 
matches all these predictions. Its excitation energy 
suggests that the vibration-rotation correction term 
must be calculated using a different value of fw than 
obtained from the ground-state band of Mg™. If the 
following values for the excitation energy of four mem- 
bers of this band are used: 0.461, 0.949, 1.810, and 
2.739 Mev, then all the parameters in the above 
equation can be determined. Table I lists the parameters 
and compares them with those obtained previously from 
the first three members of this rotational band.’ The 
principal difference is the lower value of fw required. 
From these new values of the parameters, one can now 
make a better estimate of the excitation energy of the 
fifth (J =9/2+-) and sixth (J =11/2+) members of the 
band. These are 3.85 and 4.71 Mev, respectively. The 
former coincides exactly with the position of the broad 
$-resonance formed by 1.62-Mev p-wave protons. 
Since a J=9/2+ state would be formed by g-wave 
protons, it might be very difficult to find under these 
circumstances. Certainly no evidence for it has been 
obtained. The nearest level in Al** presently known with 


TABLE I. Comparison between the present parameters and the 
previous parameters required to fit the energy positions of levels 
associated with the K =4+ band based on the first excited state 
of Al**, The previous parameters were obtained* from the first 
three levels only assuming that the vibrational energy was the 
same as required for the 0+, 2+, 4+ levels in Mg”. 





Previous values 


311 
176 
—0.03 
+0.70 
11.1 


Present values 


314 

181 

—0.0667 
1.61 
7.68 





Ey (kev) 
A (kev) 


B (kev) 
hw (Mev) 








1S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
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16 » depends both on the usual distortion parameter 8 and on the 


strength of the spin-orbit coupling.* * 
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Fic. 12. The experimental gamma-ray branching ratios within 
the rotational band, based on the first excited state of Al*5, are 
compared with theory. For each of the two ratios shown the lower 
energy transition includes both M1 and £2 contributions. 7 is a 
parameter which depends both on the nuclear distortion and the 
strength of the spin-orbit coupling x. Theoretical curves are shown 
for two values of this latter quantity. 


suitable characteristics for the predicted J=11/2+ 
level at 4.71 Mev is the one at 4.90 Mev.' This is 
believed to have J >$ and (J+4)(T,I'p//T)=12 ev. If 
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this level had J=11/2 it could emit inelastic g-wave 
protons to the first excited state of Mg™, and the 
single-particle limit for the width of such a process is 
approximately 40 ev. It does appear somewhat unlikely 
that the width for formation by /=6 protons would be 
as high as 12/(J+4)=2 ev (for J=11/2), but since 
barrier penetrabilities for such high orbital angular 
momenta are unavailable the single-particle limit can- 
not be estimated. 

The measured intraband gamma-ray branching ratio 
for the new 2.74-Mev level is greater than the predicted 
value (see Fig. 12) favoring the £2 crossover transition. 
Exactly how much greater it is is somewhat uncertain. 
The horizontal dotted line representing the experimental 
value shown in Fig. 12 is actually approximately an 
upper limit to the value. The measured ratio is obtained 
from Fig. 11 to be 2.2+1.1. Increasing the value of the 
spin-orbit coupling strength improves the agreement by 
raising the predicted value. The d;—d; splitting of 
5.08 Mev in O would in fact require’ x=0.13. In this 
case the difference between the observed and calculated 
intraband branching of the 2.74-Mev level might be 
as small as a factor of two. 

It thus appears that the characteristics of the 2.74- 
Mev level in Al*> are quite compatible with it being the 
fourth member of the rotational band with J=3+ 
based on the first excited state. The corresponding 
level in Mg” is very likely that at 2.74 Mev,'? which is 
found in the Mg*‘(d,p) reaction’® to have no stripping 
pattern for the angular distribution of the relevant 
proton group. 


17H, E. Gove and A. E. Litherland, Phys. Rev. 107, 1458 
(1957). 

18 Hinds, Middleton, and Parry, Proc. Phys. Soc. (London) 
71, 49 (1958). 
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Absolute Measurement of (n,2n) Cross Sections at 14.1 Mev* 


V. J. Asupy, H. C. Carron, L. L. Newkirk, anp C. J. Taytor 
University of California Radiation Laboratory, Livermore, California 
(Received March 17, 1958) 


Absolute (n,2n) cross sections have been obtained by counting double-pulse events in a 240-gal cadmium- 
loaded liquid scintillator. The detection efficiency was determined experimentally using a spontaneous 
fission source and known values of vy. Conventional methods were used to measure the absolute neutron flux. 
Cross sections were measured for C, N, F, V, Fe, Cu, Ag, Ta, Cd, Au, Pb, Bi, D, and Be. The values in barns 
are: C, 0.006+0.006; N, 0.019+0.010; F, 0.062+0.009; V, 0.664-0.05; Fe, 0.50+0.04; Cu, 0.76+0.06; Ag, 
1.73+0.13; Ta, 2.64+0.20; Cd, 1.922-0.14; Au, 2.60+0.20; Pb, 2.74+0.20; Bi, 2.60+0.19; D, 0.20+0.02; 
Be, 0.54+-0.04. The (,2n) cross sections for the last six elements are, within error, equal to the nonelastic 


cross sections. Nuclear temperatures were calculated. 


INTRODUCTION 


HE development by Reines et al. of a large liquid 
scintillator having a high efficiency for the detec- 
tion of neutrons suggested the present method for 
measuring (,2) cross sections. Previous measure- 
ments’ depended on a determination, after neutron 
bombardment, of the activity produced in a sample of 
material, and required that the final nucleus decay with 
the emission of measurable radiation and in a known 
manner. The present method depends on the detection 
of the emitted neutrons and permits the measurement 
of (n,2n) cross sections whether or not the reaction 
products are unstable. Recently, other methods have 
been employed to determine (m,2) cross sections by 
detection of the neutrons.* 
The work reported here is part of a continuing pro- 
gram of (n,2n) cross-section measurements over the 
neutron energy range from threshold energy to 30 Mev. 


METHOD OF DETECTION. 


Short bursts of 14.1-Mev neutrons were produced and 
collimated on a target at the center of the neutron 
detector. The counting equipment was then gated on for 
a 25-usec period after each burst in order to detect 
double-pulse events resulting from the emission of two 
neutrons produced by (m,2n) reactions in the target. 
The neutron detector used in the experiment was a 
large, cadmium-loaded, liquid scintillator. Neutrons 
which entered the scintillator were slowed down by 
collisions in the liquid and captured by the cadmium. 
More than 90% of the neutrons were captured in 
25 usec. (See Fig. 1.) The resulting capture gamma rays 
were than detected by the scintillator. 
~* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 


1 Reines, Cowan, Harrison, and Carter, Rev. Sci. Instr. 25, 
1061 (1954). 

2 J. L. Fowler and J. M. Slye, Jr., Phys. Rev. 77, 787 (1950); 
S. G. Forbes, Phys. Rev. 88, 1309 (1952); E. B. Paul and R. L. 
Clarke, Can. J. Phys. 31, 267 (1953); J. J. Dudley and C. M. 
Class, Phys. Rev. 94, 807 (1954); R. J. Prestwood, Phys. Rev. 98, 
47 (1955). 

3 Fowler, Owen, and Hanna, Atomic Energy Commission Re- 
port NYO-3864 (unpublished); E. R. Graves and R. W. Davis, 
Phys. Rev. 97, 1205 (1955); L. Rosen and L. Stewart, Phys. Rev. 
107, 824 (1957). 


NEUTRON SOURCE 


The neutron bursts were produced by the periodic 
deflection of the 500-kev deuteron beam of a Cockcroft- 
Walton accelerator on a tritium-loaded target. The 
neutron flux was measured by counting the alpha 
particles from the T(d,n)He* reaction with a propor- 
tional counter, in a known geometry, at 90 degrees with 
respect to the incident deuteron beam. The neutron 
bursts had a width of 0.5 usec and a repetition rate of 
2 kc/sec. The neutrons passed through a minimum of 
material in leaving the target assembly, then through 
approximately 32 ft of air to the collimator and the 
detector. The collimated neutron beam made an angle 
of slightly more than 90 degrees to the incident deuteron 
beam. The collimator consisted of a tapered hole in a 
concrete wall 5 ft thick. The detector was placed behind 
the wall in line with the collimator hole, covered with a 
}-in. layer of borated polystyrene, and enclosed in a 
concrete block structure whose walls were two ft thick. 

A transit was used to align the source, collimator, and 
scintillator to within +; in. The effectiveness of the 
collimator and the proper alignment of its axis were 
verified by mapping the profile of the collimated neutron 
beam. For this purpose, a small plastic scintillator was 
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used as a detector. The profiles were made at high and 
low detector biases, and agreed with a geometrical 
interpretation of the collimation system. 


DESCRIPTION OF DETECTOR 


The tank which contains the scintillator solution is a 
240-gal cylinder about 40 in. in length and diameter and 
made of }-in. thick aluminum. The filling consists of 
toluene, terphenyl, a-NPO, and cadmium propionate 
dissolved in methyl alcohol to give a ratio of 0.003 
cadmium atoms per hydrogen atom for the solution.’ 
An axial tube, 6 in. in diameter and made of 3'3-in. thick 
aluminum, allows the neutron beam to pass through the 
detector. The (m,2n) targets were placed at the center 
of the detector. The inside of the tank has a reflective 
coating of aluminum oxide.’ Twenty-four 5-in. photo- 
multiplier tubes (Du Mont 6364) are spaced uniformly 
on the cylindrical wall of the tank. The tubes are oper- 
ated in two banks in coincidence with each other to 
reduce counts due to tube noise. 


(n,2n) TARGET DESCRIPTION 


The cadmium and iron targets were borrowed from 
another experiment and were each in the form of a 
spherical shell. All other targets consisted of several thin 
disks, spaced } in. apart, having a total thickness of 
approximately 4 of a total mean free path for 14-Mev 
neutrons. Except for bismuth, deuterium, fluorine, and 
nitrogen, these disks had diameters smaller than the 
collimated neutron beam. The nitrogen target was made 
of melamine contained in several 10-mil-thick aluminum 
cans. The deuterium was in the form of CD», and the 
fluorine in the form of CF» 


ELECTRONICS 


A simplified block diagram of the electronics is shown 
in Fig. 2. A pulse generator supplies the sweeper plates 
with the required voltage to produce a pulsed deuteron 
beam. It also initiates a 25-usec gate which determines 
the detection time interval of the neutron signals. 

The high voltages on the individual photomultiplier 
tubes are trimmed to the values required to equalize 
the individual tube gains. The signals from the two 
banks of tubes are amplified by fast distributed ampli- 
fiers. A triple coincidence, made with the two scintillator 
signals and the 25-usec gate, serves to reduce the effects 
of photomultiplier and amplifier noise pulses. As shown 
in Fig. 1, the 25-usec gate is sufficiently long to detect a 
large majority of the signals arising from the capture 
of a neutron by cadmium. The gate is delayed with 
respect to the burst of source neutrons by an amount 
which prevents the detection of signals occurring at 
essentially the same time as the source neutrons. Such 


This recipe and much other valuable information were ob- 
tained from F. Reines and C. L. Cowan at Los Alamos. 

5 The recipe and instructions for the application of the coating 
were furnished by P. R. Bell, Oak Ridge National Laboratory. 
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prompt signals can be produced by recoil protons from 
the slowing down collisions of neutrons in the detector, 
and by nonelastic processes in the (#,2n) target or the 
or the scintillator solution. 

The triple coincidence output is applied to a fast 
discriminator and differential window which excludes 
small background pulses and large and small pulses 
from cosmic rays, but permits the detection of the 
majority of the cadmium capture pulses. When pulses 
occur during any 25-ysec detection interval, this event 
is defined as having a multiplicity m. A circuit® contain- 
ing a beam switching tube determines the multiplicity of 
each event, for values of » from one through six. The 
number of events of each multiplicity is recorded by a 
scaler. For the (7,2) data, only n=2 information is of 
primary interest; for fission data, yielding detector 
efficiency, all six multiplicities are used. 

The signals from the photomultiplier banks have a 
rise time of less than 0.1 usec and are made to have a fall 
time of less than 0.2 usec. The pulse shape is maintained 
through the wide-band amplifiers and into the multi- 
plicity sorter. The time resolution for the entire system 
has been measured to be 0.2 usec for pulses having 
heights accepted by the differential window. The 
resolution was measured using a pulse generator built 
especially for this purpose. It produces from one to six 
pulses individually variable in delay and amplitude and 
having the same shape as those from the detector. 

The electronic system associated with the alpha 
counter neutron monitor consists of a preamplifier, 
amplifier, discriminator, and scaler. Several precautions 
were taken to insure accuracy of the neutron monitor. 
Provision was made for the insertion of a shutter in 
front of the entrance window of the alpha counter for 
the measurement of background. A detailed study of 
the monitoring problem was made by recording the 
alpha counter pulse-height distributions on a 256- 
channel analyzer with the shutter both open and closed. 
It was concluded that the principle background arises 
from neutron-induced reactions in the walls and gas of 
the counter, amounting to a few percent of the alpha 
counts. A few percent of the alpha pulses occurred be- 
low the discriminator setting used in the experiment and 
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tended to compensate for the background correction. 

For the (,2) experiment, it is particularly impor- 
tant that neutrons be produced only during the pulsed 
period, and not during the 25-usec detection interval 
following each burst. To insure that this requirement 
was met, two additional scalers were employed in the 
alpha counter monitor. One was sensitive only during 
a time corresponding to each neutron burst, and was 
used to determine the neutron flux. The other was 
sensitive only during a time corresponding to the 25-usec 
detection interval. 

To pulse the deuteron beam a dc bias was applied to 
the sweeper plates, on which was superimposed a 
0.5-usec-wide square-wave voltage having the same 
amplitude but opposite sign of the bias voltage. This 
method has several advantages over the conventional 
use of a sine-wave voltage applied to the sweeper plates, 
the main one being that fewer neutrons are produced 
during the intervals between the main bursts. Such un- 
wanted neutrons can be produced both before and after 
the main bursts with a sine-wave sweeping system if the 
accelerator conditions happen to produce a deuteron 
beam having a well-focused core surrounded by a “‘halo”’ 
of not-so-well-focused deuterons. The square-wave 
sweeping system allows this halo of current to pass only 
during a part of the comparatively short rise-and-fall 
time of the applied voltage. Other advantages of the 
latter system are optimum neutron yield during the 
effective burst width, and easily variable neutron 
intensity (by varying the pulse width) without dis- 
turbing other accelerator parameters. 


DETERMINATION OF DETECTOR EFFICIENCY 


The neutron detection efficiency of the scintillator 
was determined by the following method. The number 
of events of multiplicity one through six was observed 
when a spontaneous fission counter containing Cm™ 
or Cf? was placed in the center of the detector. The 
signals from the fission counter, after discrimination 
against alpha pulses, were used to start the 25-ysec 
gate. The time interval between the fission pulse and 
the beginning of this gate was made the same as the 
time between the center of the neutron burst and the 
beginning of the gate in the (”,2n) arrangement. The 
efficiency was then determined by dividing the observed 
average number of neutrons per fission by the values 
of * for Cm™ and Cf? determined by Diven et al.’ 


DATA TAKING 


The (n,2n) cross sections were obtained by the ac- 
cumulation of three kinds of data: target in and beam 
on, target out and beam on, and beam off. Each run 
was of ten- to twenty-minute duration. Most targets 
were run more than once and on different days and 
months. Efficiency determinations were made at fre- 
quent intervals and appropriate average values taken. 


7 Diven, Martin, Taschek, and Terrell, Phys. Rev. 101, 1012 
(1956). 


NEWKIRK, 


AND TAYLOR 


The stability of photomultiplier high voltages, 
amplifier gains, discriminator levels, timing relation- 
ships, and background rates was checked periodically. 
Careful attention was given to the data of the alpha 
counter scalers with regard to the proper pulsing of the 
neutron source. The dectector background was sen- 
sitive to the over-all gain of the system and the lower 
discriminator level of the differential window. The 
detector efficiency measurements gave a further check 
on stability. 


ANALYSIS OF DATA 
Fission Analysis 


The efficiency of the detector was calculated from the 
observed fission data, essentially as described by Diven 
et al.,’ in the following manner. F,, the probability of 
observing » pulses per fission gate, corrected for time 
resolution, was obtained from F,’,.the experimentally 
observed probability, uncorrected for time resolution, 
by use of the » equations 


Fy! =F pPo(m)+F apiPngi(m), 


where in general P,,(”) is the probability that » pulses 
are observed when m pulses are present. Terms in- 
volving Frs2Pn42(m) and higher were found to be 
negligible. For n=2, P2(1)=27/S f?(t)dt and P2(2)=1 
—P2(1), where f(t) is the normalized time distribution 
of fission neutron pulses (see Fig. 1). If »>2, there are 
time resolution losses due to the accidental coincidence 
of more than two pulses. Then the inclusion of 3 pulses 
in accidental coincidence in the calculation of P,(n) 
=1—[P,(n—1)+P,(n—2)] resulted in small correc- 
tions. These corrected values were used in making the 
time resolution correction. A similar correction was 
used to obtain 8,, the probability of observing n back- 
ground pulses per gate, corrected for time resolution. 
Then C,, the probability of observing » fission neutron 
pulses per gate, is given by the » equations 


Fn=CBatCBrit ---+CnBo, 
and the scintillator efficiency, ¢, by 
€= (Cy +2C24+ ---+nC,)/i. 
Values of ¢ obtained from Cf? and Cm™ agreed within 


experimental error. 


CROSS-SECTION CALCULATION 


The absolute determination of (,2m) cross sections 
required the measurement of the number of neutrons 
incident on a known amount of target material, the 
detector efficiency for (,2m) neutrons, and the number 
of double-pulse events caused by the (m,2n) reaction. 
On, 2n Was calculated from the expression 


Ko = QQN on, Qn) 


where K2=number of double-pulse events attributed 
to the (m,2n) reaction, Q2=number of 14-Mev neutrons 





ABSOLUTE MEASUREMENT 
per steradian made by the Cockcroft-Walton acceler- 
ator, 2=solid angle (in steradians) subtended by the 
(n,2n) target, and N=number of atoms per square 
centimeter in the (”,2m) target. 

The doubles per alpha count attributed to the (,2n) 
reaction, K2/a,., were obtained from the following 
equation: 

K2 Cr—(B2)m 1 ” P 
= -| B,— (|| 
ap/Gp Ay 


Cs B., and B» represent the doubles counts per gate, 
corrected for time resolution losses and accidental 
coincidences within the 25-usec gate, for the three 
experimental conditions: target in and beam on, target 
out and beam on, and beam off. a./G,. and ag/Gpz are 
the observed alpha counts divided by the number of 
25-usec gates used in a particular “C” or “B” run. Av 
indicates an average of a number of ‘‘B” or “8” runs. 

It was necessary to subtract the beam-independent 
background, 8», from the “C” and “B” data in the 
above manner since the beam intensity was not always 
the same in the “C” and “B” runs. 

For cross sections larger than 0.5 barn (all elements 
except D, C, N, and F) the ratio of double events 
attributed to the (,2m) reaction to the background was 
between 10 and 30. For D, C, N, and F, the correspond- 
ing ratios were 0.7, 0.3, 1.1, and 5.0. 

The true rate of double events, C2, was obtained from 
C; and C2, the observed number of single and double 
events per gate corrected for time resolution, by use of 
the following expressions : 


a. a./G, 


Ye= Py (C2) Po(C1)+P2(C1)Po(C2) 
=[C.—43(C,)"] exp[— (€+€:)], 
Ci=P (C1) Po(C2) =C, exp[ — (C,+¢:)], 


where C; is the true rate of single events, and P,;(C,) and 
P (C2) are the Poisson expressions for the probability 
of detecting i single or double events in one 25-ysec 
period. The time resolution correction was similar to 
that applied to the fission data and amounted to 2% for 
double events. C» differed from C2 by less than 3% for 
all elements except D, C, N, and F. For these four 
elements this correction was 6, 26, 34, and 20%. A 
similar correction was used to obtain the true rates B, 
and Bo. 

A 7.7% correction was applied to all data for the air 
attenuation of the incident neutrons. Since the collima- 
tion system provided essentially good geometry, the 
total cross section for 14.1-Mev neutrons in air was used 
for this correction. 

The cross-section expression, as it has been described, 
applies only to thin (m,2m) targets. Accordingly, a 
correction was made for the attenuation of the incident 
neutrons in traversing a thick target. In the thin target 
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expression, on, 2, Was replaced by 


Tn, 2n ¢ 
(1—e-"¢r)(1+R), 
Nor 


where V is the number of atoms per square cm of target 
material, as before, and a7 is the total cross section for 
14-Mev neutrons. R is the ratio of (n,2n) events 
produced by neutrons which are elastically scattered in 
their first collision, but subsequently undergo an (,2n) 
collision, to the (,2) events resulting directly from 
first collisions of incident neutrons. 

The values of R were calculated by a Monte Carlo 
procedure using the known angular distributions for 
elastic scattering. The exponential part of the expres- 
sion overcorrects for the thickness of the target, since it 
treats elastically scattered neutrons as being removed 
from the incident beam; the Monte Carlo procedure 
determines how many (7,2n) events result from these 
elastically scattered neutrons as they traverse their 
various paths in escaping from the target. 

It would also be appropriate to make a similar correc- 
tion for those inelastic neutrons which have energies 
exceeding the (,2n) threshold, but sufficient energy 
and angular distribution data for inelastic scattering 
are not available. Such a correction would be con- 
siderably smaller than that which has been made for the 
elastic contribution. 

The thick target correction increased the cross 
sections by the following amounts: 5 to 16% for the 
elemental targets in the form of disks; 20% for the Fe 
and Cd spheres; 15, 65, and 30% for D, N, and F. 

With the exception of D and Be, no correction has 
has been made for the attenuation in the target of the 
neutrons emitted in the (”,2) reaction. For the heavy 
elements, at least, such a correction would be very 
small, since the only effective attenuation process would 
be the (m,2m) reaction itself, resulting in neutron 
multiplication. Only in the case of D and Be were a 
significant number of events of multiplicity three 
observed. For these two elements, the cross sections 
were corrected for this effect by multiplying them by 


Ko /e,. € 


where K3/a. is the number of events of multiplicity 
three per alpha count corrected for time resolution, 
accidental triplets, and background triple events. The 
average of eleven sets of Be data gave 5=0.95+0.01. 
The one D run gave 6=0.98+0.01. 


ERRORS 


The main contributions to inaccuracies in the cross 
sections are errors in the determination of the efficiency 
of the detector and statistical errors in the determina- 
tion of the net doubles per alpha count. 
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TaBLeE I. Cross section in barns for 14-Mev neutrons. 





n,2n 


Paul and Clarke,» 
4.5 Mev 


This experiment, 
14.1 Mev 
0.20 +0.02* 

0.54 +0.04 


Mev 


0.42+0.07 


Other experimenters, 





Threshold 
energy, 


On,2n/ One Mev 


onz,4 
14.1 Mev 


0.19+0.03¢ 1.05+0.20 
0.49+0.02! 1.10+0.09 





3.34 
1.85 


(Rosen and Stewart)* 


0.006+-0.006 


0.019+0.010* 0.0057 +0.0008 


0.0034+0.0010 


20.3 


0.82+0.02¢ 0.02+0.01 11.3 


(Dudley and Class)» 


0.062+0.009* 
0.66 +0.05 
0.50 +0.04 
0.76 +0.06 


0.0606+0.0018 


0.65+0.08 
(Forbes) > 
0.77+40.11 
(Forbes) 


1.8 +0.3 


0.67 +0.17 


+0.13 0.42 +0.31 


+0.14 


Ta +0.20 0.867 +0.220 


0.83+0.05 
1,33 

1.36+0.03 
1.49+0,.02 


0.07+0.01 
0.49 

0.36+0.03 
0.51+0.04 


10.8 
11.3 
11.3 
11 
1.90-+0.04 0.91+0.07 
1.91+0.03 
2.385 


1.01+0.08 
1.11 


(Rosen and Stewart)* 


+0.20 1.722 +0.465 
+0.20 


+0.19 


Au 
Pb 


Bi 2.3 +0.3 


1.07+0.08 
1.07+0.08 
1.02+0.08 


2.42+0.04 
2.56+0.03 
2.56+0.03 


(Rosen and Stewart)* 


* Preliminary—not more than two determinations made. 
b See reference 2. 
© See reference 3. 











4 All cross sections, unless otherwise noted, are from MacGregor, Ball, and Booth, Phys. Rev. 108, 726 (1957). 


¢ Total —elastic, J. D. Seagrave, Phys. Rev. 97, 757 (1956). 


f It should also be noted that the values 0.37 and 0.64 are reported by Taylor, Lénsjé, and Bonner, Phys. Rev. 100, 174 (1955), and by reference g, 


respectively. 
« N. N. Flerov and V. M. Talyzin, Soviet J. Atomic Energy 4, 617 (1956). 


b Optical model calculation, F. Bjorklund and S, Fernbach, University of California Radiation Laboratory Report UCRL-4932-T (unpublished). 


The error in the efficiency consists of a quoted’ 
2.1% error in 9 and a 1.4% error from counting statis- 
tics, resulting in a 2.5% error in determination of the 
efficiency which contributes a 5.0% error to the cross 
section. All errors quoted are standard deviations. 

The spread in observed values of the cross section 
for a particular element was in good agreement with the 
statistical error calculated from the observed number 
of counts, and was less than 8% for all elements with 
cross sections greater than 0.5 barn. The observed 
standard deviation of the mean was combined with the 
previously mentioned error in 7, an estimated 3.4% 
error in the neutron flux and a 4% error in the self- 
absorption of the incident neutrons. Errors in solid 
angle and mass of target material were much smaller 
and were neglected. The target purities were at least 
99.5%. The energy spectrum of the collimated neutrons 
was examined by means of photographic plates. There 
was no significant number of neutrons degraded in 
energy. 


RESULTS AND CONCLUSIONS 


Table I lists in column 2 the (m,2m) cross-section 
values obtained in this experiment, and in columns 3 
and 4 those obtained by other investigators. The values 
attributed to Forbes and to Paul and Clarke for Cu and 
Ag were computed for the natural isotopic ratio from 
their experimentally determined isotopic cross sections. 

The observed cross section for C is zero within experi- 
mental error, as it should be since the threshold energy 
is 20.3 Mev for C”. The slight indication of a positive 


cross section could be due to the 1% abundant C", 
which has a calculated (,2m) threshold of 5 Mev. 

The lack of agreement with the Ag and Ta cross 
sections determined by activation is probably due to the 
measurement, in the activation method, of only one 
isomer of Ag’® and Ta'®., Ag" is known to have two 
levels with 25-min and 8.3-day half-lives. Using 
Forbes’ (,2n) cross sections of 1.00 b+10% for Ag™ 
and 0.56 b+10% for Ag’ to the 25-min level in Ag'”®, 
and our observed value for the natural isotopic ratio 
of Ag, a value of 1.87+0.28 barns was computed for 
the (,2n) cross section for Ag’ going to the 8.3-day 
level in Ag'®®. It is known that Ta!* has two isomeric 
states with half-lives of 8 hours, and of greater than 10° 
years. Then, ignoring the difference in incident neutron 
energy of this experiment and that of Paul and Clarke, 
the difference in cross section of 1.77+0.30 barns can 
be attributed to the Ta!*!(,2n) cross section leading to 
the Ta! state with the 10’-year half-life. 

The nonelastic collision cross sections listed in column 
5 were used to obtain the ratio on, 2, (this experiment) / 
nz (given in column 6). This ratio is unity within error 
for Cd, Au, Pb, Bi, D,and Be, where the threshold energy 
is well below 14 Mev. The tendency of this ratio to be 
consistently greater than unity for these elements could 
result from an error in the detector efficiency. It was 
assumed that the efficiency was the same for (7,2) and 
spontaneous fission neutrons. If the energy of the 
(n,2n) neutrons is predominantly less than the energy 
of the fission neutrons, the detection efficiency for (,2n) 
neutrons will be greater than the value used, and the 
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cross sections reduced. The data of Rosen and Stewart® 
show this to be true for Ta and Bi. A crude calculation 
indicates that inclusion of this effect would reduce the 
cross sections by not more than 3%. This correction 
has not been applied to the data, because of un- 
certainties in the energy dependence of the detector 
efficiency and in the energy distribution of the (,2n) 
neutrons. 

Recently Nicodemus ef al.* have observed inelastic 
scattering of neutrons by direct interaction from bom- 
bardment of a number of elements by 14.5-Mev 
neutrons. An estimate of the integrated angular dis- 
tribution has been made by Coon,’ resulting in a cross 
section of 0.088 barn for neutrons scattered inelastically 
between 9 and 14 Mev from Pb. These cannot be neu- 
trons from the (,2) reaction, and would indicate that 
the Pb nonelastic reaction does not proceed entirely 
by the (,2n) process. The experimental errors in the 
nonelastic and (#,2n) cross sections of Pb mask any 
verification of this small direct-interaction cross section 
for Pb. 

Blatt and Weisskopf" have derived the following ex- 


pression for the (”,2m) cross section: 


AE 
camo _ (14+—)e a 


where AE is the difference between the incident neutron 
energy in the center of mass system and the energy 
required to separate a neutron from the target nucleus, 


a, is the cross section for formation of the compound 
nucleus, and 7 is the nuclear temperature associated 
with the emission of the first neutron. Nuclear tem- 
peratures were estimated using our values of on, on, 


8 Nicodemus, Coon, Davis, and Felthauser, Bull. Am. Phys. 
Soc. Ser. II, 2, 378 (1957). 

9 J. H. Coon (private communication). 

0 J. H. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 484. 
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using oz for o., and experimental values" of neutron 
binding energies when available, or values calculated 
from Levy’s” empirical atomic masses. These estimates 
of nuclear temperatures are given in column 8, of Table 
I. The uncertainty in T is a result of the experimental 
eIrors iN Op,2n and onz. Of course, it is possible to obtain 
at most only an upper limit for T when o,, 2, is nearly 
equal to onz.t 
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t Note added in proof.—Dr. M. P. Nakada of this laboratory has 
pointed out that, in the Blatt and Weisskopf formula as we have 
presented it, o, should be replaced by the cross section for the first 
neutron emission from the compound nucleus, [i.e., onz— (cross 
scetion for neutron emission through direct interaction) —¢n, p 
—On,a—*** |. On, p for Fe and Cu is about 0.1 barn, and there are 
indications from data of Coon’ and M. H. MacGregor (private 
communication) that the direct interaction cross section for these 
two elements may be of the order of 0.2 barn. These corrections 


reduce the calculated nuclear temperatures of Fe and Cu to 
1.6 Mev. 
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The process y+p — 7°+> has been studied by detecting recoil protons from a liquid hydrogen target 
which was bombarded by the bremsstrahlung beam of the California Institute of Technology electron 
synchrotron. The angle and momentum of the recoil protons were measured by a magnetic spectrometer 


three scintillation counter coincidence system. The 


process has been studied between photon laboratory 


energies of 490 and 940 Mev and between pion center-of-mass angles of 31.5° and 147°. Protons which arose 
from meson pair production were significant at forward laboratory angles. A correction for this contamination 
is discussed. The results of these measurements show two interesting features. One is that the total cross 
section, which falls very rapidly above the }— resonance energy near 320 Mev, reaches a minimum at about 
600 Mev, and then increases to a broad maximum near 800 or 900 Mev. The other striking feature of the 
data is that the shape of the angular distribution seems to change rather suddenly near 900 Mev. 


I. INTRODUCTION 


oe the pioneering experiments of Steinberger, 
Panofsky, and Stellar,! which demonstrated the 
existence of the neutral pion, a great many measure- 
ments have been made of neutral pion photoproduction 
in the energy region between threshold and 500 Mev.” 
A rather good theoretical understanding of these data 
has been achieved because of the close connection 
between photoproduction and pion-nucleon scattering,’ 
and because of the dominance in 7° photoproduction of 
the 3—# resonance in the pion-nucleon interaction.‘ 

The present experiment has been performed in order 
to extend the data on x° photoproduction to energies 
above 500 Mev, where neither of the above guides to 
its theoretical understanding is expected to be of much 
use. One might expect, nevertheless, to find some 
correlation with pion-nucleon scattering data in this 
energy region. Measurements of pion-proton total cross 
sections in the 0.45-1.9 Bev region of pion kinetic 
energies by Cool, Piccioni, and Clark® indicate a peak 
in the J=}4 cross section around 800 Mev and in the 
I= one at 1.3 Bev. These results prompted detailed 
scattering measurements at 1.0 Bev by Walker, 
Hushfar, and Shephard* and more recently by Erwin 
and Kopp.’ 

It has not been possible to make a definite connection 
between the results of the present experiment, and 
the pion nucleon scattering data. However, the two 
most interesting features of the present results occur 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

t+ Now at the Convair Scientific Research Laboratory, San 
Diego, California. 

1 Steinberger, Panofsky, and Stellar, Phys. Rev. 78, 802 (1950) ; 
86, 180 (1952). 

2 For a review of these experiments and a list of references to 
the original papers, see for example, L. J. Koester and F. E. 
Mills, Phys. Rev. 105, 1900 (1957). 

3K. M. Watson, Phys. Rev. 95, 228 (1954). 

*A list of references to the original papers is also given in 
reference 2. 

5 Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956). 

6 Walker, Hushfar, and Shephard, Phys. Rev. 104, 526 (1956). 

7A. R. Erwin, Jr., and J. K. Kopp, Phys. Rev. 109, 1364 (1958). 


in the right energy region to indicate a possible corre- 
lation with the scattering data. These features are a 
rise in the total x® photoproduction cross section above 
600 Mev to a broad maximum near 800 or 900 Mev, 
and a marked change in the shape of the angular 
distribution near 900 Mev. 


II. EXPERIMENTAL ARRANGEMENT 


The present measurements of 2° photoproduction 
were made by observing with a magnetic spectrometer 
recoil photons from a liquid hydrogen target. The 
spectrometer and target are shown schematically in 
Fig. 1. Charged particles which emerged from the 
target within a specified solid angle were momentum 
analyzed by a uniform field, wedge shaped magnet and 
focused on a three scintillation counter array. Protons 
were identified by their energy loss in these counters. 
The spectrometer solid angle is defined in the vertical 
direction by a 6-inch thick lead slit mounted on the 
front aperture of the magnet. The faces of the slit are 
tapered to point toward the center of the target in order 


Pb APERTURE DEFINING ABSORBERS 
IZONTAL willl 
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Fic. 1. Diagram of experimental layout. This figure shows a 
cross-sectional view taken through the median plane of the 
magnet. This particular arrangement shows the medium mo- 
mentum magnet. The arrangements with the low- and high- 
momentum magnets are very similar, the main difference being 
the magnet-target and counter-magnet distances. The lead slit 
was not used with the low-momentum magnet. 
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to minimize scattering and slit penetration. The solid 
angle is defined in the horizontal direction by a system 
of lead slits which are attached to the magnet pole 
tips. The position and size of these slits are such that 
particles scattering off the pole tip faces will either miss 
the counters.or be blocked from them by one of the 
slits. The magnetic field, which is produced by a current 
regulated dc generator, was measured and monitored 
by a proton resonance magnetometer during the whole 
experiment. With this apparatus it is possible to measure 
and maintain the magnetic field to an accuracy of 0.1%. 

The liquid hydrogen target, which was designed by 
V. Z. Peterson, consists of a 3-inch diameter, 54-inch 
long, cylindrical cup made of 0.003-inch Mylar. This 
cup is surrounded by a series of cylindrical copper and 
aluminum radiation shields; the inner shield is in 
thermal] contact with a 10-liter liquid hydrogen reservoir 
and the other shields are in contact with a 26-liter 
liquid nitrogen reservoir. A high vacuum is maintained 
in the region between the cup and a 0.024-inch Mylar, 
360°, external window. 

The x-ray beam of the California Institute of Tech- 
nology synchrotron consists of one ‘‘pulse” of radiation 
per second, each pulse lasting about 20 milliseconds if 
the rf amplitude is properly tailored to spill the electron 
beam out slowly. During this time the magnetic field 
of the synchrotron is maintained at constant value to 
give a fixed bremsstrahlung end point energy. The 
photon beam passes out of the machine through a 
primary lead collimator; it then goes through a high- 
pressure gas target used in another experiment, a 
secondary collimator, a series of radar sweeping 
magnets, followed by a lead scraper, then through the 
liquid hydrogen target, and finally into the beam 
monitor. 

The collimators used during this experiment resulted 
in a beam of rectangular cross section whose dimensions 
at the liquid hydrogen target were 6.6 cm vertical 
height and 5.5 cm horizontal width. The spatial density 
of the beam at this point was obtained by measuring 
the density of blackening of 400-micron Ilford G-5 
nuclear emulsions which had been exposed to the beam 
behind a }-inch lead plate. This was necessary since for 
the lowest energy protons observed, energy loss in the 
hydrogen was important. 

Three different magnetic spectrometers were used 
in the course of this experiment. These are referred to 
as the low-, medium-, and high-momentum magnets. 
The high-momentum magnet is made by attaching a 
pole tip modification to the medium-momentum 
magnet and repositioning it with respect to the target. 
The same set of counters was used with these two 
magnets. The low-momentum magnet is equipped with 
a stainless steel vacuum chamber that encloses the 
counters and extends to within 8 inches of the external 
window of the target in order to measure low-energy 
protons. The medium-high momentum magnet was 
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TaBLe I. Some of the characteristics of the three magnetic 
spectrometers are given below. The maximum momentum of 
particles which a given magnet can focus, Pmax, is based on a 
field of 15 kilogauss. The solid angle is given in steradians. The 
width of the counter placed at the focus of the magnet determined 
the AP/P ratio; AP/P and this counter width are listed in the 
last two columns. 


Width of 
AP/P defining 
counter 


3.8 in. 
4.75 in. 
4.75 in. 


Pinax (Mev/c) 
275 
600 
1200 


Magnet Solid angle 


0.0194 
0.0075 
0.00243 


AP/P 


0.081 
0.098 
0.099 


Low 
Medium 
High 


designed by Donoho; the low-momentum one was 
designed by Vette. The characteristics of these spec- 
trometers have been measured very carefully by means 
of the stretched wire technique.®? 

Some of the results of these measurements are listed 
in Table I for reference. 

To improve the angular resolution for a given solid 
angle, the magnets deflect the particles in a vertical 
plane. Each magnet is mounted on a frame which is 
supported at one end by a set of wheels which roll on 
steel tracks. The other end of the frame is supported by 
a roller-bearing pivot which is centered on the axis of 
the liquid hydrogen target. The counters for the 
medium-high momentum magnet are mounted in a 
4-inch lead house which is attached to the magnet frame. 
The low-momentum magnet counters are mounted in 
the vacuum chamber and 4 inches of lead are stacked 
around this section of the chamber. This arrangement 
makes it very easy for one person to manually change 
the angular position of either magnet without removing 
any shielding. Angular marks along the tracks have 
been surveyed in every 10°. An angle-measuring device 
attached to the magnet frame interpolates between 
these marks. 

All the scintillation counters were made with a 
polystyrene base plastic scintillator material obtained 
from the University of California Radiation Labora- 
tory at Livermore. Each counter was viewed on two 
ends through Lucite light pipes by RCA type 6655 
photomultipliers. One-half mil bright aluminum 
wrapped around the scintillator served as a reflector. 
The outputs of the two phototubes which viewed a 
single counter were balanced and then connected in 
parallel. The medium-high momentum magnet counters 
were 11 inches long; two of these were 2 cm thick and 
the other was 1 cm in thickness. Donoho has measured 
the resolution of these counters with 486-Mev/c pions 
and protons. The results of this measurement were: 


o,p=0.06u,, 
o7,=0.08u,, 


2 cm counter: og =0.15y,, 
1 cm counter: ¢,=0.21,,, 
where o is the standard deviation and yu is the mean 
pulse height. The low-momentum magnet counters 


® J. I. Vette and W. D. Wales, May, 1957 (unpublished report). 
*P. L. Donoho, November, 1957 (unpublished report). 
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Fic. 2. Block diagram of the electronic apparatus. 


were 83 inches long; the front counter (C-1 in Fig. 1) 
was 0.16 cm thick and the central one was 1.1 cm. The 
highest momentum protons that were measured with 
this spectrometer stopped in the central counter. Since 
the protons lost at least 5 times as much energy as 
the mesons for the low-momentum runs, there was no 
problem in distinguishing the two types of particles. 
The standard deviation of the proton pulses in the 
0.16-cm counter was about 30% of the mean pulse 
height for protons in the momentum range 200-275 
Mev/c. 

The electronic circuits utilized in this experiment 
are indicated in Fig. 2. The two paralleled outputs of 
the photomultipliers which viewed a single counter 
were fed into an integrating preamplifier where the 
pulses were shaped by a shorted delay line into 0.5- 
microsecond rectangular pulses. The preamplifier out- 
puts were amplified by 0.07-microsecond rise-time pulse 
amplifiers and fed into both a delay-line mixer and a 
6-channel gated discriminator. The delay-line mixer 
delayed inputs 1, 2, and 3 by 0.5, 1.5, and 2.5 micro- 
seconds, respectively. The single output of this circuit 
was fed into the vertical amplifier of an oscilloscope. 
The outputs of the 6-channel discriminator were fed 
into a 6-channel coincidence-anticoincidence circuit 
which had a resolving time of 0.15 microsecond. The 
pulses from C-1, C-2, and C-3 were placed in coincidence 
(referred to as 1-2-3) except for those runs where the 


protons could only penetrate the first two counters; in 
this case a 1.2 coincidence was used. In normal operation 
a 1.2.3 (or 1.2) pulse triggered the horizontal sweep of 
the oscilloscope and the resulting trace, which displayed 
the pulse heights of all three counters, was photo- 
graphed. Time exposures containing of the order of 50 
traces each were made and used to help set the biases 
properly to discriminate against pions, but not protons. 
The accidental rate was obtained by delaying the 
output of the rear counter one microsecond and putting 
it in coincidence with a 1.2 coincidence (referred to as 
1.2.3*). The 1.2.3* rate (or 1.2*) was negligible for all 
the runs. 

The synchrotron beam monitor is a thick-walled 
Cornell type, air ionization chamber. The response 
of this chamber as a function Eo, the peak energy of the 
bremsstrahlung, has been measured by Gomez" by 
comparing it with the energy-independent multiple 
plate quantameter designed by R. R. Wilson." The 
response in Mev/coulomb is 4.45, 5.05, and 5.41 10!* 
at Ey=497, 789, and 1080 Mev, respectively. 


Ill. EXPERIMENTAL PROCEDURE 


Since the reaction under investigation is a two-body 
process, the photon lab energy, k, and the meson c.m. 
1 R. Gomez, “Preliminary Calibration of the Beam Monitor 


of the Caltech Snychrotron,” 1957 (unpublished). 
1 R, R. Wilson, Nuclear Instr. 1, 101 (1957). 
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angle, 6,’, can be calculated once the lab momentum, 
P, and the lab angle, @,, of the recoil proton are known. 
To make a run the magnet angle and the central 
momentum were set to correspond to a desired k, 6,’ 
value. Then the biases on the discriminators were 
raised until only proton pulses were seen on the photo- 
graphed oscilloscope traces. Pictures were taken during 
all the runs to make sure that no mesons were counted 
and no protons were missed. In general, a series of 
points corresponding to a constant & and various values 
of 6,’ were run with hydrogen in the target; then the 
points were repeated with no hydrogen in the cup to 
obtain the background counting rate. When another 
value of k was investigated, the same values of 6,’ were 
chosen. In this manner the angular distribution func- 
tions and the excitation functions for a constant 6,’ 
were measured directly. 

When a gamma ray in the energy range 500-1100 
Mev strikes a hydrogen target, protons can arise from 
the reactions 


(1) 
(2) 
(3a) 
(3b) 
(4) 
(5) 


Of course there are also protons produced in the Mylar 
cup which holds the hydrogen; this background from 
the target will be discussed later. 

It is possible to eliminate the contamination from 
reactions 4 and 5 and to reduce that which comes from 
reaction 3 at most points by running with the maximum 
energy of the bremsstrahlung, Eo, about 100 Mev above 
the k value being investigated for reaction 2. This will 
be illustrated by the situation depicted in Fig. 3. Here 
it is desired to study reaction 2 at k=800 Mev. The 
rectangle represents the window in P, 6, space that the 
magnetic spectrometer-scintillation counter system 
provides. The value for Eo is chosen to be 940 Mev. The 
curves drawn for reactions 3 and 4 are computed on 
the assumption that the mesons go off together; 
consequently these lines represent the maximum 
momentum that protons from reactions 3 and 4 can 
have at the given lab angle, @,, with the machine 
running at Ey=940 Mev. With a sharp bremsstrahlung 
cutoff at Eo the optimum situation would be to lower 
E> until the curve k= Ep for reaction 2 just begins to 
intersect the top of the P, 6, window. A further reduc- 
tion of Eo would result in an undesirable loss in counting 
rate. The optimum condition was not realized during 
this experiment because at the time of the experiment 
the bremsstrahlung was not known to have such a 
sharp cutoff and the compatibility with other experi- 
ments necessitated compromise values for Eo. 


y+p— y'+?, 
y+p— +>, 
ytp— at+a+9, 
ytp— w+m+p, 
y+p— 3r+p, 
y+p— 4—Sr+ p. 
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Fic. 3. Kinematics for the photoproduction of one, two, and 
three mesons in hydrogen. The solid curves give the pro- 
ton laboratory momentum versus laboratory angle for the 
y+p— +> reaction at the constant photon energies of 800 
and 940 Mev. The curves for the other two reactions are calculated 
on the assumption that the 2 or 3 mesons are emitted together. 
These curves give the maximum momentum that protons from the 
reactions y+p— 27+) and y+ -—> 34+ can have at a given 
laboratory angle if the machine energy is 940 Mev. The shaded 
region represents the sensitive region provided by the detection 
system when the magnet is set at the angle and momentum shown. 
For a discussion of this figure see text. 


Five k values were investigated in this experiment, 
centered around 500, 600, 700, 800, and 950 Mev. 
The corresponding Eo values were 720, 720, 820, 
920-940, and 1080 Mev for most of the runs. A correc- 
tion for the contamination of reaction 3 has been 
calculated and will be discussed later. Because the 
dynamics of reaction 1 are very similar to the ° process, 
it is not possible to distinguish between these two. 
However, measurements of Compton scattering up to 
270 Mev show this cross section is about 1% of the x° 
cross section at the same energies.” Recent methods 
using dispersion theory have been used to relate 
Compton scattering to gamma-ray absorption by 
protons through the meson processes." These results 
are in agreement with experimental values and indicate 
that the contribution of reaction 1 to the observed 
protons is very small at the energies under investigation. 
No attempt was made to correct for Compton 
scattering. 


12 Auerbach, Bernardini, Filosofo, Hanson, Odian, and 
Yamagata, Proceedings of the Cern Symposium on High-Energy 
Accelerators and Pion Physics, Geneva, 1956 (European Organi- 
zation of Nuclear Research, Geneva, 1956), Vol. 2, p. 291. 

13 J. Mathews, Ph.D. thesis, California Institute of Technology, 
1957 (unpublished). 





626 ae 


For momenta above 850 Mev/c, the ratio of the 
energy lost by protons to that lost by mesons in the 
counters becomes less than 1.5 and the two peaks can 
no longer be clearly resolved. Below this value a 
proper setting of all three discriminator biases allows 
one to reject mesons without cutting into the proton 
peak. Fortunately a more elaborate pulse-height 
analysis was not necessary in this experiment to measure 
protons above 850 Mev/c. The highest momentum 
meson produced in hydrogen at a given lab angle are 
made by the peak energy photons in the reaction 
y+p—2*+n. The kinematics of this reaction are 
such that no mesons produced in hydrogen could get 
into the counters through the magnet in this experiment 
when protons above 850 Mev/c were being measured. 


IV. BACKGROUNDS 


The main background counting rate came from 
photoprotons produced in the 3-mil Mylar cup. 
Measurements were made with a carbon target and a 
hollow Mylar cylinder the same size as the cup to 
check that the magnitude and the energy dependence 
of the background were consistent with protons 
produced in Mylar. Most of the background from the 
radiation shields and the external window could be 
eliminated by a lead slit, 3$ inches wide placed 11 
inches from the counter of the target (see Fig. 1). 
This slit was used for all the runs taken with the 
medium-momentum magnet and most of those taken 
with the high-momentum magnet. Runs with and 
without the slit were made to check that no additional 
protons from the hydrogen were scattered into the 
magnet by this slit. Unfortunately, this background 
source was not realized during the low-momentum 
magnet runs, which were made at the beginning of the 
experiment. The fact that these runs were made 
without a slit and that the cross section for the photo- 
production of low-energy protons in Mylar is large 
resulted in an empty target rate that amounted to 
50-60% of the full target rate. The background rate 
for the medium-momentum magnet runs was 10-30% 
of the hydrogen runs. 

Two additional sources of background were present 
for many of the high-momentum magnet runs. Cosmic 
rays represented about 20% of the counts. Electrons 
produced in the hydrogen were scattered by the air 
into the counters at forward angles. A }4-inch lead 
absorber used between C-1 and C-2 reduced this 
background to 20% of the total background rate which 
was 10-30% of the full target runs. 


V. DATA REDUCTION 


The true counting rate was obtained by subtracting 
from the full target rate the observed background rate 
and the calculated contamination rate arising from 
meson pair production. This calculation will be dis- 
cussed in Sec. VI. The true counting rate C was 
converted into an average center-of-mass differential 
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cross section o(k,@,’) by means of the relation 
‘= NRQO(Ep)o(k,0,’) 


dQ’ B(k/Eo,Eo) 


—n(x,y)dkdQdxdydz, (6) 
dQ 


where V is the number of hydrogen atoms/cm’, 
dQ’/dQ is the center-of-mass to laboratory solid angle 
ratio, Q(Eo) is the number of effective quanta per 
standard beam monitor unit, or Q(Eo)B(k/Eo,Eo)dk/k 
is the number of incident photons per standard beam 
monitor unit in the energy interval k+3dk, n(x,y) is the 
spatial density of the photon beam normalized so that 
its integral over x and y, which are transverse to the 
beam, is unity. R is a correction factor for nuclear 
absorption in the counters and for absorption and 
scattering in the }-inch absorber when used. Scattering 
in the counters was negligible. 

The x, y, 2 limits of the integral are determined by 
the volume which is formed by the intersection of the 
photon beam with the target. The &, & limits are deter- 
mined by the magnetic spectrometer-scintillation 
counter system. Those latter limits are known from 
the stretched-wire measurements. 

The number N=4.39X10"(atom/cm*) was calcu- 
lated from the molar volume of liquid hydrogen under 
the experimental conditions."* The function B(k/Eo,Eo) 
was assumed constant with a value 0.90 for values of 
k/E, between 0.6 and 1.0 on the basis of pair spec- 
trometer measurements of Donoho, Emery, and 
Walker.'® This is a simple approximation to the theo- 
retical thin-target spectrum and gives results in- 
distinguishable from the latter for an experiment with 
an energy resolution as poor as the present one. The 
pair spectrometer measurements were of limited 
accuracy because of a troublesome background, but 
showed that the spectrum was much closer to that 
expected for a thin target than to that expected from a 
target of the nominal thickness (0.2 radiation lengths) 
of the one in our synchrotron. (Presumably the 
electrons spiral in so that they barely graze the edge 
of the target.) The value for Q(Eo) was obtained from 
quantameter measurements of Gomez.'® The function 
n(x,y) was obtained by the emulsion method mentioned 
earlier. 

Since the path from the center of target to the 
magnet aperture was equivalent to 0.357 g/cm? of 
hydrogen, it was necessary, in many cases, to take 
account of the energy lost by the protons in traversing 
material between the point of production and the 
magnet. This effect reduces the value of the integral 
in Eq. (6). For the low-momentum magnet runs the 
effects of scattering in the target had to be considered. 
Essentially the angular distribution of the protons at 


M4 Wesley, Scott, and Brickwedde, J. Research Natl. Bur. 
Standards 41, 379 (1948). 
15 Donoho, Emery, and Walker (private communication), 
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the laboratory angles where this magnet was used 
(63°-70°) is so sharply cut off by the bremsstrahlung 
limit that multiple scattering in the target results in a 
loss of counting rate. The effects of wide-angle nuclear 
scattering were investigated, but this correction is 1% 
or less. The integration, including all the above effects 
when appropriate, was done numerically on the Caltech 
Electrodata digital computer.'® 

The photon energy resolution is obtained by inte- 
grating over all the variables except k. These resolu- 
tions, normalized to a peak value of unity, are given in 
Fig. 4. The values of k which divide the resolutions into 
equal areas are 490, 585, 690, 785, and 940 Mev for 
most of the runs. The photon energy resolutions for the 
low-momentum magnet runs are typically three times 
the width of those in Fig. 4 mainly because k changes 
very rapidly with @, and P in the region where this 
magnet was used. Scattering and increased energy loss 
also contributed to this broadening. 

The nuclear absorption, which varies from 0-4.4% 
depending on counter thickness, was measured experi- 
mentally and found to be slightly less than geometric. 
The measured absorption in the 3-inch lead absorber 
was 8% and was independent of the proton momentum 
in the region of interest. The measured correction for 
scattering in the lead was somewhat larger than a 
calculated correction.’ An average value of these two 
methods is used for this correction which varies between 
0-3% depending on the proton momentum. 
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Fic. 4. Energy resolution for the medium- and high-momentum 
magnets. The figure shows the photon energy resolution provided 
by the magnets when the 7° reaction is studied. The value of k 
which divides each resolution function into equal areas is referred 
to as the central value of &. Both magnets provide essentially the 
same resolution and this resolution is practically independent of 
the angle setting of the magnet provided the central & value 
remains the same. 

16P. L. Donoho coded the medium-high momentum magnet 
program. 

17 Professor R. L. Walker calculated the correction. 
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VI. PAIR CORRECTION 


Since protons from the reactions y+p— +++) 
and y+p—7°+7°+p constituted an appreciable 
fraction of the protons that were detected forward of 
45° (lab), a correction was made for this contami- 
nation. The differential cross section in mw kinetic 
energy and solid angle, d’¢/dQ,dr,, has been measured 
recently as a function of photon energy for the 
yt+tp— rt+2-+> reaction by Woodward et al.,!® and 
by Bloch and Sands.! The results are not inconsistent 
with an isotropic distribution in the center-of-mass 
system. 

Near threshold the double x° production is expected 
to be much lower than double charged production. 
However, the energy region under consideration is high 
enough so that both r°’s can be in a P state; conse- 
quently the two reactions might be comparable. In 
order to make a calculation for the contamination rate 
from meson pair production with the available data, 
it was assumed that the cross section for y+p— 7° 
+7°+> is proportional to that for y+p—a*+n-+p 
(proportionality factor is denoted by a). It was further 
assumed that the protons are isotropic in the c.m. 
system and the proton energy dependence of the cross 
section is given by integrating out the meson variables 
from a density of states factor. With this model com- 
bined with values of the total pion pair cross section 
measured as a function of photon energy by Bloch and 
Sands it is possible to evaluate the expected counting 
rate of recoil protons from pion pairs. This contami- 
nation rate for y+-p— wt+2-+>) was calculated on 
the Electrodata computer and the results are expressed 
in terms of the pseudo-r® differential cross section o, 
which one would obtain if this rate were attributed to 
the y+p— 7°+> reaction. This quantity is given in 
Table II; it will be seen later that a=O is not in- 
consistent with certain measurements to be described. 
Consequently o, represents the total correction for 
meson pair production. 

In order to check the assumptions of the calculation 
and to evaluate the constant a, runs were made with 
different values of Eo while holding the magnet angle 
and momentum fixed. This procedure changed the 
fraction of observed protons which came from meson 
pair production. Although the calculations are limited 
by the 30% statistical accuracy of the Bloch and 
Sands data as well as by inaccuracies of the present 
data, a=O0 is consistent with the results of these 
measurements. The results are illustrated by the two 
6,’=67.5°, k=486 Mev points and the two 6,’=147°, 
k=495 Mev points given in Table II. The two 147° 
points were taken with Hy>=946 and 725 Mev. The 
value for ¢, is quite different for the two values of Eo 
and in both cases is much larger than o(6,’). An extra- 


18 Woodward, Wilson, and Luckey, Bull. Am. Phys. Soc. Ser. II, 
2, 195 (1957). 

19M. Bloch and M. Sands, Phys. Rev. 108, 1101 (1957); 
complete results will be published. 
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TABLE II. This table presents all the data obtained in this 
experiment. The magnet which was used to take the data is 
given in the first column. The c.m. differential cross section 
o(k,6,’) and the errors are given in units of 10-* cm?/sterad. The 
errors are the combined B and C type errors described in Sec. 
VII. The last column gives the calculated correction for the 
contamination of protons coming from meson pair production. 
This correction is expressed in terms of a pseudo-7® cross section, 
gp, in units of 10-” cm?/sterad. The photon lab energy.is denoted 
by & and the r° c.m. angle by 6,’. 





Magnet 6,’ k (Mev) o(k,6,’) Error 
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Med. 
High 
High 
Med. 
Med. 
Med. 
Med. 
Med. 
Med. 
Med. 
Med. 
Med. 
Med. 
Med. 
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Med. 
Med. 
Med. 
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Med. 
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495 
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484 
937 


0.40 
0.45 
0.47 
0.56 
2.21 

1.26 
0.38 
0.41 

0.41 

0.33 
0.34 
0.36 
0.57 

1.07 

0.30 
0.19 
0.24 
0.30 
0.21 

0.21 

0.41 

0.26 
0.41 

0.19 
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0.15 
0.29 
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0.35 
0.08 
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0.13 
0.38 
0.24 
0.33 
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0.12 
0.12 
0.15 
0.25 
0.36 
0.11 
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0.26 
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polation of the w° data of Oakley and Walker” from 
450 to 490 Mev at 6,’=147° gives o(6,’)=1.9X10-™ 
cm?/sterad. If the pair correction were not made in the 
present data, the value of o(6,’) for the two Ep values, 
which would be the sum of the 4th and 6th columns in 
Table II, would be well outside statistics (most of the 
error in these numbers comes from the 30% error in 
a») and would be in violent disagreement with the 
Oakley-Walker data. The same situation is true at 
6,’=67.5° except that ¢, is much smaller than o(6,’). 
The two values of Ey used here were 722 and 1072 Mev. 
An extrapolation of the Oakley-Walker data at 6,’ 
=67.5° gives o(6,’)=5X10-* cm?/sterad. These results 
are encouraging and since the o,’s are, in general, a 
smaller fraction of o(@,’) than those discussed here, 
it is felt that the pair process contribution has been 
subtracted out with an accuracy consistent with the 
other errors of the experiment. 


VII. RESULTS AND ERRORS 


The final results of the data reduction are given in 
Table II. The errors have been classified into three 
types, as follows (the quoted errors are estimated 
standard errors) : 


A. Errors in the absolute cross section which are in- 
dependent of the proton momentum and angle: 
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Fic. 5. Angular distribution in center-of-mass system at 
laboratory photon energy k=490 Mev. The errors are combined 
B and C type errors defined in the text. Typical angular resolu- 
tions are shown at the bottom of the figure. The solid and dotted 
curves are maximum likelihood (least squares) fits of the form 


o(kOy')= 2 A,(k) cos"6,’. 


n=O 


Solid curve is m=2. Dotted curve is m=3. 


*”D. C. Oakley and R. L. Walker, Phys. Rev. 97, 1283 (1955). 
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1. Beam calibration=+3%. 

2. Errors arising from errors in stretched wire 
measurements and in the dimensions of the target 
cup=+2%. 


B. Random statistical errors which vary from point 
to point: 


1. Standard counting errors. 
2. Beam monitor +2%. 


C. Systematic errors which depend on the momentum, 
angle and Eo: 


1. Error in nuclear absorption correction=+5% of 
the correction. 

2. Error in lead scattering correction =+ 20% of the 
correction. 

3. Error in the pair correction=+30% of the 
correction. 


VIII. ANGULAR DISTRIBUTIONS 


The angular distributions for the five energies 
investigated are given in Figs. 5-9. One of the most 
interesting results of the present measurements may be 
seen immediately by comparing Figs. 8 and 9. This is a 
rather marked change in the shape of the angular 
distribution between 800 and 940 Mev. The interpre- 
tation of this is not known, but a few further comments 
will be made below. 

The c.m. angular resolutions are indicated at the 
bottom of Figs. 5-9. Lines of constant 6,’ on a graph 
of proton lab momentum versus proton lab angle are 
nearly vertical in the region of investigation. In this 
case the angular resolution in the lab is converted into 
one in c.m. by multiplying by a scale factor. Several 
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Fic. 6. Angular distribution in c.m. system for k= 585 Mev. Solid 


curve is m=2 and dotted curve is m=4. 
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of the values represented on the angular distributions 
were obtained by interpolating the data of Table II 
to the proper energy; however, most of the points 
represent a direct measurement. 

The primary purpose of this experiment was to 
investigate the reaction in the 700-950 Mev region. 
However, enough data were obtained at the lower 
energies to include in this paper. The pair corrections 
for the 490-Mev data are excessive because the data 
were taken with Eo>=720 Mev. It was not convenient 
to run with a lower value of Eo during the course of 
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Fic. 7. Angular distribution in c.m. system for k=690 Mev. Solid 
curve is m=2 and dotted curve is m=4. 
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Fic. 8. Angular distribution in c.m. system for k=785 Mev. Solid 
curve is m=2 and dotted curve is m=4. 
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Fic. 9. Angular distribution in c.m. system for k=940 Mev. Solid 
curve is m=2 and dotted curve is m=4. 


the experiment. There are not enough data backward 
of 6,’=90° at the two lower energies to obtain good 
angular distributions. 

It is certainly reasonable to expect partial waves 
with />1 to be important at the energies under investi- 
gation. Consequently, the angular distributions were 
fit to an expression of the form 

o(k,6,")= > A,(k) cos"6,’ (7) 

n=() 

by the principle of maximum likelihood (frequently 
called least squares). It should be noted that the angular 
distribution analysis for neutral pions need not be done 
by the Moravcsik method.” Values of m up to 4 were 
used for the k=490 and 585 Mev data and up to 6 for 
the other values of &. 

A number of factors were considered to decide the 
best fits to the data. Some of the fits give a negative 
cross section outside of the measured regions; no 
attempt was made to refit the data with the constraint 
that the cross sections not be negative for these values 
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of m. The chi-squared goodness-of-fit test was applied. 
With the suppression of 6,’=90°, k=940 Mev point 
and the two peculiar points on either side of 6,’=60°, 
k=785 Mev, this test favors m=2 fits below 600 Mev 
and m=4 fits above this energy, although this choice 
is by no means certain. The coefficient Ao, A1, A2 
obtained with these selected fits show a reasonable 
energy variation that joins smoothly to those obtained 
by McDonald et al.” This selection also gives A; and 
A, a gradual rise from zero at 600 Mev. The A,’s for 
the selected fits are given in Table III. These fits are 


shown in Figs. 5-9 along with others that were con- 
sidered as possibilities. The total cross sections, which 
were calculated by the formula 


op =4r(Aot}Aot}Ay) (8) 


are also given in Table III. A plot of the total cross 
section as a function of energy is given in Fig. 10 along 
with the values obtained by McDonald et al.” Figure 
10 shows perhaps the most striking result of these 
measurements, namely the fact that the total 7° cross 
section reaches a minimum near 600 Mev and then rises 
somewhat at higher energies. In order to see more 
clearly the nature of the rise above 600 Mev it is 
necessary to subtract out the effects of the tail of the 
(3,3) resonance. This has been done by using the 
one-level dispersion formula given by Gell-Mann and 
Watson.” It is realized that the justification of this 
type of formula is difficult to establish in a relativistic 
region and it has been used only to provide a definite 
way of making the subtraction. The solid curve of 
Fig. 10 is the result of the one-level calculation and the 
dotted curve is obtained by subtracting the solid 
curve from the total cross section. It is seen that a 
broad peak starting at 600 Mev accounts for the rise 
in the total cross section above this energy. 


IX. DISCUSSION 


The fact that the rise in the total cross section occurs 
in the proper energy region suggests an association with 
the J=} peak observed in pion-nucleon scattering. 
It is not possible on the basis of this one photomeson 
experiment to separate J=} and } contributions; 


however, it is possible that the situation can be clarified 


TABLE III. The angular distribution coefficients defined by Eq. (7) are given in units of 10-* cm?/sterad. The coefficients are the ones 


obtained by assuming only terms up to cos*#,’ are necessary below 


The total cross section o7 is obtained by an integration of these angular distributions and given in units of 10~* cm*. 


k=600 Mev and terms up to cos‘@,’ are necessary above this energy. 








k (Mev) Ao Ai 


A: Ai As oT 





490 
585 
690 
785 
940 


0.23+0.71 
0.41+0.31 
—1.00+0.51 
—1.36+0.34 
— 1.88+0.33 


5.20+0.27 
2.95+0.18 
3.43+0.23 
3.70+0.14 
1.72+0.13 


53.8+5.1 
26.9+2.1 
34.2+1.8 
36.141.5 
29.1+1.3 


2.0+2.4 
3.641.8 
—1.4+1.7 


1.31.0 
2.5+0.7 
2.2+0.7 








21M. J. Moravcsik, Phys. Rev. 104, 1451 (1956). 
2 McDonald, Peterson, and Corson, Phys. Rev. 107, 577 
23M. Gell-Mann and K. M. Watson, Annual Review of Nuclear 


(1957). 


Science (Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 219. 
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when the results of the y+p—>a*+-m reaction are 
available. These two cross sections are related by 


o(n°)~2| a3|?—2v2 Re(asa3*)+ | a, |’, 


| 9 
o(nt)~ |as|?+2V2 Re(aas*)+2|a,)%, 


where a; and a, are amplitudes for production resulting 
in the J=3 and } final state, respectively.™ It might be 
that the decrease in the 7° cross section between 785 
and 940 Mev is due to the relative phase change 
between a, and a; rather than a decrease in a}. 

In order to see if one or two multipoles are responsible 
for the rise in the cross section above 600 Mev, a 
multipole expansion similar to that given by Gell-Mann 
and Watson™ which includes orbital angular mo- 
mentum /=0, 1, 2 was made. An attempt was then made 
to fit the data with a simplified expression retaining 
only two or three multipoles. For example, if A; and 
A, become nonzero around 600 Mev as suggested by 
the data, mesons must be produced in a state of 
j=, and this might be connected with the suggestion 
of Cool et al.6 that the J=4 peak observed in pion- 
nucleon scattering might be from a Dy interaction. 
Thus, an attempt was made to fit the r° data by keeping 
.only those multipoles leading to a Dy state in addition 
to the resonant magnetic dipole terms. This gave 
results inconsistent with the data, and several other 
simple models were also unsuccessful. It is concluded 
that no single multipole is responsible for the rise in 
the cross section and that a mixture of / values are 
needed. This latter conclusion is in agreement with one 
of the possibilities considered by Walker ei al.° in the 
analysis of their data. The change in the angular 
distribution between 785 and 940 Mev in this experi- 
ment might be caused by a change in the contribution 
of the various / states. 

The photomeson results indicate the possibility 
that at least a portion of the enhanced pion-nucleon 
scattering occurs by an interaction of the pion and the 
nucleon instead of being attributed completely to the 
Dyson-Takeda pion-pion interaction.”°. 

The meson pair correction measurements indicated 
that double x° photoproduction in hydrogen is small 
within the rather limited accuracy. If one assumes the 
y+p— x*-+n cross section is approximately the same 
as the w° values obtained here (preliminary results 
indicate this?”), the data of Bloch and Sands indicates 
that the ratio of double to single meson production 
in hydrogen is about one for the 600-1000 Mev energy 


*K. M. Watson, Phys. Rev. 85, 852 (1952). 
25 F, J. Dyson, Phys. Rev. 99, 1037 (1955). 
26 G. Takeda, Phys. Rev. 100, 440 (1955). 
27 F, P. Dixon (private communication). 
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Fic. 10. Total cross section for y+p— 7°+>) versus photon 
laboratory energy. The total cross sections are obtained by inte- 
grating the angular distributions. The open circles are the results 
of McDonald et al. of reference 22. The solid circles are the results 
of this experiment. The solid curve is calculated from a one-level 
dispersion formula of the type given by Gell-Mann and Watson.” 
The dotted curve is the difference between the total cross section 
and the solid curve and is taken to represent the contribution not 
due to the (3,3) resonance. 


region. Consequently, these first higher energy photo- 
meson experiments indicate increased y-ray absorption 
by protons above 600 Mev with subsequent de- 
excitation occurring by the emission of one or two 
mesons with roughly equal probability. 
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An investigation of the behavior of the x-nucleon reaction cross sections near the strange particle threshold 
shows that the variation with energy of the A°— XK cross section near the — XK threshold depends strongly 
upon the relative parities of the = and the A® hyperons. If the elements of the Wigner R matrix are nearly 
stationary near the —K threshold, and if the decay of the compound system is nearly independent of its 
mode of formation, the variation of the A° and = cross sections is almost uniquely established from cross 
sections measured at one energy. In particular, the A° cross section exhibits strong cusps at the ©—K thresh- 
olds. Angular distributions and polarizations are discussed from the viewpoint of these assumptions. The 
photonucleon production of strange particles is shown to be closely related to the x-nucleon production, 
essentially because the same final-state interactions are important. The strength and characteristics of these 
interactions lead to the conclusion that the matrix elements for photonucleon production of strange particles 
will, in general, be strongly affected in magnitude by the final-state interactions and they will not be real, 
even at threshold. The analysis of cusps, which are predicted in the y+-p—>+-nucleon cross section at the 
A°+ threshold and the 2+ threshold, and in the y+p—A°+K reaction at the 2+ threshold, should 
provide a means of determining the relative parities of the strange particles, in a manner almost independent 


of the dynamics of the reaction. 





INTRODUCTION 


N the study of processes involving strong short-range 
interactions, it is often convenient to divide the 
problem into two parts. Particularly over a small energy 
range, the short-range interaction can usually be ex- 
pressed by some simple approximation while the be- 
havior in the external region can be treated exactly. The 
Gamow-Condon description of a-particle decay, the 
effective range theory of nucleon-nucleon scattering, and 
Fermi’s statistical theory of high-energy processes, are 
diverse examples of phenomena in which the complexity 
of the process may be understood primarily in terms of 
the properties of particles in an external region, defined 
as a region in which they do not interact or interact only 
through Coulomb forces. 

In particular, the behavior of cross sections near 
threshold is determined largely by the properties of the 
wave equation in the external region.’ Since the form 
of the wave equation will depend upon the spins of the 
particles and upon their relative parities, an investiga- 
tion of the behavior of the strange-particle production 
cross sections near threshold might be expected to 
provide information concerning these intrinsic prop- 
erties of the particles as well as values of the matrix 
elements determined by the properties of the internal 
region. 

The threshold for the production of A°® hyperons by 
+p interactions occurs at a m-meson bombarding 
energy of about 760 Mev while the 2—K thresholds are 
at about 900 Mev. A measurement of the strange 
particle production cross section by the interaction of 
960-Mev 2~-mesons with protons has been used* to 
obtain cross sections of 0.58+0.11 millibarn for A°— K° 


P. Wigner, Phys. Rev. 73, 1002 (1948). 


1E. 
2G. Breit, Phys. Rev. 107, 1612 (1957). 
*L. B. Leipuner and R. K. Adair, Phys. Rev. 109, 1358 (1958). 


production, 0.340.09 millibarn for 2°— K° production, 
and 0.09+0.04 millibarn for 2~— K+ production. Fur- 
thermore, it seems likely that the production intensity 
is primarily the result of S-wave production in a state 
of isotopic spin, 7, equal to 3. In the center-of-mass 
system this measurement takes place about 100 Mev 
above the A°—K® threshold and only about 30 Mev 
above the ©—K threshold. Since these energies are 
small compared to the natural energies that one might 
expect to be important in this process, such as the rest 
energy of the K meson, it might be expected that an 
approximation, based on the assumption that the effect 
of the internal region does not change much over the 
energy interval of interest, would adequately describe 
the variation of cross section from the thresholds up to, 
and past, 960 Mev. Calculations made on this basis can 
then be considered extrapolations from the measure- 
ments at 960 Mev downward in energy to the A° and 2 
thresholds and upwards to a limited extent. Since the 
radiative capture process, and hence photonucleon pro- 
duction processes are intimately related to the r—p 
interaction, the study of the r—? interactions provides 
information concerning the photoproduction of strange 
particles. 


SCATTERING MATRIX 


The following calculations were made by using the 
R-matrix formalism of Wigner and others.*~* In par- 
ticular, the forms used in discussing threshold reactions 
are quite general. If the interaction between pairs of 
particles, which are the products of a nuclear reaction, 
is sufficiently singular, a surface in configuration spase 
will exist which will divide the total configuration space 
into an internal region of strong interaction and an 


4E. P. Wigner, Phys. Rev. 70, 606 (1946). 
5 E, P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 
* T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 
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TABLE I. Variation of quantities 5,, Pi, and At with & and J. The quantity X is equal to ka, where a is the channel radius and 
k=h| (E*—M?)|4. The total energy of the system is Z, and M is the mass of the particles in the channel. The phases of the quantities 
Py; and A; are adjusted so that this definition of is to be used in “_~ (2) and (4) 


b(E >E) 
—X 


(1+ =) 


3X2-+2X¢ ) 


—X+4nr—cot 1X ( 


9+3X?+X! 


X3—3 1 
-X+r-cot-{ =) (-2+ 
3X X 
4520+ 12X*+3X° ) 


X#-15X\ 1 
~X+}r-cot (- ) ({-3+5 ae 
6x?-15) X 


5+-45X?-+6X44+X8 


external region of no interaction. Complete sets of ex- 
ternal standing wave functions can then be constructed, 
a set, D, which has a finite normal derivative but zero 
value on the surface, and a set V which has a finite value 
but zero derivative on the surface. At any particular 
energy the value function V,; for the pair of particles s 
with relative angular momentum /, and a definite total 
angular momentum and parity, can be expanded in 
terms of the derivative functions D,-, where s’ runs 
over all sets of particles with positive kinetic energy in 
any part of the energy region of interest. The set of 
equations V,;=2R,1./17D,v, written for all s, forms the 
matrix equation V = RD, where the elements of the real 
symmetric R matrix contain all the information in the 
scattering process. The scattering matrix, l’, can be 
expressed in terms of the R matrix: 


U=e"(q—R)"(q*—Roe (1) 
where 

e1=$k,3(G.' +iF,7), 
and 

qsi= Q2kse "(Ger tif’s1) (Ge +iF si shyt 

are diagonal matrices, G,; and F,; are the irregular and 
regular free-particle wave functions whose asymptotic 
form is cos(k,r— lr) and sin(k,r—4lr), and k, is the 
wave number in channel s. The prime represents the 
derivative with respect to kr and the functions are 
evaluated on the surface of radius a,. The dimension of 
the R matrix is then equal to the number of open 
channels. In order to study the behavior of cross sections 
near the threshold'* for a process, i, it is then desirable 
to use the same R matrix above and below the thresh- 
old, which requires the continuation of the quantities e; 
and gq; below the threshold of channel 7. 

Although the explicit form of Eq. (1) for reactions 
with a large number of channels is unwieldy, it appears 
desirable to write out the results for 3 channels to 
illustrate the relationships between the behavior of the 
a—p, the A°9—K, and the >— 
subscripts a, b, and ¢c represent the three channels, where 
the subscripts implicitly include the orbital angular 


K cross sections. The . 


Pi(E <M) 
1 0 


(X3+ =) 
1—X? 


—2X4—X5) 
9+3X2+ X4 9—3X24X4 ) 


xs 45X2—12N443X84 7 
sia dite a Poy eee 
225+45X?+6X44X5 - 225—45X?+6X' — 


Pi(E>M) 


momentum and spin of the channel. We can write for an 
interaction of definite total angular momentum and 
parity: 

Na D)w», 


U gb=Wa(bas— 
where 
Nas= — 2ika' Paths Ps} Ras—RO-(RecRas— RacR be) |, 
Naa= —2tkaP al Rao—kO-(RaaRee— ReaRac) 
—RQo(RorRaa— RarRoa) +ksQok Oe(RaakosRee 
+RaR-oRoat Rak oRea 
—R.RarRra— RspRacK ca) |, 
D=1—kQaRaa— kiQsRov— RO Ree 
+haQakvOo(RaaRo»— RarRoa) 
+kQakQe(RaaRee— RacR ca) 
+ROkOe(RoeRec— Ro-Rev) 
—RaQakvOoRO(RaaRsrRee 
+2RapRevRac— RaaRo Res 
—RypRacRea— ReeRavR va). 


(2) 


(GoF./— FG.) (F.2+G,?)", and 
Qa=AatiP., where Aq=d In(F2+G,")!/d In(kada), 
wa=exp(id,), and 6,=—tan'(F,/G,). Values of the 
quantities P, A, and 6 are given in Table I for small 
values of /. Partial reaction cross sections oa, for states 
of a definite parity, and angular momentum /, then take 
the form 


In these equations P,= 


——|ban—%an|’, (3) 
~ (20-+1)( 25-+1) ki 


where / and S are the intrinsic spins of the particles of 
channel a. 

Equations (2) are greatly simplified if relationships of 
the type (RaaRos=RarRoa) hold. Then the quantities in 
the parentheses, ( ), vanish and 


Naa = ahiP Rees 
Nav= — 2ika'PatRaa'Rootky'Py', 


D= 1 —_ kKQRa— ROR ROR ce. 
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Since the elements R and the quantities P are real, U.,? 
can be written 


| Uao|?=[2kaP Raa, |D| ][2k.P2Ro./|D) }. 


The production intensity is then the simple product of a 
formation factor and a disintegration factor. This 
special condition, that the decay of the system is inde- 
pendent of its mode of formation, is implicit in statistical 
theories of high-energy processes and is obtained for 
certain other situations, as when one intermediate state 
dominates the reaction. 

Formally any value may be chosen for the channel 
radius a, as long as the wave function can be closely 
approximated by the free-particle wave function for 
r,>d,. In Eq. (1), e and g are functions of the choice of 
a, while the scattering matrix U is not. The dependence 
of R on a contained in Eq. (1) is complex and depends 
sharply upon the orbital angular momentum in the 
various channels. While, in general, the most useful 
values of a are those which enclose the strongly inter- 
acting region most closely, the effect of the particular 
choices used can be seen most clearly in connection with 
explicit results. Sachs’ has pointed out that the use of a 
channel radius smaller than the Compton wavelength of 
the channel particles is questionable as the particle 
cannot be localized in a region smaller than this.* 

When interaction strengths are very weak, the quanti- 
ties ROR will be small compared to one and the cross 
section oa, reduces to 4rk,ko'|Rav|*, where spin sta- 
tistical weights are neglected and for simplicity S-wave 
interactions are assumed. A comparison with the usual 
perturbation-theory representation shows that R,» is 
proportional to M,», where M q» is the usual real matrix 
element of perturbation theory. 

For strong interactions no such precise equivalent 
exists. 


PI-NUCLEON INTERACTIONS 


There are four important products or channels of the 
a+ interaction at 960 Mev: (1) #-+9, which we shall 
label as p; (2) A°+K°, labeled A; (3) 2+-K, labeled as 2; 
and (4) nucleon +27, labeled as n. The development of 
the scattering matrix in terms of the derivative matrix 
refers only to channels for two-body interactions and is 
not immediately applicable to situations in which the 
production of several particles occurs, such as x-+p—> 
(p+2-)+2°. If we look at that particular reaction, we 
would expect to find a set of discrete two-body reactions 
where the (p+) system is bound in a Coulomb state. 
Each of these would be described by a row and column 
of the R matrix, and a row and column of the U matrix. 
This density of such (p+77) states increases as the 
energy of the (+7) system approached the Coulomb 
binding energy, until it is infinite at and above zero 
energy. Since it seems unlikely that the relative proba- 

7R. G. Sachs, Phys. Rev. 95, 1065 (1954). 


8’ T. D. Newton and E. P. Wigner, Revs. Modern Phys. 21, 400 
(1949). 
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bility of the filling of such states would be very different 
if the products were the result of a +? interaction, 
a2-+K interaction, or a A°+K interaction, the use of an 
mn row and m column of the R matrix with diagonal 
element R,,,, instead of an infinite number of rows and 
columns, to represent the multiple meson production, 
should not effect results significantly. On physical 
grounds, k,,P, should be essentially proportional to the 
phase space available for three-body reactions and A, 
can be neglected. 

Using the simplifying assumption, (Ras)*=RaaRoo, 
discussed above, we can then write the scattering matrix 
element for the production of A°—K° particles in an 
S state, 


Usa=e* 
—2ikpP,'Ryptka'Ras! 
. eae kxQoRez— ka QnRnn—ikaRan 
(5) 





Xexp(—tkada). 


Here the A° is assigned positive parity by definition. The 
quantities 5,, P,, and Q, depend upon the parity of the 
K meson, as the r— p orbital angular momentum is zero 
if the K is pseudoscalar, and one if the K is scalar. The 
quantity Qs depends similarly on the parity of the 2. 

If the total S-wave production cross section for 
A°— K®, rk,~?| U pa|?, is set equal to 0.45 millibarn at an 
energy of 960 Mev, and the }—K S-wave cross section 
is set at 0.43 millibarn,’ the sum of the two cross sections 
is then almost 40% of the maximum permitted by the 
conservation laws, §rk,~*. The extrapolation of these 
cross sections is then not sensitive to the values chosen 
for the elements of the R matrix, and is strongly in- 
fluenced only by the relative parity of the = and A°. It is 
desirable to discuss the behavior of the cross sections for 
various combinations of the assignments of parities. 

Since the A° production must take place through the 
isotopic spin } state, and since the }—K intensity is 
almost entirely due to the T=} state also, it is necessary 
to consider only the T=} state carefully. 

If the = parity is even and the K is pseudoscalar, we 
can immediately calculate the ratios, kaRaa:kzRsz: D/ 
(k,R»y») for S-wave production from the measured cross 
sections. Since the input strange-particle production 
cross section is so large, the sum | U,,|+|U z| is nearly 
equal to one. This requires that the terms kaRaa and 
k,Ry» dominate the denominator D, and therefore that 
the ratios of these terms, and hence the ratios of three 
elements, Raa, Rzz, and R,, determined by the two 
measured cross sections, essentially determine the cross 
section as a function of energy. This behavior with 
energy is not significantly changed if the K meson is 
scalar, though the r— channel orbital angular mo- 
mentum is then one. This is the case because the pene- 
tration factor, P= (kpa,)?(1+,°a,")~ is close to one for 
reasonable values of ay, where a,2>h#/Mxc and in any 
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case does not vary strongly over the small energy region 
which is of interest. 

The solid lines in Fig. 1 show the strange-particle 
production cross sections calculated using Eq. (5) on 
the assumption that the = parity is even and the K is 
pseudoscalar. Values for the R-matrix elements were 
chosen so that Ra,=1.0, Rsy=1.5, and R,,=0.25, in 
units of the K-meson Compton wavelength. The term 
k,QOnRnn was chosen arbitrarily to be equal to k,Q0pR pp. 
Since the >°— K® and =~—K* channels have different 
thresholds, the term 3kzo0Qso+3kz,Q0s; was used to 
substitute for kyQs in the denominator. The numerical 
factors represent the squares of Clebsch-Gordan coeffi- 
cients appropriate for the resolution of the 7; isotopic 
spin state into the two possible )—K states, while Qzo 
and Qs, represents the function Q calculated using the 
momenta of the >°—K° and =~—A? system, respec- 
tively. Though the 7; amplitude does not contribute 
much to the m+ /—-2-+K cross section, it affects the 
ratio of 2+ to 2° strongly. The 7; cross section is also 
largely determined near threshold once the value is 
known for one energy. Equation (2) was also used to 
calculate this amplitude with Rsy=0.15 and R,,=0.4 
in units of #/Mxc and k,O,Rnn=kpRpp. These values 
were chosen in accord with the considerations of refer- 
ence 3, which are based on that work and on the Michi- 
gan measurements of the r++ p—2*-+ K‘™ cross section.’ 
Values of 6, and hence a, are needed when the relative 
phases of the amplitudes are necessary to calculate 
interference effects. In this case, only differences be- 
tween the radii chosen for 7=3} channels and T=} 
channels are at all pertinent and these have been taken 
as zero. The 2° and =~ cross sections, calculated sepa- 
rately using the above parameters, are also represented 
on Fig. 1. It is desirable to emphasize again that while 
all of the values of the parameters for both 7; and 7 
amplitudes used in the calculations are presented in 
order to be definite and for orientation purposes, the 
cross sections calculated as a function of energy are very 
nearly independent of the particular choice of values 
used when this choice is constrained to fit the experi- 
mental cross sections at 960 Mev. 

There are important qualitative features evident in 
the A° cross section shown by the solid line of Fig. 1. The 
sharp double cusp at the 2° and =~ thresholds results 
from the competition above threshold with real >—K 
production and below threshold with virtual 2— K pro- 
duction. Formally this behavior results from the rapid 
increase in the magnitude of ky0yRzzin the denominator 
as the reaction energy varies upwards or downwards 
from the > threshold. For channel angular momentum 
equal to zero, kxQz is equal to ky=h-“ 2M (E—E,) }}, 
where M is the reduced mass of the 2, and E and E; are 
the energy of the system and the threshold energy, 
respectively. The A° production cross section can then 


® Brown, Glaser, Meyer, Perl, Vander Velde, and Cronin, Phys. 
Rev. 107, 906 (1957). 
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Fic. 1. S-wave production cross sections as a function of m~- 
meson bombarding energy for +~+p—A°+K°, labeled A°; for 
n+ p—2°+ K®, labeled 2°; and for 7~+p—2~-+Kt labeled =~. 
The solid curve labeled A° represents cross section behavior of the 
type expected if the © and A® have the same parity, while the 
dashed curve shows a typical A° cross section under the condition 
that the A° and = have different parities. 


be represented near the = threshold energy E,, by 
o,=A+B(E,.—E)! below threshold, 
o,=A+C(E-—E,)! above threshold, 


where A, B, and C are independent of energy. The 
coefficients B and C are negative in the approximation 
of Eq. (2), but are not otherwise closely related. Because 
of this cusp effect, the normal dependence of the A° 
S-wave cross section on the first power of the momentum 
of the exit channel will hold only very near threshold. 
Since ky is real above threshold and imaginary below, 
the A° reaction amplitude varies sharply in phase as well 
as magnitude at the Y thresholds. This can be particu- 
larly important when effects in differential cross section 
or polarization are considered, as the interference of the 
partial wave in which the cusp occurs, with waves of 
other angular momentum or parity, must depend upon 
their relative phases. Examples of the appearance of 
cusps in reactions at the threshold of a new channel have 
been observed in the scattering of protons by tritium at 
the T(p,7) threshold,” and in the elastic and inelastic 
scattering of protons by lithium at the Li(,») 
threshold.” 

A second significant feature is the rapid decrease of 
this S-wave cross section with increasing energy. In this 
calculation this results from the rapid increase with 
energy of the magnitude of the terms kyQ:Rsz and 
kaQaRaa in the denominator and can be considered as a 
radiative damping. Serber'® has pointed out that the 
increase to be expected in the multiple x production 


10M. E. Ennis and A. Hemmendinger, Phys. Rev. 95, 772 
(1954). 

1 P. R. Malmberg, Phys. Rev. 101, 114 (1956). 

122 Newson, Williamson, Jones, Gibbons, and Marshak, Phys. 
Rev. 108, 1294 (1957). 

13R. Serber, Proceedings of the Seventh Annual Rochester Con- 
ference on High-Energy Nuclear Physics (Interscience Publishers, 
Inc., New York, 1957). 
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with energy, resulting from the rapid increase in three- 
body phase space, will also serve to damp the strange- 
particle production. Our treatment of this effect, ex- 
pressed in the energy dependence of Q),, is adequate for a 
small energy range, but probably underestimates the 
damping at higher energies. The A° production cross 
section at 1100 Mev is only about 0.25 mb," supporting 
the view that some sort of damping may be important. 

The dashed line on Fig. 1 illustrates the A° cross 
section computed in a similar manner under the as- 
sumption that the cross section is primarily due to 
S-wave emission and that the = parity is odd. The 2 
channel, with the same angular momentum and parity 
as the S-wave A° channel, will now have one unit of 
orbital angular momentum. It is then evident from 
Table I that the function kyQsRszz will not vary sharply 
near the = threshold, and no cusp in the S-wave A° cross 
section will be evident. A cusp will then occur in the P; 
partial cross section but it should be rather small. 

Anomalous behavior can also be expected in elastic 
~—p scattering at both the A° and = thresholds. Even 
if the assumption of Eq. (4) is valid, the anomalies will 
not necessarily take the form of cusps. Since the 
amplitude varies in phase as well as magnitude, 
the partial wave which is affected by the opening of the 
S-wave channel may interfere constructively with the 
incoming wave, and with scattered waves of different 
angular momentum on one side of the threshold, and 
destructively on the other side. The differential cross 
section as a function of energy will then again have the 
form of Eq. (6) but B and C may have different signs. 
This is a particular case of an effect pointed out and 
treated more generally, by Breit.? If the hyperons and 
K mesons have the same parity, the r—p P, wave will 
be absorbed to produce an S-wave Y — K system and the 
P,; scattered wave will be affected at threshold. How- 
ever, if the hyperon and K meson have the opposite 
parity, the S-wave r— channel will feed the S-wave 
Y—K channel and the S-wave scattering will exhibit an 
anomalous behavior at the hyperon threshold. It is not 
possible to make a reliable calculation of the character 
of the scattering anomaly, but a rough estimate leads 
to deviations in kA, where & is the wave number and A 
the *-—p scattering amplitude, of about 0.05. This 
should lead to effects of the order of 10% in the r—p 
differential scattering cross section at most angles, and 
from an investigation as a function of angle it might be 
possible to determine whether the S or Py wave was 
affected and measure the relative Y —K parity. 

It is clear from inspection of Eq. (2) that reliable 
quantitative estimates of the cross-section behavior 
cannot be made if the compound assumption of Eq. (4) 
breaks down seriously. Indeed this approximation was 
made primarily because it leads to definite results. It is 
unlikely, however, that the coefficient of | E,—E|} be 
small on both sides of the threshold, and the qualitative 


4 Brown, Glaser, and Perl, Phys. Rev. 108, 1036 (1957). 
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aspects of these conclusions should be valid. Some 
insight into the behavior of the R-matrix elements and 
the adequacy of the compound assumption can be 
gained by considering the work of Wigner and Eisenbud.° 
Since these authors were interested in low-energy 
processes, their formal analysis is nonrelativistic and 
may not be completely relevant to this problem as the 
m—p channel velocities are large. They find that the 
R-matrix element R;; can be written as Ri;= >>) yays/ 
(E,— EE). When one term or one intermediate state, \’, 
dominates, the familiar Breit-Wigner single level formula 
results and the compound condition is fulfilled. 

This may be particularly pertinent as the T=} r—p 
cross section exhibits a resonance-like bump near 900- 
Mev x energy.'® Although this bump is too large to be 
ascribed to a j=} state, it could conceivably be related 
to some kind of collective phenomena which would 
enhance several partial waves. 

The relation of Eq. (4) results also from the less 
stringent condition that the strange-particle interaction 
alone be dominated by a single intermediate state. 
Matthews and Salam'® and Landovitz and Leitner" 
have suggested that the production of particles with 
total angular momentum $ takes place primarily through 
the nucleon as an intermediate state. Then Rpx=ypyz 
(E,—E), Res=yrvz/(Ex— E), and Ras=vava/(Ex—£), 
while Rpp=Yp¥p/(E—E)+Rp,', where Ey will be an 
energy near the nucleon mass, and R,,’ represents 
effects from all other interaction modes. It can be seen 
that, although the r—? elastic scattering is not domi- 
nated by the intermediate state, Eq. (2) still reduces to 
Eq. (4). 


HIGH ANGULAR MOMENTA AND POLARIZATION 


The utility of discussing reactions by the use of the 
R-matrix formalism rests largely in the clarification, 
which results, of the form of variation of reaction ampli- 
tudes with energy. While this leads naturally to an 
understanding of the S-wave contribution to the strange- 
particle production cross section as a function of energy, 
since a reasonable estimate can be made of S-wave cross 
sections at one energy, the lack of a reliable partial-wave 
analysis of the strange-particle production cross section 
precludes this type of extrapolation for higher angular 
momenta. Furthermore, the magnitude of the scattering 
matrix element depends explicitly upon the value of a, 
the channel radius, for channels in which the orbital 
angular momentum is greater than zero, and the varia- 
tion of | U.,| with energy depends particularly upon the 
values chosen for the radii of channels a and 0. 

It has been suggested® that the very large S-wave 
cross section for the production of strange particles is an 
indication that the interaction strength leading to the 
production of strange particles by x— > collisions is very 
large, and that the small cross section at higher energies 

18 Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956). 


16 P. T. Matthews and A. Salam, Phil. Mag. 46, 150 (1955). 
17. F. Landovitz and J. Leitner, Nuovo cimento 3, 1094 (1956). 
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is indicative of a singular interaction rather than a weak 
interaction. The small cross section would then be 
attributed to the suppression of strange-particle emis- 
sion in states of higher angular momentum by the 
centrifugal barrier. There are plausible reasons for ex- 
pecting that the production of strange particles by 
m-nucleon collisions takes place only at small distances. 
For example, one possible basic production process 
would be described by the transition of the nucleon to a 
state consisting of a virtual hyperon and K meson, one 
of the strange particles then absorbing the incoming 7~. 
Such a process would take place at a range less than 
h/Mxc. Though a complete description of the process 
would probably require a more intricate description of 
the interaction, the range would still be small. Strong 
attractive long-range initial- and final-state interactions 
could, however, refract the incoming and outgoing 
beams so as to magnify this region. 

Since the complexity of the angular distribution of 
reaction products is limited by the values of angular 
momenta contributing to the reaction, and the maximum 
values of angular momenta which can be important are 
in turn related to the size of the interaction radius, it 
should be possible to make an estimate of this radius by 
an inspection of the angular distribution. If we should 
assume that the partial cross section for the production 
of a final state with total angular momentum, j, is 
determined predominantly by the overlap of initial- and 
final-state wave functions in an interaction volume, we 
would find that the partial cross section would be pro- 
portional to P;(a;)P;(a;) where the P are penetration 
factors for initial- and final-state channels, and are 
closely approximated by the expressions of Table I. 
Since the penetration factors are functions of a, the 
channel radius, and the orbital angular momentum of 
the channel, ratios of partial cross sections for different 
angular momenta could serve to provide an estimate of 
the values of a. An analysis in this spirit, but somewhat 
better suited for strong interactions where damping is 
important, is provided by the use of Eq. (4). The 
angular distribution will take the form 


do /dQ=rk,*(| A\?+|B}*), 


where 


A=U;++ (2U;-+U;) cosé 
+ (3Uy++2U;4*) (§ cos’®@—4)+---, (7) 


B= (Uy; — Up) sind+ (Uy+— U;*)3 sind cos@+ - - -, 

where @ is the angle of production in the center-of-mass 
system of the K meson, and the symbols U represent the 
scattering matrix elements according to Eq. (4); the 
subscripts represent the total angular momentum, the 
superscripts the parity. The K-meson parity is taken to 
be even, following other considerations.'* In general the 
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Fic. 2. Differential cross section and polarizations expected 
from the reaction *~+p—A°+K°. The solid and dotted curves 
represent angular distributions calculated using radii of interac- 
tion, a, equal to #/Mxc and 2h/Mxc, respectively, while the 
histogram represents the experimental values from reference 3. 
The dashed curve presents the polarization calculated using the 
radius #/M xc. The quantity @ represents the angle of production 
of the A° in the center-of-mass system. 


A° will be polarized. This polarization will be equal to.” 
2 Im(A*B)/(AA*+BB*). 

These equations and Eq. (5) were then used to calcu- 
late the angular distribution and polarization, using the 
same R matrix for each partial wave. As in the previous 
section, the values for the R-matrix elements were de- 
termined by the total cross section at 960 Mev. The 
solid line of Fig. 2 shows the angular distribution calcu- 
lated using a channel radius of h/Mxc for all channels, 
while the dotted line shows the polarization of the A° as 
a function of angle. The angular distribution is in good 
agreement with the experimental results shown as a 
histogram, while the value of the average polarization P 

of 0.38 is also in good agreement with the values P> 0.44 
+0.10 and 0.52+0.11 found” at nearby energies. The 
dotted line represents a calculation of the angular 
distribution using a channel radius of 2h/Mxc. Clearly, 
within the limits of the approximations made, the 


“wL, Wolfenstein, Phys. Rev. 75, 1664 (1949). 

* Lee, Steinberger, Feinberg, Kabir, and Yang, Phys. Rev. 106, 
1367 (1957). 

*1 Eisler, Plano, Prodell, Samios, Schwartz, Steinberger, Bassi, 
Borelli, Puppi, Tanaka, Woloschek, Zoboli, Conversi, Franzini, 
Mannelli, Santangelo, Silbestrini, Glaser, Graves, and Perl, Phys. 
Rev. 108, 1353 (1957). 

” Crawford, Cresti, Good, Gottstein, Lyman, Solmitz, Steven- 
son, and Ticho, Phys. Rev. 108, 1102 (1957). 
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smaller radius best represents the experimental dis- 
tribution. 

If the K meson is scalar, the P; and P; production 
amplitudes might be expected to differ considerably as 
the P; wave is fed by the S; x— partial wave while the 
A°—K P, wave is fed from the incident D wave. Since 
the D; x—p partial wave will encounter a larger 
centrifugal barrier than the S wave, the A°—K P, 
amplitude will be smaller than the P; amplitude. The 
phases of the different partial waves will also exhibit 
different retardations due to the different centrifugal 
barriers which they meet. It is then the splitting and 
phase shifts resulting from the centrifugal barriers which 
leads naturally to the A° polarization shown in Fig. 2. 
This polarization is in the direction of —(k,Xkx)/ 

k,Xkx|. Measurements of the decay asymmetry of A° 
hyperons produced by the #-— interaction at this 
energy*!’!8 show that the protons from the A° decay 
tend to go in the opposite direction. This suggests, then, 
that the protons from decaying A° hyperons tend to be 
emitted opposite to the direction of the A° spin. It must 
be emphasized that this results only from the effects of 
the centrifugal barrier. In particular, singularly different 
values for the R matrix in the different angular mo- 
mentum states would obviate this conclusion. 

An examination of Eq. (2) discloses that the mo- 
mentum dependences of the various A°— K partial waves 
near threshold is determined! by the behavior of the 
functions ka’, P,*, and 64. This leads to the pro- 
portionalities, 


U pa(S}) kat exp[i(a—kaaa) |, 
U pa(P3)~ha! exp(i8), (8) 
U pa(Py) ~ha! exp(i9’), 


where a, 8, and 8’ are constants. These proportionalities 
differ from the dependences discussed by Lee e? al." in 
the inclusion of the momentum-dependent term in the 
phase of the S-wave production amplitude. If the phase 
angle a is nearly the same as the phase of the term 
CU pa(P3)— U pa(P))], it is clear from inspection of Eqs. 
(7) and (8) that the polarization of the A° near threshold 
will vary as k*. Otherwise the polarization will be more 
nearly proportional to k. Similar considerations, of 
course, hold for 2—K production. 


PHOTOPRODUCTION OF STRANGE PARTICLES 


In the previous discussion electromagnetic inter- 
actions have been neglected. They can be introduced by 
adding a row R,; and a column R;, to the R matrix, 
where the subscript y refers to the channel ”+-y. Since 
the electromagnetic interaction is weak, the wave is 
nearly undistorted by the interaction and the channel 
radius, a=0, leads to the simplest and most easily 
interpreted values of Rj, and R,;. A choice of the func- 
tion Q, is desirable which reflects the energy dependence 
of the multipole radiation. It seems plausible that this 
should be proportional to fo* j7(kyr)r’dr; here 7; is the 
spherical Bessel function of order /, where / is the 
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multipole moment of the radiative transition, k is the 
photon wave number, and a is the radius of interaction 
which may be about #/Mxc. This expression is closely 
approximated by P;(a) of Table I. The cross section for 
radiative capture of the 7~ by the proton in a state of 
angular momentum j and parity II then takes the form 
Opy=4(2j+1)rk*| U,,|*, where U,,(7,I1) is similar in 
structure to U,,(j,I1) and U,:(7,1). In particular, the 
denominator functions D are identical and the capture 
cross section will show cusps, and be affected by 
radiative damping in the same way as the strange- 
particle cross sections. 

Cross sections for the reactions A°+K°—n+y and 
~+K-—n+y in the T=} state, and the inverse photo- 
production processes can also be written in terms of the 
R matrix and will also have a structure similar to the 
+p reactions. This statement is essentially equivalent 
to the observation that since the y+m and r+ re- 
actions share the same final-state interaction, one might 
expect related behaviors if the final-state interactions 
are strong. 

Since the incident photon beam has different angular 
momentum properties from the #~ beam, the angular 
distribution and polarization formulas take different 
forms. The y+ /—A°+ A? production amplitude can be 
written as” 


A =}k,? x >» oe > » es U (1, j11) (Sply,jm;|spmy,lmy) 
I 


j my mp mK 
X Di,™(0) (salx, jm;|sama,lxmx) 
XK Vig ™*(Gy)Xa™4emyem,', (9) 


where D and Y are the vector and ordinary spherical 
harmonics, / is the multipole moment of the y ray, /x the 
orbital angular momentum of the A— K channel, 7 is the 
total angular momentum of the pertinent state, and II 
is its parity. The s, and s, represent the spin of the A° 
and proton, respectively, and the m represent the 
components of angular momentum in the beam direc- 
tion. The em, and em,’ are orthogonal sets of unit 
vectors such that for unpolarized y rays, €2€,=5a», and 
€a'€»' =5a» for unpolarized protons. The X,"4 represents 
the A° spin function and the U are the elements of the 
scattering matrix. This equation also is valid for 2- 
meson production, for © production, and for photo- 
neutron processes, with obvious appropriate changes. 

If we consider only production near threshold, we 
need only include S and P waves of the A°—K system 
and the angular distribution takes the form 


do/d2= (8k*)-*(|A|2+|Bl?+|C|), (10) 
where 
A=[3U (E,,P;)—3v3U (M2,P)) | sind, 
B=(U(E1,Py)+ (2/v3)U (Mz2,P)) 

—U(E,,P;) |] cos8+U (M,,S}), 
C=[4U (E1,P3)+4v3U (Mo, P,)+ U (Ex, Py) sind, 


%D. R. Hamilton, Phys. Rev. 58, 122 (1940). 
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and the polarization of the A° will be equal to**”° 
P=—2(ImB*C)/(| A |?+|B|?+|C|?) (11) 


in the direction (k,Xkx)/|k,Xkx|. The arguments of 
the scattering matrix elements, U, represent the 
multipole order of the photon interaction and the orbital 
angular momentum and total angular momentum of the 
A—K system. The K meson was again chosen to be 
scalar. If the K meson is pseudoscalar, the formula (10) 
remains essentially unchanged but all electric moments 
are changed to magnetic moments and vice versa. 
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The matrix elements U are closely related to the 
elements for z-nucleon production. It is useful to ex- 
amine a particular partial wave in detail in order to 
illustrate some general consequences of this., It is par- 
ticularly convenient to discuss the S-wave A°— K+ 
production very near threshold, and assume the K 
meson is pseudoscalar. Then, neglecting small quantities 
in comparison with large quantities and for simplicity 
neglecting multiple meson production, we have from 
Eq. (2) and Table I, 





2ik, Py tk LRys— ikp(RppRys— RR pa) ] exp(—ikaaa) 


Un(ES)=—— 


1 —th Ro a— thaRua— 


2tha(Raa— tk, RppRaa— RapRpa }) 





U aa(Sy)=| 1+ 


When only the A° channel is open, we can set R;,= R,; 
=( for all 7, 7. Then Uy,=exp[2i(tan™kaRaa— aaa) | 
and the S-wave A’—AK scattering amplitude will equal 
k exp[i(a+8) | sin(a+8), where a= tan-!(kaRaa) and 
B=—k,say. The y+ p-A°+K S-wave photoproduction 
amplitude will be equal to 


(1/v2)ky§P,*(Rys/Raa) sina exp[i(a+8) ]. 


These relationships differ from the conclusions of 
Watson”*’ and Brueckner in the proportionality of the 
production amplitude to sina instead of sin(a+ 8). How- 
ever, if other channels are open, e.g., the r— p channel, 
Watson’s theorem does not hold. In particular, inspec- 
tion of Eq. (9) shows that the phase of the amplitude 
will not necessarily be purely imaginary** even very near 
threshold. Since all of these conclusions hold equally for 
other angular momenta, the phases of the various partial 
waves can be expected to vary widely even at threshold. 
Since the magnitudes of the various partial-wave ampli- 
tudes can also be expected to be strongly affected by the 
final-state interactions, it seems unlikely that the de- 
tailed predictions of perturbation theory calculations” 
concerning angular distributions and coupling constants 
can be reliable. 

The qualitative momentum dependences of the vari- 
ous strange-particle partial waves will be determined by 
the final-state wave function in the same way as for the 

2% B. T. Feld, Nuovo cimento 12, 425 (1954). 

% J. Sakurai, Phys. Rev. 108, 491 (1957). 

26K. M. Watson, Phys. Rev. 95, 228 (1954). 

27K. A. Brueckner, and K. M. Watson, Phys. Rev. 86, 923 
(1952). 

28 That is, purely real with the choice of wave functions used in 
perturbation theory. 

2M. Kawaguchi and M. J. Moravesik, Phys. Rev. 107, 563 
(1957). 

3% A. Fujii and R. E. Marshak, Phys. Rev. 107, 570 (1957). 

3D). Amati and B. Vitale, Nuovo cimento 6, 394 (1957) 

*® B. T. Feld and G. Costa, Phys. Rev. 110, 962 (1958), 


Roka(RppRaa— RyaRap) 


ome ee exp(— 2ik,da). 
1—ikpRpp—ikaRaa— kpka(RypRas— RysRap) 


production by r— interactions, and will be identical in 
form to that presented in Eqs. (10). The polarization 
will be proportional to ky,’ if a is very nearly the same 
as the phase of term C in Eq. (7), a possibility discussed 
by Sakurai*®; otherwise the polarization very near 
threshold will vary as ka. A comparison of Eqs. (7) and 
(8) with Eqs. (5) and (6) show that the angular distribu- 
tions and polarizations of the strange particles produced 
by w-nucleon and photonucleon reactions have no very 
close connection.”! In particular, the potential barrier 
arguments which suggested definite angular distribu- 
tions and polarizations for the A° lead to no such striking 
effects for y— productions. 

Since the y+ p-A°+ Kt and the w+ p—A°+ K° re- 
actions both take place through the 7=} state, the 
R-matrix elements are the same for the two reactions. 
The anomalous behavior in the m— p—-A°+K° cross 
section near the Y— AK threshold should also occur in the 
yt+p-A°+K* reaction near the y+—-2+K thresh- 
olds, and should also help to determine the parity of the 
> relative to the A. The y+ p—m*+n and y+ p-A°+ p 
should also exhibit cusps at both the A° and ¥° threshold. 
Again the cusp will affect the S; partial wave if the K 
meson is pseudoscalar and the P; wave if the K is scalar. 
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The production of +* mesons by 209-Mev' polarized protons incident on aluminum and carbon has been 
studied at production angles of 92° (for both elements) and 120° and 144° (for Al alone). Normalized right- 
left asymmetries of the order of —0.5 are observed at 92° in both elements and for mesons in the range 
26-51 Mév. The asymmetry appears to decrease rapidly with increasing production angle. The absolute 
production cross sections are determined with statistical uncertainties of about 10%. The cross sections 
at 92° are approximately proportional to the atomic weights of the two target materials, and the angular 
distribution in Al is almost isotropic for all meson energies. 


HE production of ++ mesons by polarized protons 
in the process 


ptport+d 


has been studied theoretically by Marshak and Messiah,' 
who predicted that interference between s and p waves 
would result in a right-left asymmetry in the production 
cross section. This asymmetry was expected to be a 
maximum at 90° production angle, and to decrease 
sharply at smaller and larger angles. Crawford and 
Stevenson® and Fields ef al.* have investigated this 
process at 315- and 415-Mev proton energies, respec- 
tively, and have hound a very considerable asymmetry 
at 90°. We report here some measurements of 2* 
production by 209+6 Mev polarized protons in alumi- 
num and carbon. 

The phenomenon with which we are concerned is 
essentially different from the two-body reaction men- 
tioned above, in that we place no restrictions on the 
configuration of the nucleus after emission of the 
meson, other than those imposed by energy conserva- 
tion. The results of the experiment are therefore ex- 
pected to provide a test of our understanding of meson 
production in complex nuclei, rather than of the theory 
of meson-proton interaction. The problem has not been 
treated theoretically because of the considerable com- 
plexity of the transition matrix, even under rather 
radically simplifying assumptions. In view of the large 
magnitude of the effects observed, a theoretical investi- 
gation becomes more interesting. 


METHOD 


(a) Polarized Proton Beam 


The polarized proton beam was produced in the usual 
manner by scattering 235-Mev protons at 15° “to the 
left” from a carbon target in the 130-inch cyclotron. 
It was then focused by a wedge magnet and collimated 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

1R. E. Marshak and A. M. L. Messiah, Nuovo cimento II, 337 
(1954). 

2 F. S. Crawford, Jr., and M. L. Stevenson, Phys. Rev. 97, 1305 
(1955). 

3 Fields, Fox, Kane, Stallwood, and Sutton, Phys. Rev. 96, 812 
(1954). 


by a pair of slits (Fig. 1). The result is a beam of about 
10’ protons per second at maximum cyclotron intensity, 
having a cross section of about 2.0 in.X3.75 in., an 
angular divergence in the horizontal plane of +1°, and 
a polarization of (89+2)%. The energy of protons 
entering the target was 212+3 Mev and the loss in the 
target was about 6 Mev. The beam intensity was 
measured throughout the experiment by the use of a 
parallel plate air ionization chamber interposed between 
the first and second slits. The ionization chamber was 
calibrated by counting the proton beam directly with 
a twofold scintillation counter telescope of effective 
cross section 1/64 in.* This gave an absolute measure of 
the beam density, and the beam intensity was then 
obtained by integrating the density over the full 
cross section of the beam. 
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Fic. 1, Placement of apparatus. 
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(b) Targets 


The meson-producing targets were plane sheets of 
aluminum (0.911 g-cm~ thick) and carbon (0.931 
g-cm~ thick), and were large enough to intercept the 
entire proton beam. They were mounted in a vertical 
plane, the orientation of which could be controlled 
remotely by rotation about a vertical axis. The angle 
of the target plane with the proton beam was set at 30°; 
the target was always placed in “reflection geometry” 
with respect to the meson detector. 


(c) Beam Center Line 


The beam center line is defined optically as the line 
bisecting the wedge magnet aperture, and passing 
through the point of maximum proton beam density at 
the target position. Mapping of the beam density at the 
target position showed the distribution to be sym- 
metrical; it is therefore assured that the effective solid 
angles at the detector in right and left positions are 
identical. The beam distribution at the exit of the 
magnet is known from previous work to be approxi- 
mately symmetrical. Asymmetries in the beam dis- 
tribution at either position could introduce an angular 
error, and thus a geometrical asymmetry. We believe 
this angular error to be quite small (less than 20’ of arc), 
and in any case to have a completely negligible effect 
on the results, since the meson production cross section 
is found to be almost isotropic in the laboratory frame. 


(d) Meson Detector 


The meson detector consists of a triple scintillation 
counter array which identifies mesons by virtue of their 
m-u decay in the second counter. A copper absorber 
placed between counters one and two determines the 
minimum range of detected mesons, while the thickness 
of counter two and of the target determine the range 


Cu 
Absorber 


























Fic. 2. Block diagram of electronic circuitry. 
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interval accepted. A block diagram of the circuitry is 
shown in Fig. 2. Counter three is placed in anti- 
coincidence with a fast 1-2 coincidence and the event 
1-2-3 generates a gate of about 45 musec duration. The 
gate is applied to one input of a double-coincidence 
circuit A, and after a delay of 150 mysec, to one input of 
circuit B. From the anode of the type 6655 photo- 
multiplier of counter two, we derive a pulse which has 
been carefully shaped by partial clipping; the object 
of clipping is to shorten the pulse as much as possible 
without introducing any appreciable overshoot which 
might paralyze the coincidence circuits and make them 
insensitive to m-u events. This pulse, after appropriate 
amplification and delay, is connected to the other 
inputs of circuits A and B. The time relationship of the 
gates and the shaped pulse were set in the following 
two ways: 

(1) The shaped pulse from a stopped meson or proton 
appears 25 musec before gate A and therefore 175 
musec before gate B. 

(2) The shaped pulse appears 25 musec before gate 
B, and therefore long after gate A. 

In the first case, coincidences with gate A are ex- 
pected to consist of r-u decays, m-u-e events, and random 
events; coincidences with the B gate contain z-y-e 
events, but are mostly random events. In the second 
case, coincidences with the B gate contain m-u, m-p-e, 
and random events, but coincidences with the A gate 
must be purely random. Throughout the experiment, 
equal amounts of data were taken with the two delay 
settings. We then compute the true counting rate by 
taking the differences of the two coincidence rates and 
averaging over the two delay settings. Any errors 
introduced by having different effective gate lengths at 
A and B are thus almost entirely eliminated. 

The experiment as sketched above would be straight- 
forward except for one complication: the possible 
generation of ‘‘feed-through”’ pulses at the 6655 anode 
which simulate w-~ events. These false events may be 
caused by very large energy losses in counter two, such 
as would result from star formation by an energetic 
proton. Such pulses may be 50 times as large as the 
pulse from the decay uw meson, and may ‘‘stretch”’ to 
a length exceeding 25 mysec, in spite of the clipping and 
shaping. Since the rate of protons incident on the meson 
detector was sometimes more than 10* as great as the 
meson counting rate, such rare events were a potential 
source of error. The methods of estimating this error are 
discussed in the next section. 


PROCEDURE 
(a) Calibration of the Meson Detector 


After preliminary surveys of the background problem, 
we realized that the settings of gain and the evaluation 
of the efficiency for detection of x* mesons could most 
easily be accomplished by calibrating the equipment in 
a meson beam of known characteristics. We therefore 
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Fic. 3. Normalized asymmetries as a function of meson energy and 
production angle in the laboratory frame. 


placed the counter array in the 46-Mev z* beam of the 
cyclotron, determined the absorber which stopped the 
largest fraction of mesons in counter two, and studied 
the response of the detector as a function of the relevant 
amplifier gains, photomultiplier voltages, and delays. 
As a routine procedure, we measured the dependence of 
counting rate as a function of the delay of the shaped 
pulse relative to the two gates; these delay curves 
invariably gave the proper z* lifetime over a range of 
two or more mean lives. The actual delays to be used in 
the proton beam were chosen on the basis of prelimi- 
nary studies of the probability of ‘‘feed-through” events. 
The ratio of counts to gates at the chosen delay settings 
(after correction for random coincidences and for 
imperfect anticoincidence efficiency of counter three) 
gave directly the efficiency of counting incident x* 
mesons; this efficiency varied from about 26% to 32% 
in various runs. 


(b) Operation in the Proton Beam 


The counter array was transferred to the proton beam 
position and the beam intensity set so that the true 
counting rate was of the same order as the random rate. 
This condition was a function of the absorber in the 
meson detector and the angle of the detector to the 
proton beam. For example, with no meson absorber, and 
at 90°, it was impractical to operate the cyclotron above 
one-quarter of the maximum intensity. Since we de- 
duced that the meson yield was almost independent of 
the angle, whereas the gate rate increased sharply with 
decreasing angle, we did not attempt any measurements 
at angles less than 90°. The background rate was much 
more favorable at backward angles, where it was usually 
possible to operate the cyclotron at near maximum 
intensity. 

Measurements were performed for both Al and C 
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targets at 90°, and for Al only at 120° and 145°. These 
angles are those defined by the beam center line and the 
axis of the detector telescope, and differ slightly from 
the effective mean angles because of the inclination of 
the target plane to the detector axis. We find the effec- 
tive angles to be 92°, 120°, and 144° assuming the 
meson angular distribution to be isotropic in the 
laboratory frame, in accordance with the observations. 
The angular resolution (half-width at half-maximum) is 
about +10° for the 92° and 120° angles, and +7.5° for 
the 144° angle. At each angle, and for each absorber, 
the array was operated for equal integrated beams at 
symmetrical left and right positions, and at the two 
delay settings. After several days of operation, and at 
the end of each run, the array was checked in the meson 
beam; no appreciable changes in the operating condi- 
tions were noted. The results presented in the next 
section include the combined data of two runs of six and 
ten days duration. 


(c) Contamination by ‘“‘Feed-Through”’ Events 


We have indicated that our primary concern was that 
large counter two pulses might simulate 7-u events. We 
describe here a series of checks which establish that the 
contribution of such spurious events was small, but 
probably not completely negligible. First, it was clear 
that the detected particles originated in the target: the 
yield without target was only (3+3)% of the yield 
with target. Next, the dependence of the yield on the 
delay between the shaped pulse and the gates was quite 
consistent with that expected for + mesons: the reduc- 
tion in yield for a change of two half-lives was 
0.3340.09, to be compared with the expected 0.25. To 
obtain more quantitative limits on the contamination 
by spurious events, the following tests were made: 

(1) The “meson” yield was measured with the in- 
cident proton energy reduced to 150 Mev by inserting 
the appropriate absorber before the first collimating 
slit. This energy is well below the threshold for pro- 
ducing mesons of sufficient energy to be counted. With 
the meson absorber set to select mesons of energy 
31.345.6 Mev, we obtained a yield of (4+4)% of the 
yield with full energy protons. This gives a lower limit 
to the contamination expected with full energy protons, 
because the energies of particles from the target are 
considerably degraded. 

(2) The yield was measured at a‘small angle (35°), at 
which position the gate rate was 25 times as large as at 
90°. Thus any false counts originating from events 
proportional to the gate rate would be greatly empha- 
sized relative to the meson events. After subtracting 
the estimated real meson contribution, we found a 
“feed-through” component which would amount to 
(6.2+3.5)% of the yield at 90° with the same meson 
absorber as above. This figure is probably too large, 
since high-energy protons (the supposed cause of 
“feed-through” pulses) comprise a much larger portion 
of the flux from the target at 35° than at 90°. 
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We conclude that “‘feed-through” events contribute 
at most a few percent of the yield for this particular 
meson absorber and production angle. Unfortunately, 
the time involved in making these measurements was so 
large that it was not possible to undertake them at each 
meson absorber, and at each of the three angles. Since 
“feed-through” events probably depend on the absorber 
and angle, and may in fact be asymmetric, we are not 
able to apply a correction for them on the basis of the 
available data. We may note, however, that a sym- 
metrical contamination of spurious events will make 
the measured asymmetry less than the true one; any 
contamination will increase the measured cross sections 
over the true ones. 


(d) Geometrical Asymmetries 


Although we have indicated that the experiment does 
not depend at all critically on alignment, we felt it 
desirable to see if the asymmetry in meson production 
was really zero if the protons were unpolarized. An 
unpolarized beam of the same energy and intensity as 
the polarized beam was produced by retracting all 
internal cyclotron targets, and placing an absorber near 
the wedge magnet; the absorber reduced the protons to 
the required energy and diffused the beam so that the 
distribution was certainly symmetrical at the target. 
With the same meson absorber used in the other checks, 
we measured an asymmetry of (+9+7)%. This is 


small, and of the opposite sign to that found with the 
polarized beam; we therefore assume no geometrical 
contributions to the asymmetries. 


RESULTS 
(a) Asymmetries 


Assuming that the counting rates corrected for 
random coincidences are a true measure of the r+-meson 


TABLE I. Right-left asymmetries and cross sections for mt 
production by 209-Mev polarized protons. Note that the angles, 
energies, and cross sections are computed in the laboratory frame. 
The asymmetries are normalized to that expected for 100% 
polarized protons. 


Cross section (in 
units of 10-8! cm? 
sterad~! Mev™) 


4.7640.50 
4.82+0.34 
3.06+0.22 
1.55+0.15 


2.25+0.24 
1.29+0.14 


Normalized 
asymmetry 


—0.63+0.13 
—0.49+0.06 
—0.50+0.07 
—0.43+0.08 


Energy range 
(Mev) 


23.3-29.5 
28.5-34.1 
39,2-43.9 
49.2-53.4 


Element 


Angle 
Al 92°+10° 


—0,56+0.08 
—0.35+0.08 


92°+10° 29.0-34.3 


2,49+0.25 
4.41+0.44 
4.17+0.43 
3.19-+0.29 
2.92+0.23 


5.3740.43 
4.46+0.47 
2.14+0.28 


—0.50+0.12 
—0.19-+0.16 
—0.20+0.10 
—0.45+0.11 
—0.35+0.09 


120°+10° 


—0.22+0.09 
—0.10+0.13 
—0.02+0.16 


144°+7.5° 
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Fic. 4. Absolute 
differential cross sec- 
tion as a function 
of meson energy 
and production angle. 
Cross sections, an- 
gles, and energies are 
given in the labora- 
tory frame. 
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yield, we obtain the asymmetry directly in the usual 
way: 
e=(left—right)/ (left+right). 

For ease in comparison with data from other experi- 
ments, we normalize these numbers to the asymmetries, 
€o, Which would be produced by a completely polarized 
beam. The normalized asymmetries at the three angles 
are tabulated in Table I and shown in graphical form 
in Fig. 3. 


(b) Cross Sections 


The absolute meson production cross sections were 
calculated assuming no contamination from spurious 
events; they are tabulated in Table I and shown in 
Fig. 4. The statistical deviations include a 5% un- 
certainty in the proton beam intensity, and a 5% 
uncertainty in the meson detection efficiency. Correc- 
tions have been included for decay of mesons in flight, 
for nuclear absorption of mesons in the absorber, and 
for the dissimilar efficiency for counting m-y-e events 
at the two delay settings. The solid angles were 0.18 
steradian for the 92° and 120° angles, and 0.096 
steradian for the 144° angle. 


DISCUSSION 
(a) Right-Left Asymmetry 
Four significant features emerge: 


(1) €o is always negative, indicating a preponderance 
of mesons emitted to the right, the direction opposite to 
that of scattering of protons in the first target. 

(2) The magnitude of €9 at 92° is quite large and is 
about the same for the two target materials. 
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(3) € 9 decreases rapidly with increasing angle. 
(4) «9 is about the same over the entire range of 
meson energies which we investigated (19 to 51 Mev). 


The sign, magnitude, and approximate angular de- 
pendence of the asymmetry closely resemble those 
found by Crawford and Stevenson? at 315 Mev proton 
energy. This similarity is quite striking in view of the 
considerable qualitative differences in the two processes. 
The small dependence on atomic number and on meson 
energy, while it has no parallel in the elementary 
reaction, is also somewhat surprising. 


(b) Cross Sections 


The comparison of the yield of mesons from carbon 
and aluminum at 92° gives the result that the cross 
sections are very nearly in the ratio of the atomic 
weights. This is in accord with earlier studies by Clark,* 
and by Imhof, Easterday, and Perez-Mendez.* It is 
more difficult to compare the absolute cross sections 
with those of other workers, since so little published 
data exist. The most nearly comparable measurement is 
that of Gatchell,© who measured the 90° yield of x* 
mesons from Li® and Li’ at 242-Mev proton energy, and 
found cross sections for production of 40-Mev mesons 
of 7.5X10-" and 2.7X10-" cm? Mev" sterad™ 
nucleon for the two isotopes, respectively. Our result, 
expressed in the same units, is 1.0X10-" for 42-Mev 
meson energy. The higher cross section for lithium is 
doubtless due to the higher proton energy, but the 


4D. L. Clark, Phys. Rev. 87, 157 (1952). 

5 Imhof, Easterday, and Perez-Mendez, Phys. Rev. 105, 1859 
(1957). 

® E. K. Gatchell, Phys. Rev. 105, 713 (1957). 
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difference in the isotopic yields emphasizes the strong 
dependence on nuclear structure. 

The angular distribution over the range 92° to 144° 
in the laboratory frame is found to be essentially 
isotropic for mesons of energy less than 30 Mev, and 
only slightly anisotropic for the highest energy mesons. 
We therefore conclude that production takes place 
predominantly in low angular momentum states, as one 
might expect at proton energies so near the threshold 
for meson production. The large asymmetry is pre- 
sumably a result of interference between orbital states 
of different parity, which implies that there is appreci- 
able production in both s and p waves. 


CONCLUSION 


We have shown that there is a large asymmetry in the 
production of ++ mesons by polarized protons incident 
on aluminum and carbon, and that this effect shows a 
striking resemblance to one found in the elementary 
p-p production process. In order to understand this 
result, it is evidently desirable to obtain more detailed 
information concerning the dependence of the asym- 
metry on meson energy, meson production angle, and 
proton energy. Unfortunately, the present method has 
three serious drawbacks: it is extremely time-consum- 
ing, it is not entirely free from systematic errors, and it 
is not applicable to the study of r~ production. We 
therefore plan no further measurements of this type 
unless a considerably improved technique can be 
developed. For example, if one could detect the com- 
plete x+-ut-e+ decay chain, the vulnerability to con- 
tamination by spurious events would be greatly re- 
duced. The corresponding measurements for #~ and ° 
production can be attempted only with completely 
different methods. 
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Search for Evidence of Parity Nonconservation in «'-Meson Production 
by Polarized Protons* 
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(Received March 27, 1958) 


A search was made for evidence of parity nonconservation in x*-meson production in aluminum. Mesons 
of mean energy 40 Mev were produced at 92° by 209-Mev polarized protons, and the numbers of mesons 
emitted parallel and antiparallel to the polarization direction were compared. No significant asymmetry 
was found, indicating that the parity-mixing coefficient F?<2X 10™. 


LTHOUGH it is generally assumed that parity is 
conserved in strong interactions, the upper bound 

on the parity-mixing coefficient for nuclear interactions 
is based on relatively few experiments. The original 
estimate of Lee and Yang! was based on asymmetry 
measurements in scattering of polarized protons in the 
plane containing the polarization vector. If the nucleon- 
nucleon (or nucleon-nucleus) interaction did not con- 
serve parity, one would expect an asymmetry given by 


e= F(a) -k, 


where (@) is the polarization vector, of magnitude equal 
to the degree of polarization P, and k is the propagation 
vector of the scattered nucleon in the center-of-mass 
system. We have reviewed the evidence on this point, 
and find that the best measurement of this type is 
apparently included in the original polarization experi- 
ment of Oxley, Cartwright, and Rouvina’; the asym- 
metry in “up-down” scattering of transversely polarized 
protons from hydrogen was found to be <0.02, leading 
to an upper bound for F? of about 10~*. The experiment 
of Chamberlain ef al.’ cited by Lee and Yang was very 
insensitive to possible parity mixing, principally be- 
cause of the small center-of-mass scattering angle, and 
results in setting an upper bound of F?<3X10-’, 
rather than the value 10~* quoted by Lee and Yang.! 
With regard to parity mixing in many-nucleon sys- 
tems, one may look for evidence of transitions forbidden 
by parity conservation. Tanner‘ has recently shown in 
such an experiment that in the ground states of O'* and 
He‘, and the corresponding compound Ne” state, the 
amount of parity mixing is probably less than 2X 10~. 
Since this sets an upper bound to F? of 4X10-%, this 
result is by far the most precise one available at present. 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

1T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). We do 
not include the estimate based on the absence of an electric dipole 
moment for the neutron, since this fact was later found to be 
irrelevant [L. Landau, Nuclear Phys. 3, 127 (1957) ]. 

2 Oxley, Cartwright, and Rouvina, Phys. Rev. 93, 806 (1954). 
In deducing the bound on F?, we assume the beam polarization to 
be about 32% (C. L. Oxley, private communication, June, 1958). 
The center-of-mass scattering angle was about 54°, 

3 Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 93, 1430 (1954). We assume the beam polarization to be 
70%, and the center-of-mass scattering angle to be about 17°. 

4N. Tanner, Phys. Rev. 107, 1203 (1957). 


We have looked for evidence of parity nonconserva- 
tion in the production of r+ mesons by polarized protons 
in aluminum. Although meson production is thought to 
be very closely related to other forms of nuclear inter- 
actions, the result may be of interest in that the experi- 
ment deals directly with the elementary Yukawa re- 
action. 

METHOD 


It is well known that r+ mesons produced in nucleon- 
nucleon encounters at energies not much above threshold 
are emitted primarily in p waves, presumably because 
of the conservation of parity. If parity were not 
rigorously conserved, r+ mesons could also be produced 
in s waves,® resulting in an asymmetry in the production 
cross section given by the formula above, where k is 
now the propagation vector of the meson. In a search 
for a term of this type, we have measured the cross 
section for meson production in aluminum at about 90° 
to the incident beam direction, in the plane containing 
the polarization vector. The protons had an energy of 
209+6 Mev, and were 89% polarized in the vertical 
direction. We therefore looked for an ‘‘up-down”’ 
asymmetry. 


APPARATUS AND PROCEDURE 


The apparatus and procedure used in this experiment 
were almost identical to those described in the previous 
paper,’ which dealt with measurements of the cross 
section and “‘right-left’”’ asymmetry in meson produc- 
tion. We list below the points of departure from the 
previously described method : 


(1) Before aligning an optical telescope along the 
beam center line, we investigated the proton beam 
distribution along a vertical line at the target position. 
The distribution was found to be uniform over a range 
of more than 4 inches in height; since the beam was to 
be collimated by 13-inch slits, we felt certain that no 
geometrical asymmetries would result from nonuniform 
illumination of the target. 


5 Such s-wave production, in contrast to the parity-conserving 
type, is independent of nuclear recoil effects, and in fact would 
occur even in the case of an infinitely heavy target. 

6 Heer, Roberts, and Tinlot, Phys. Rev. 111, 640 (1958), preced- 
ing paper. 
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(2) The slits were made by boring 13-inch holes in 
brass plates 2 inches thick. The axes of the holes were 
aligned along the optical center line with an accuracy 
of better than 0.01 inch by means of centered cross hairs. 

(3) The meson detector and meson-producing target 
were mounted in a rigid assembly which could be 
rotated about a horizontal axis. This axis was also 
accurately aligned by the use of cross hairs. In this 
geometry, the angle between the proton beam center 
line and the axis of the detector was fixed at 90°; the 
effective angle for meson detection was 92°+10°, as in 
the previous experiment. The detector was placed for 
equal integrated beam intensities in the “up” and 
“down” positions. 

(4) The target was aluminum 0.911 g-cm~? thick, 
and the meson absorber was set to select mesons of 
energies 38.0-42.8 Mev. 


RESULTS AND DISCUSSION 


The result obtained after about 80 hours of taking 


data is as follows: 
e=0.014+0.037. 


This indicates a small (but not significant) excess of 
mesons emitted downward. Taking into account the 
degree of polarization (0.89) and assuming the center- 
of-mass system to be essentially at rest in the laboratory 
frame, we deduce that 


F?<2X10~. 


ROBERTS, 


AND TINLOT 

We did not believe it worthwhile to attempt to reduce 
this upper bound without a considerably more careful 
study of possible systematic errors. It is, however, not 
out of the question to design an experiment to detect 
an asymmetry of less than 1%, so that it may be 
possible to reduce this limit by another order of mag- 
nitude. 

It may be noted that this measurement is closely 
related to the search of Garwin ef al.’ for circular 
polarization of the photons from 7° decay, since the 
m decay is presumed to proceed mainly through the 
channel r°—p+ , which is a form of the Yukawa 
reaction in a virtual state. Their result was also nega- 
tive: F?<8X10~. As in all such experiments, a negative 
result may of course be caused by accidental cancella- 
tion of the interference term between the parity-con- 
serving and parity-nonconserving parts of the Hamil- 
tonian; however, this is considered very unlikely. We 
therefore conclude that these experiments are consistent 
with the usual picture of the emission of spin-zero 
7+ mesons in a Yukawa reaction. 
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Multiple Scattering of 600-Mev Electrons in Thin Foils* 


R. F. Moztey, R. C. Smiru, Anp R. E. Taytor 
High-Energy Physics Laboratory, Stanford University, Stanford, California 
(Received March 31, 1958) 


The beam of the Stanford Mark III linear accelerator has been used to measure the width of the angular 
distribution of electrons multiply scattered in thin Be, Al, and Au foils. The results are in agreement with 


the predictions of the Moliére theory. 


HE very small angular divergence of the electron 

beam from the Stanford linear accelerator makes 
it particularly suitable for measuring multiple scattering 
in thin foils. Measurements were made using 600-Mev 
electrons in the undeflected beam (Figs. 1 and 2). The 
foils were placed behind a 1-in. thick copper collimator 
with a ;g-in. diameter aperture. To ensure a small 
angular divergence, {-in. aperture collimators were 
placed in the accelerator 85 ft and 125 ft before the foil. 
The angular divergence was found to be smaller than 
that defined by this geometry. After passing through 
the foil the scattered electrons continued for 40 ft in 
a vacuum pipe, and the angular distribution was 
measured just after they passed through a 2-mil 
aluminum vacuum window. The electrons were de- 
tected by measuring the darkening they caused in 
passing through a glass plate. 


LINEARITY OF DARKENING 


In order to establish the linearity of darkening of the 
glass plates, the approximate region of linearity was 
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Fic. 1, Linear accelerator and equipment for 
multiple-scattering measurement. 
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Fic. 2. Details of equipment for multiple-scattering measurement. 


* Supported by the joint program of the Office of Naval Re- 
search, the U. S. Atomic Energy Commission, and the Air Force 


Office of Scientific Research. 


first determined by making a series of exposures varying 
the number of electrons in each exposure. The number 
of electrons was measured by a secondary-emission 
monitor.! By measuring the peak darkening and plot- 
ting it against integrated current, the linearity was 
found to be adequate up to approximately 10% elec- 
trons/cm*. The accuracy of comparison of the plates is 
limited by their fading and possibly by other variable 
glass characteristics. In obtaining multiple-scattering 
data at least two exposures of different intensity were 
made for each foil measured, and the darkening of the 
plates was plotted against angle (Figs. 3 and 4). Since 
saturation would cause a difference in the width of the 
curves from the same foil, the data used came from 
curves where no such effects were visible. It was found 
by checking curve shapes at different times that the 
shapes stayed constant although the absolute values of 
the densities changed, thus indicating that the fading 
was linear. 
RESOLUTION 


An exposure was made with no foil present in order 
to determine the effect of the ;'s-in. diameter collimator 
aperture, the angular divergence of the electron beam, 
and the resolution of the densitometer. The resulting 
curve (Fig. 5) had a noticeable effect only on the width 
of scattering from the thinnest (4-mil Al) foil. All of the 
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Fic, 3. Densitometer plot of glass darkening vs angle 
_______ for }-mil aluminum scattering foil. 
1G. W. Tautfest and H. R. Fechter, Revs. Sci. Instr. 26, 229 
(1955). 
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Fic. 4. Densitometer plot of glass darkening vs angle 
for $-mil gold scattering foil. 


multiple-scattering curves were indistinguishable from 
Gaussian, and the aperture function resembled a 
Gaussian so closely that no appreciable error results 
from unfolding the two curves assuming that both are 
Gaussian. In a background exposure made with the 
collimator hole blocked, no measurable darkening was 
obtained. 


ENERGY DETERMINATION 
The unanalyzed beam of the accelerator was used 


during the actual multiple-scattering runs and the 
beam energy was measured before and after the runs 
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Fic. 5. Densitometer plot of glass darkening vs angle for #¢-in. 
collimator with no scattering foil. 
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on each foil. The drift in energy was less than 3% while 
the accuracy of the energy calibration of the magnets is 
estimated at 13%. In addition, the beam had an energy 
width of approximately 13% which would make a 
negligible contribution to the energy error. 


FOIL THICKNESS 


Except for beryllium, where a 1-cm? piece was used, 
the foil thicknesses were determined by weighing and 
measuring the area of a large (25-100 cm?) section of 
foil. The foil used was then cut from the measured foil. 
After the foils had been used their nonuniformity was 
checked by measuring the actual foil sample after it 
had been cut into two sections of approximately } cm’. 
The area measurement in this case was made by placing 
the foils on an accurately ruled graph paper and 
photographing this to give a first negative of approxi- 
mately fifty times the area. The areas of the negatives 
were measured and compared with a measurement of 
the graph paper on the same negative. The accuracy of 
the measurement of areas and of the small weights 
involved was approximately 2% for the thick and 3% 
for the thin foils. The foils showed no nonuniformity 
larger than this error. The thickness used in the data 
is that taken from the large area foil. An error of 2-3% 
in foil thickness has been assumed due primarily to the 
uncertainty in uniformity of the foil. 


ERRORS 


A very important source of error was in recording and 
reading the curves. The densitometer readings were not 
completely reproducible. The widths were determined 
by making a visual fit of a Gaussian to the densitometer 
curve and measuring the width of the Gaussian at the 
1/e point. Since the curve is quite steep in this region, 
the percentage error contributed was about 13% for 
the thick and 2% for the thin foils. The errors taken 
into account were: curve plotting and reading, 1} to 
2%; energy determination, 13%; and foil thickness 
1 to 13%. (Since the multiple scattering varies as the 
square root of the foil thickness, a 2% error in foil 
thickness contributes only 1% to the angular error.) 
Nonlinearity of darkening was not observed, and errors 
due to this would be included in the estimate of error 
due to curve reading. The errors in reading and in foil 
thickness determination were larger for the thinner 
foils. The errors are treated as random and the rms 
errors derived from the estimates above are about 2.5% 
for the thick and 3% for the thin foils. 


RESULTS AND COMPARISON WITH THEORY 


Both the width and shape of the curves were com- 
pared with Moliére’s predictions.? The difference be- 
tween the Moliére prediction and Gaussian would be 
most easily seen in the large-angle data from the 


2G. Molitre, Z. Naturforsch. 3A, 78 (1948); 2A, 133 (1947). 





SCATTERING OF 600-MEV 
thinnest foil (4-mil Al), Fig. 3. A Gaussian and the 
Moliére prediction are fitted to the data, and it can be 
seen that the accuracy does not allow any conclusion 
to be reached regarding a possible divergence from a 
Gaussian. 

The width of the curves were compared with the 
values predicied by the Moliére theory using a relation 
derived by Hanson et al.’: 


6 =6;(B—1.2)!, 
Z(Z+1) 1 
io we 


6,7=0.157 


B—I|nB=In{[(6:/6.)? ]—0.154, 


1\° (Z+1)Z4 
(~) Riper eereeeerenen, 
A[1+3.3522(e2/he)?] 


Ga 


where @,, is the scattering angle at the 1/e point, 6; the 
maximum scattering angle, 0, the screening angle, A the 
atomic weight, ¢ the foil thickness in g/cm’, and E the 
electron energy in Mev. 

A comparison of the widths of the curves with the 
predictions of Moliére theory is given in Table I. It can 
be seen that they are in excellent agreement. In this 
there is a slight and possibly not significant disagree- 
ment with the lower energy data of Hanson et al.* They 


3 Hanson, Lanzl, Lyman, and Scott, Phys. Rev. 84, 634 (1951). 
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TABLE I. Comparison of the measured multiple scattering 
with the predictions of the Moliére theory. 


Half of the width at 1/e 

(in radians X Eo/ mc?) 
Moliére Measured (aperture 
theory function unfolded) 


0.282 
0.176 
0.359 
0.699 
0.952 


Foil 


material Thickness in g/cm? 


0.0123 (5 mil) 
0.00244 (4 mil) 
0.00706 (1 mil) 
0.0205 (3 mil) 
0.0103 (4 mil) 


0.281+0.009 
0.174+0.005 
0.350+0.009 
0.685+0.017 
0.950+0.024 


found excellent agreement in the case of gold, but 
their value for beryllium indicated scattering about 
3-7% less in width than the Moliére predictions. It was 
suggested that this disagreement with theory might be 
caused by a breakdown of the Fermi-Thomas atomic 
model used in the Moliére calculations since this calcu- 
lation would not necessarily be valid for such a light 
element as beryllium. However, later work by Mohr 
and Tassie‘ using a Hartree model gives the same result 
as the Fermi-Thomas calculation. 
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Time-Reversal Invariance and Radiative Muon Decay* 


R. H. 


PRATT 


The Enrico Fermi Institute for Nuclear Studies and Department of Physics, The University of Chicago, Chicago, Illinois 
(Received March 24, 1958) 


The radiative muon decay u—e+v+v+7 is investigated as a source of information on the time-reversal 
properties of the muon decay interaction. It is shown that for any muon decay process, which may include 
electromagnetic interactions, terms in the transition probability which violate time-reversa] invariance must 
be pseudoscalars. Further, only ten combinations of the coupling constants of the four-fermion interaction 
can occur in the transition probability. These may be classified in accordance with the types of terms in 
which they occur; a term which violates time-reversal invariance must contain as a factor either the electron 
mass or the transverse electron polarization. In the radiative muon decay, if such a term is proportional to 
the electron mass, it will also contain as a factor the longitudinal electron polarization. 


F the two-component neutrino theory is assumed, the 
four-fermion interaction representing muon decay is 
characterized by two coupling constants, gy and gy.’ 
The transition probability for a decay process must be 
quadratic in these constants; the combinations which 
* This work was supported in part by a grant from the U. S. 


Atomic Energy Commission. 
1T. Lee and C. Yang, Phys. Rev. 105, 1671 (1957). 


may occur are |gv|*+]ga|?, |gv|?—|ga|2, Re(ga*gv), 
and Im(ga*gv).? A normalized decay spectrum will be 


*'D. Candlin, Nuovo cimento 6, 390 (1957). A more complete 
expression for the transition probability has been given by 
R. Sharp and G, Bach, Can. J. Phys. 35, 1199 (1957). Similar 
remarks hold for the general four-component theory with its ten 
coupling constants; this has been treated by T. Kinoshita and 
A. Sirlin, Phys. Rev. 108, 844 (1957). 
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linear in the parameters 1, é, ¢, », where 


gv|?—[gal? 


(1) 


The particular significance of the parameter 7 is that it 
vanishes unless gy and gx differ in phase; that is, unless 
there is a failure of time-reversal invariance. Measure- 
ments of the angular and energy distribution of elec- 
trons from polarized muons permit a direct determina- 
tion of — and ¢, but not 7. From recent experiments one 
may conclude that &= —0.91+0.14°; the determination 
of ¢ will require measurement of the low-energy electron 
spectrum.” The three parameters are connected by the 
relation ¢?+¢°+7’=1, so that, in principle, 7 could be 
determined from é and ¢; in practice, however, even 
accurate measurements of £ and ¢ would allow only a 
very rough determination of 7. In the transition proba- 
bility for nonradiative muon decay, » appears as a 
coefficient only for a term proportional to ¢,-e,.X p, 
where o, and «, are muon and electron spins, p the 
electron momentum; this term clearly changes sign 
under time reversal and is present only when 7 is non- 
zero. Determination of » by observation of this term 
requires measurement of the component of electron 
polarization perpendicular to the plane of the muon 
spin and the electron momentum. However, the polar- 
ization detectors presently available for high-energy 
electrons are rather insensitive to transverse polar- 
ization. 

Hence it is of interest to consider whether the time- 
reversal properties of the muon decay interaction could 
be more easily established from the radiative muon 
decay u—e+v+i+y.‘ The process is rare, but its 
transition probability might contain terms proportional 
to n which would not depend on the transverse electron 
polarization. Of particular interest would be a term 
proportional to 7e,-pXI1, where | is the photon mo- 
mentum. It will be shown, however, that any term of 
the decay which violates time-reversal invariance de- 
pends on the electron polarization. Further, any such 
term which does not depend on the transverse polariza- 
tion of the electron is proportional to the electron mass 
m, and so must be small except possibly for low-energy 
electrons. 

These conclusions may be obtained from a considera- 
tion of the more general muon decay interaction 


F=>,, (WI wu) LWT (get ar'v5)r I, (2) 
where the sum ¢ is over the usual coupling forms 


3 R. Swanson (private communication). 

4 The spectrum for this decay was obtained on the assumption 
that each of T, C, and P is conserved, by A. Lenard, Phys. Rev. 
90, 968 (1953) and Behrends, Finkelstein, and Sirlin, Phys. Rev. 
101, 866 (1956). 
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S, V, T, A, P. The transition probability P for a decay 
process is quadratic in the coupling constants. It will be 
shown that for any muon decay process, including 
arbitrary radiative effects, only ten combinations of the 
coupling constants can appear in P. This limitation 
results from the zero neutrino mass, the lack of other 
neutrino interactions, and the fact that neutrinos are 
not directly detected in the decay. Further, the ten 
combinations can be classified according to the kinds 
of terms in P with which they occur; due to the small- 
ness of the electron mass, this is a useful procedure.* 

The matrix element for any muon decay process 
[including the decay interaction (1) only to lowest 
order but allowing arbitrary electromagnetic inter- 
actions | will have the form 


M=>, RL aal’+(g-+gr'¥5)0«° J, (3) 


where & and k’ are the neutrino momenta. No neutrino 
variables appear in the factors R, of the matrix element. 
Since the neutrino is massless, the transition probability 
P must be invariant under the substitution 0,.-— 50, 
in M and thus invariant under the interchange of 
primed and unprimed coupling constants. Hence the 
combinations of coupling constants which appear in P 
are symmetric in primed and unprimed constants. 

Summing over all neutrino variables, the transition 
probability will have the form 


P« >, R-Re*[ (grge*+8,'g0'*) Ire 
+ (grgs’*+-gr'g0*)Kre]. (4) 


In Eq. (4) the first term is a scalar and the second 
(containing cross terms between primed and unprimed 
coupling constants) is a pseudoscalar. The quantities 
J,, and K,, which result from the neutrino variables are 
given by 
Je=TrLy'Tey Ts UL up, ’ 
Kye=TrlyTyrysy'T's Vu, (5) 


where 


: wf f PhdPR 5(G—k—K ky,’ /hoks 


(6) 
= (r/6)[2G,G,+¢,,G"], 


and G is the appropriate combination of other 4-mo- 
menta in the process. The function J,, vanishes for 
r~s5 when J,, is symmetric in uw and p, as it is in Eq. (6). 
Thus in the scalar part of P the only combinations of 
the coupling constants which occur are (| g,|?+|g,’|?). 
Consequently any term in P which violates time- 
reversal invariance must be a pseudoscalar. The proper- 
ties of K,, follow from those of J,,; the possible coupling 
constant combinations of the pseudoscalar part are 
(gsgp’*+-gs'gp*), (gvga’*+gv'ga*) and their complex 
conjugates, and (grgr’*+gr’gr*). There are thus ten 

5 A portion of these conclusions have been derived by R. Gatto 
and G. Liiders [Nuovo cimento 7, 806 (1958) from the Pauli- 


Pursey theory of invariants] [see, for example, W. Pauli, Nuovo 
cimento 6, 204 (1957) ]. 
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combinations of the coupling constants which may 
appear in the transition probability for a muon decay 
process. 

It may be noted that the discussion of the possible 
coupling constant combinations depended on the essen- 
tially symmetrical fashion in which the neutrinos 
appear in the four-fermion muon decay interaction, 
for from this followed the symmetry of the integrand 
of J, in neutrino momenta and hence the symmetry of 
T,, inv and p. To give an example, modification of the 
integrand of J,, by the factor® [1— (p+k’)?/2M*] leads 
to the expression 


1 ,)(6/m)=[1—2p: (p+G)/M?)[2G,G,4g,,G?] 
—2(p,G,— p,G,)(G?/M?). (7) 


This contains an antisymmetric part and allows scalar 
cross terms in Eq. (4). 

A further classification of the ten coupling constant 
combinations is obtained by considering the trans- 
formation of electron wave functions 


Vere} V- = Ves, (8) 


which leaves the electromagnetic interactions eW.y,- 
and eW,y,, invariant. Its effect on the transition proba- 
bility for any muon decay process is simply to replace 
the electron mass m, everywhere by —m, and to reverse 
the sign of the transverse component @,7 of the electron 
polarization. Thus terms in (1 or m,7) are invariant 
under the transformation; terms in (m, or o,7) change 
sign. 

The transformation (8) may be viewed in another 
way. Its effect on the muon decay interaction is equiva- 
lent to the interchange of V and A, and of S and P, 
leaving T unchanged. (Since I'y does not appear in 
terms with I’, for r~7, we may replace I'rys by I'r.) 
Thus terms in (7) and terms which are symmetric in 
(VA) and (S7) are invariant under the transformation ; 
terms which are antisymmetric in (VA) and (ST) 
change sign. 

Since these two classifications under the transforma- 
tion (8) must coincide, we may pair the terms of the 
transition probability for a muon decay process (in- 
cluding any radiative effects) and the coupling constant 
combinations with which they occur®: 

(A) Terms with both m, and oa,” or neither as 
factors. These can occur with the coupling constant 
combinations 


|gs|°+|gs'|?+|gr|?+|gr'|’, 
lev |?+|ev’|*+ lea] ?+]ea’]?, 
ler|?+|gr’|?, 
Re(gsgp’*+gs'gr*), 
Re(gvga'*+gv'ga*), 

ere Re(grgr’*). 


This modification is suggested by a representation of the 
(uv?) (ev) form of the decay interaction as due to an intermediate 
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(B) Terms with either m, or a,” as factors. These can 
occur with the coupling constant combinations 


lgs|*+|gs’|?—|ge|*—|gr'|*, 
lgv|?+ lev’ |?—| ga] ?—|ga’l?, 
Im(gsgp’*+g5'gp*), 
Im(gvga'*+gv'ga*). 


The usefulness of this classification results from the 
fact that terms containing the electron mass as a factor 
will in general be small. All ten combinations of the 
coupling constants do occur in the transition proba- 
bilities calculated for various muon decay processes; 
the pairing of terms and combinations may also be 
verified.** The last two combinations can occur only 
with a failure of time-reversal invariance in the muon 
decay interaction. They will occur as coefficients for 
pseudoscalar terms; these must contain as a factor 
either the electron mass m, (and so be small except 
perhaps for very low energy electrons) or the transverse 
electron polarization o,7 (which is very difficult to 
measure). 

These conclusions may now be specialized to the 
radiative muon decay u—e+v+i+y. Since terms of 
the transition probability which violate time-reversal 
invariance are pseudoscalars, the term o,-pXlI is 
excluded ; such terms which do occur will contain either 
m, or @,' asa factor. An experiment to test time-reversal 
invariance by measurement of a transverse electron 
polarization is already possible for nonradiative muon 
decay, so only the m, terms need be investigated. Of 
these, only a term e-pXI e-p (multiplied by scalar 
functions of the momenta, ¢ being the photon polariza- 
tion vector) does not depend on the longitudinal elec- 
tron polarization o,”, but a detailed examination of the 
matrix element shows that it appears with coefficient 
zero. The simplest term depending on the longitudinal 
electron polarization o,” would be proportional to 
ma,:0-"X1. To observe such a term would require 
measurement of the difference in longitudinal polariza- 
tion, with photons in coincidence, according as the 
photons are observed above or below the plane of the 
muon spin and electron direction. Since the radiative 
process is rare and the time-reversal effect depends on 
the factor m,, such an experiment is unlikely to provide 
a more sensitive test of time-reversal invariance than 
the difficult experiment which is possible with non- 
radiative muon decay. 
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boson coupled to (uv) and (ev). This clearly removes the symmetry 
of the two neutrinos. Of course, a theory involving only one inter- 
mediate boson contains essentially only one coupling constant 
and satisfies time-reversal invariance. See T. Lee and C. Yang, 
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The consequences of assuming a pseudoscalar classical field with pseudoscalar coupling are considered in 
a static approximation. Virtual pair formation of nucleon-antinucleon pairs is not calculated but it is sup- 
posed that it gives rise to an attraction. The interaction is being studied mainly in order to see what features 
of commonly assumed static potentials may not apply. The quantitative features of the derived interaction 
are not expected to correspond to the physical one. The qualitative character of deviations from static 
potential behavior is believed, however, to have a bearing on the velocity-dependent features of the actual 
interaction. The work neglects some of the effects of the exclusion principle caused by the population of 
negative-energy states. Some of the qualitative nonstatic features are: (a) different magnitudes of the spin- 
orbit potential in even and odd states, (b) inadequacy of the usual procedure of the insertion of e*/r in the 
wave equation for the calculation of phase shifts in p-p scattering; this inadequacy is connected with the 
fact that the standard form of the wave equation is obtained only after a transformation of a wave equation 
in which e?/r has a direct significance as a potential energy, (c) velocity (energy) dependence of core radii 
and of magnitude of effective potentials, (d) occurrence of quadratic term in the tensor interaction in the 


effective potential even though in an earlier stage of the calculation only linear terms are present. 


I. INTRODUCTION 


NUMBER of attempts have been made to work 

out the interaction between two nucleons, making 
use of the meson theory of nuclear forces. An account of 
the more important of these is given in the book by 
Bethe and de Hoffmann,' from which it is clear that a 
satisfactory treatment of the interaction of nucleons 
through the pseudoscalar field is not available. The 
present note does not pretend to provide a solution of 
this problem. Its object is to report on calculations 
which suggest the possibility of certain differences be- 
tween the actual behavior of nucleons and their de- 
scription by effective static poteniials. The possibility 
that the interaction is velocity-dependent has been 
realized for a long time. Thus Breit, Thaxton, and 
Eisenbud? have calculated some of the effects on the 
nuclear-force range parameter following from experi- 
ment on the supposition that the depth parameter 
varies with the energy. Internal excitation of a nucleon 
has been studied by Breit and Yovits* as a model giving 
rise to such a velocity dependence. In the more purely 
field-theoretic studies the effects of internal excitation 
have been considered by Matsumoto, Hamada, and 
Sugawara,‘ who have considered the effects of the 
(3,3) state in the static limit. Iwadare® is concerned 
with “nonstatic”’ corrections employing the quantized 
symmetrical pseudoscalar theory and making use of an 
expansion in powers of the coupling constant. The well- 
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Commission and by the Office of Ordnance Research, U. S. Army. 
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known difficulties of this procedure make it hard to 
arrive at definite results on such a basis! and the publica- 
tion of some, in the main part, old calculations® showing 
somewhat related effects in a relatively simple manner 
appears justifiable. It will be seen that many of the 
qualitative velocity-dependent features of the potential 
appear to be not in contradiction with the analysis of 
nucleon-nucleon scattering data made by Marshak and 
Signell’ and by Gammel and Thaler’ in terms of static 
potentials. The interaction is considered by making use 
of pseudoscalar coupling to a symmetrical classical 
meson field. The employment of a nonquantized field 
simplifies the calculations and makes it possible to treat 
a part of the problem to within all powers of the 
interaction constant. The omission of quantization of 
the field is an approximation only. It doubtless causes 
serious errors at energies approaching the threshold for 
meson production. It is not clear, however, that this 
method is necessarily very inaccurate at the lower 
energies. In the case of the electromagnetic interaction, 
the larger effects in the interaction between charges 
follow from a nonquantized electromagnetic field theory, 
although the emission of photons as well as the Lamb 
shift and associated phenomena depend on quantization 
in an essential manner. 

Another limitation of the present treatment is the 
omission of an explicit consideration of the effect of the 
exclusion principle in connection with the population of 


6 G. Breit, Proceedings of the Fifth Annual Rochester Conference 
on High-Energy Physics (Interscience Publishers, Inc., New York, 
1955). 

7R. Marshak, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics (Interscience Pub- 
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Marshak, Phys. Rev. 106, 832 (1957); 109, 1229 (1958). 

8 J. L. Gammel and R. M. Thaler, Proceedings of the Seventh 
Annual Rochester Conference on High-Energy Nuclear Physics 
(Interscience Publishers, Inc., New York, 1957); Phys. Rev. 107, 
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negative-energy states. In the interaction between elec- 
trons a similar omission matters only in rather small 
corrections. In the present case the effect of the omission 
may be more serious because of the peculiarities of the 
pseudoscalar interaction. A discussion of the error 
introduced by this simplifying assumption is attempted 
in the fourth section of the present paper. 

The treatment is entirely static in the sense of 
neglecting the time taken for the field produced at one 
nucleon to reach the other one. It includes no recoil 
effects of nucleons caused by meson emission. Judging 
by analogy to the electromagnetic case, one may suspect 
that some spin-orbit interaction effects have been 
omitted as a result of these approximations: This is 
probably the case. One of the omitted effects is con- 
sidered in a very crude and phenomenologic manner in 
connection with a discussion of indications concerning 
the spin-orbit interactions. It appears possible that this 
effect originates in a Thomas-type correction to the 
attractive potential caused by virtual nucleon-anti- 
nucleon pair formation and that the effect of this term 
adds itself to the spin-orbit interaction term which 
arose in the absence of pair formation. In some respects 
the treatment of the spin-orbit interaction is related to 
the paper by Araki.’ The main difference is that no 
attempt is being made here to include corrections for 
nucleon recoil. These corrections should eventually be 
included of course. It is doubtful, however, that one can 
do so consistently without bringing in effects of forces 
between nucleons caused by virtual pair formation. For 
this reason no attempt is being made here to treat the 
recoil effects. The large repulsive effects present in the 
static approximation are speculatively supposed to make 
the relativistic features less important than in a formal 
expansion in powers of the interaction constant. The 
recoil effects are therefore considered as giving rise to 
corrections which apply to the combined action of the 
static and pair-formation effects. The main emphasis in 
the present paper is on the deficiencies of the equivalent 
static potential concept and its object is modest, being 
mainly qualitative. 

The work appeared worth reporting because it shows 
possibilities of the presence of the following effects. The 
spin-orbit interaction is expected to be different for 
triplet even and triplet odd states. Furthermore, the 
spin-orbit interaction which appears in the wave equa- 
tion in the form of a term containing the usual (L-S) 
as a factor is not the only interaction giving rise to effects 
which are most readily attributed to first order effects 
of an (L-S) term in nucleon-nucleon scattering. In 
addition to the occurrence of the tensor interaction 
operator in the final radial wave equation, one finds also 
a term in (Sj.)?. The occurrence of this term is a 
consequence of a velocity dependence of the effective 
interaction operator when the equation is reduced from 
the original 16-component to a 4-component form. De- 
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pending on the form in which the results are expressed, 
there appear tensor force operators containing one r 
replaced by relative momentum p or both r replaced by 
p. The interaction potential is velocity dependent also 
in other ways. Thus the effective potential energy wells 
depend on the incident kinetic energy. The possible 
existence of these types of velocity dependence of 
nuclear forces has been considered before.?’* The present 
work furnishes a model of such a dependence. There 
appears in the calculations a soft repulsive core and 
possibilities of obtaining hard cores for some states. The 
presence of the cores appears to be approximately 
reconcilable with phenomenological requirements. 

An additional general feature of the equation is that 
the radial equation containing an effective potential is 
not directly related to the four-component function 
obtained by reduction to 4 components, a transforma- 
tion of the radial function being involved. The trans- 
formation is necessary in order to remove ‘terms linear 
in d/dr which occur as a result of the velocity depend- 
ence of the effective potential. A consequence of this 
additional transformation is that it is not quite right to 
be making corrections for Coulomb effects by intro- 
ducing the Coulomb energy e?/r in the radial equation 
used for the calculation of phase shifts. Comparisons of 
p-p and p-n interactions made for the purpose of tests 
of charge independence need refinement on account of 
the presence of correction terms containing e’ and arising 
through the introduction of the Coulomb energy e?/r. 
Numerical estimates presented in the fourth section are 
not discouraging. The main object of the work was, 
however, to determine those qualitative features of 
static potential models which one should treat carefully, 
rather than to attempt the formulation of a quantitative 
theory. 


II. DERIVATION OF THE EFFECTIVE POTENTIAL 


Two nucleons a and 6 are coupled symmetrically to a 
pseudoscalar field ¢. The Hamiltonian of the system is 
accordingly 


= H+ Hts f DL (0 ¢a/dx)?+ (0 ¢a/dy)? 


+ (0 ga/02)?+ (0 ¢a/cdt)?+p*? 92? \dr 
+(49)*f DoE ra%pe*¢a(r*)+ Tape’ ya(r) |. (1) 


Here a takes three values 1, 2, 3 which correspond to the 
three components of the isotopic spin vectors *°, +°. u is 
aconstant while the matrix p» is one of the three matrices 
p introduced by Dirac, p; entering a=p,e, while 8=p3 
and p391= ipo; H, and H, are, respectively, the free- 
particle Hamiltonians for @ and b. The equations of 
motion for the unquantized meson field yield 


(A—w?—8/2P) ga 


= (49)} fLra%p296 (r—4*) + ra°p2'6(r—r) ], (1.1) 
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where the 6 functions are three-dimensional. Neglecting 
the motion of the nucleons, 


exp(—|r—r*|) 





¢a(r) = — (4r)- if rats 


jr—r*| 


exp(—u|r—r°|) 
+a LE (1.3) 
|r—r?| 

Substitution of (1.2) into (1) yields an infinite energy. 
This divergence is harmless, however, in the present 
essentially nonrelativistic theory because it can be 
removed by spreading the sources of the field in (1) in 
three dimensions through the insertion in (1) of an 
integral over the field coordinates r and of three- 
dimensional source functions D,(r—r*), Dy(c«—r°). The 
change in H caused by the proximity of a and b can be 
obtained by surrounding these particles by small spheres 
and applying Green’s theorem to the volume outside 
these surfaces and inside a sphere of infinite radius 
surrounding the system. One has 


Jlcven)+uteatlir= f ea(d¢a/omds, (1.3) 


as a consequence of 
(A a ul’) Pa = 0, 


which holds in the space between the particles in the 
static approximation. The integration on the left side of 
(1.3) is over the previously mentioned volume, while on 
the right it is taken over the surface enclosing the volume 
with standing for the outward-drawn normal. At the 
small sphere enclosing particle a, one may use the 
approximation 


) exp(—|r—r*|) 
-| = (ir) fr 
on |\r—r?| 


a P2 
>— (4r)-'— 
\r—r? 2 


(1.4) 


One has therefore 
1 | Cov e0)*+uteet eset energy=—3H*, (2) 


where 


H*>= (4x) f Dal a°(t*)ta%p2°t+ Ga°(’)Ta°p2"}, (2.1) 
the first and second terms in brackets having arisen, 
respectively, from integrations over the small spheres 
around a and b. For the first part, only the portion of 
the field having 6 as a source counts because the 
¢a*(r*) contributes in this term only to the self energy; 
similarly in the second term with a and 6 interchanged. 
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Making use of (1.2), one obtains 
He=— 2f? ce Tap2"T apo" 


X{exp(—u/re—r?|)}/|re—r’|. (2.2) 


In Eq. (1) the last term can also be decomposed into a 
self-energy part and a part depending on particle 
proximity. Comparison with (2.1) shows that it is H°°. 
Hence, from (1), 


H=H*+H°+self energy+H a., (3) 
with 


Hay=}H*. (3.1) 


The self-energy part can be discarded since it amounts 
to a large but finite constant as long as the D-function 
distributions have finite extension. The same result can 
be obtained by keeping the D functions in the calcula- 
tion without the employment of Green’s theorem pro- 
vided the limit of infinitely concentrated D functions is 
taken. 


III. REDUCTION OF THE HAMILTONIAN 


For two particles of equal masses, the Hamiltonian 
may therefore be taken to be 


H=-—c(a*: p*)—B8°MC—c(a®- p*)—B°Me 

— f?(2%-2>)po%po%e"/r, (4) 
where 
(4.1) 


_— | sia r?| ’ 
the original Dirac choice of matrices a, 8 being used. 
The wave equation is 


(H—E)p=0, (4.2) 


with y standing for a 16-component spinor. With the 
usual choice of matrices, one has 


0 @¢ ; «© 
Rae 

c 0 0 -1 
each of the entries in the matrices being a two-by-two 
matrix and the @ being the standard Pauli matrices. The 
16 components arrange themselves into 4 sets with 4 
components each, which in the nonrelativistic limit are 
large or small for a or b, respectively. These sets are here 
denoted as V, x*, x°, ®; W is large for a and b, # is small 
for both, x* is small for a and x° is small for 6. Equation 
(4.2) is equivalent to the four simultaneous equations 


(E-—2M2)¥+2%x*+2°y°— Fb=0, 
r+ Ex*+Fyx°+n°b=0, 
r+ Fy*+ Ex’+2°h=0, 

— FW+9x°+ 9% °+ (E+2Mc*) =0, 


(4.3) 


with 
P=(P/n)(e-ee, 


n°=c(e*- p*), 
w’=c(e-p?), 
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Eliminating x* and x? one finds 
£ Xx x 


Li(V+6)=0, L2(¥—)=0, 


with 
1 
£,= F—F—4M?c— (4r*—1°) 


"ie 2 


1 
X (E—F)— (E+ F)(42+7°)- (r°+7°), (4.6) 
E+F 


1 
Lo= F— F?—4M?*c'— (E—F) (42-7) 


1 


X(94*— 1) —(92*+77°) (7r°+7°)(E+F), (4.7) 
E+F 


and with the specialization in the last two equations to 
(p°+p)¥=0, (4.8) 


which applies in the rest system of the particles. This 
specialization will be used henceforth. Calculation gives 


3(Li1+L2) 
= BP 4Md— 427" 
1 d \(E/r)dF/dr 
= 24 (o%0")+ (04) (o' : - ———} 
2 — F° 


rdr 


d 
= 224 3+i(or+o" ‘(Cv xXrJ+r— ) 


dr 


(F/r)dF/dr 
ae (5) 


where differential operators occurring inside the [ ]} are 
meant not to be applied outside these special brackets. 
One also finds 


$(L:—L2) 


(E/r)dF /dr 


l (E/r)dF/dr 
= Ch} —2(¥ -r)—— 
| B-F 


—(r-¥) 
FF 


—[(e*-¥)(0°-r)+(e°- ¥)(0*-r) | 
(F/r)dF/dr (F/r)dF/dr 
Et E-F 


XL(e*-r)(o? ¥) +(e" r)(o*- 9) ]}. (5.1) 


Here and below, we set 


r=r¢—r’, p=p*=—p?. (5.2) 
Inspection shows that (£:+2£.)/2 is Hermitean and 


that (£;—L,)/2 is anti-Hermitean. Hence, according to 
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(4.5) neither V+ nor V—® satisfy equations with an 
equivalent Hermitean Hamiltonian. On the other hand, 
it follows from (4.5) that 


[Lit L2— (Li— Le) (Li + L2) 1" (Li— £2) }¥=0, (5.3) 
and in this equation the operator to the left of W is 
Hermitean. It would be complicated to work with (5.3), 
especially on account of the occurrence of the reciprocal 
of £:+L2. The effective Hamiltonian corresponding to 
this equation is velocity dependent in a very compli- 
cated way. In order to determine the phase shifts, 
however, it is not necessary to eliminate all components 
with the exception of ¥. In fact, if ¥=0 in a part of the 
coordinate space, then in that part of the space Eq. (4.4) 
determines ® in terms of Y and a phase shift in W is 
reproduced as an equal phase shift in ®. For this reason 
the reduction of the first of the two equations in (4.5) 
will be used. The starting point for further reduction is 
thus F 


£,:=F-FP—-4M*—4e- +cr* 


1 -|- r)dF /dr 
E2—F? 


x | 2 (0°09) + (0"-1)(0%r 
| rdr 
(F/r)dF/dr 
— 2i[ (e*+e°)- (9 Xr) | 
Fe?—F? 


d \ (F/r)dF /dr 
=21(3+r )- -- } 

dr r?-—F 
(E/r)dF/dr 2(E/r)dF/dr 


an ——(r-¥) 
RF 


F 2 a F v2 


—2(¥-r) 


—((e*:¥)(e-r)+(e°- ¥)(e*%-r) | 
(F/r)\dF/dr (F/r)dF/dr 

x Se a a 2 
F?—F 


XL[(o*-1)(o"¥)+(o-1)(o" ¥)]]. (5.4) 


Further reduction can be made by specifying the value 
of the total spin which has the same value for V and ®. 
The truth of the last statement follows from the fact 
that all the operators occurring in (5) and (5.1) com- 
mute with 


s=}(e*+0"). (5.5) 
It is convenient to introduce the operators 


T s+ =3[(s-r)(s-p)+(s:p)(s-r) ] 
—s{(r-p)+(p-r)], (6) 


Ts =3((s-r)(s: p)—(s-p)(s-r) ] 
—s[(r-p)—(p-r) ]=3ih(L-s), (6.1) 
with 


hL=[rXp], (6.2) 
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in terms of which 
[(o*+e°)-r][(o°+o")-p] 
2(Tastt+Tav )+ §s'(r-p), 
a") ti 
—$(Tavt+Tar ) 
-4.4(1—48°) (rp) 4+-4ih(o-L). 
These operators give 
(o*-V)(e°-r)+-(e°-¥)(o*-r) 
i/h){2T aot + 4$S(S+1)— 
r)(o°-¥)+(e°-r)(o*-V) 
= (i/h){3T ast +[ if: 


[s’—S(S+1)]¥=0, (6.7) 
so that S has the values 0 and 1 for singlets and triplets, 
respectively. It may be shown that the elements of 
T.»* are related to those of the tensor operator 


(6.3) 
[(e*—o°)-r][ (o* 


(6.4) 


2\(p-r)}, (6.5) 


(o°- 


(S+1)—2](r-p)}, (6.6) 


where 


Sar=3(e*-r)(o°-1)/r’—(o*-0°), (7) 
in the following way: 
(L—2|Tast|L)/(L—2|Sao|L) 

= (hr/i)[d/dr+(L+1)/r], 
L+2|Sax|L) 
= (hr/i)[d/dr—L/r], (7.2) 
(L| Tast|L)/(L| Sav| L)= (hr/i)[d/dr+3/(2r)]. (7.3) 
Here the designation of magnetic quantum numbers is 
omitted since it is unessential in the application. These 
quantum numbers are the same for the elements of 
T.»* and S,, whose quotient is being considered. 
Employing these formulas together with (6.5), 
and (5.4), one finds 


£\=E—F 4M" 4p" 


(7.1) 
(L+2|Tart|L)/( 


(6.6), 


+c% -24| @s(S+1)-3) 
d =|" ‘dF /dr 


+4$(Sart+2S(S+1)—3)r— 
P-F 


dr 
(F/r)dF /dr 
— (6+4(L-s))—_— 
F?—F 
(F/r)dF/dr (E/r)dF /dr 
(544) 


dv) P-F 


F-F dr 


(F/r)dF /dr 
s(ssi0-\(Le)F 
(2 fF 
(F/r)dF /dr 
a es 
F-F dr 


4 d 
+(-ss+1)-2)—]| (no coupling), (8) 
: r 


—~f-— — 


2(E/r)dF/dr d [(# 
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where only the case of states with sharp values of L is 
explicitly considered. In this equation Sq, is a c number 
equal to the element of S,, diagonal in Z and S. The 
occurrence in this equation of terms containing the first 
power of d/dr shows that an additional transformation 
is needed before an equivalent potential can be intro- 
duced. For singlets the equation simplifies to 


r dF dr | 


FP —F’—4M*c'— 4 p+ (40h -— ——(r-p) 
E+F | 


X(W+)=0, (S=0). (9) 
Setting 

V+6='R_t(r)V¥ 1.11 (8,¢), (9.1) 
and 

1R p+ (r)='ut(r)(E+F)}/r, 
there results the radial equation 


je L(L+1) M | 

ia . —+— "adil ead ‘ut(r)=0, (9.3) 
r r 

with 


(E—2M ci)? mM. 
- —(m,c’) 
4Mc 


Ve = — >F 


4Mc? M 


9 


Ae f + F 
(+) G5)-sasah 
E+F 2(E+F) 


pw=m,c/h, 


(9.4) 


where 


<= pr, (9.5) 
with m, standing for the meson mass. In this equation 
the first term is a relativistic correction to the kinetic 
energy. The second term gives a repulsive potential 
which becomes large at short distances and may be 
described as a soft core in the same terminology which 
refers to an infinite repulsive potential as a hard core. 
The last term shows a slight velocity dependence 
through the entrance of E. The shorter-range part of 
this term is always repulsive and is qualitatively similar 
to F?/(4Mc*). The longer-range part of the last term is 
attractive for isotopic triplets (7=1) and repulsive for 
isotopic singléts (T=0). The 'V ers is not expected to 
represent the whole effective potential because of the 
omission of the effect of nucleon pair formation and 
other ps a0 

For triplets (S=1), Eq. (8) can be reduced to a radial 
equation with an effective potential by means of the 
substitution 


V+6= V1.1 (6,¢) *ut*(r) 


< [ (E+ F)/(E—F) }'(E2— F?)-O+ 8012, (10) 
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and in this case 


| @ L(L+1) 1 1 
—+—(F?— F*— 4M?) 4+-——— 
dr’ r 4C°-h? 72 — Fe? 


@F FdaF EdF 
x| —$(1+S4.)E———+4+23(Sa.—2)— 
dr? =. 2dr’ rdr 


FdF dF \? 
— (1+ (L-S))— -1(—) 
rdr dr 


(dF /dr)* 

———} —3(1+S,,)EF-jF-F 
(?—F°?)? 
3ut+(r)=0. 


1 , 
—— +5.) | (10.1) 
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As in (8), the S,, in this equation is the value of the 
diagonal element of the operator Sq». The effective 
potential corresponding to this equation can be inferred 
by noting that its first two terms are the same as in the 
singlet case and that the remaining terms are obtained 
from the factors multiplying *«*(r) by the factor -h?/M. 
Among the terms there is the contribution to the spin- 
orbit interaction 


h?(F/r)dF /dr 
-(L-S 


(Sete veer coes oe 


0” M (EF?) 


nh? d(F?/4Mc*) 
real WY 
rdr 


(10.2) 


w= — 


2M?C? 


This term has its origin in the second term in curly 
braces in (5.4) and can be inferred directly from the 
latter on noting that 


(E-2M2)? 


E-—-2M?2+ 
4M? 4Mc; 


F?—4M?*c= (10.3) 


and solving for the first of the two terms in the curly 
braces. In the asymptotic form applying at long dis- 
tances according to the last expression in (10.2), this 
spin-orbit interaction is somewhat reminiscent of the 
Thomas term which would arise from the repulsive core 
potential F?/(4Mc’). It differs from the extension of the 
Thomas term to two-body potentials” only by its sign. 
In the region of large r it thus has the sign corresponding 
to shell model requirements.'! It may be called an anti- 
Thomas term. The origin of the change of sign is the 
pseudoscalar rather than scalar character of the field. 
For distances at which F? < E°, the sign of the spin-orbit 
interaction changes. At E=F there is a simple pole in 


0 G. Breit, Phys. Rev. 51, 248, 778 (1937); 53, 153 (1938). 

1M. G. Mayer, Phys. Rev. 75, 1969 (1949); 78, 16 (1950); 
Haxel, Jensen, and Suess, Phys. Rev. 75, 1766 (1949); Z. Physik 
128, 295 (1950). 
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the dependence of V..s) on r and this singularity does 
not introduce divergence troubles. 

A possibility of this kind of difficulty exists in the 
group of terms in (10.1) which contain the factor 
1/(E?—F?)? and occur last in the formula. If these 
terms amount to a repulsive potential close to the 
singularity, no difficulty arises because at most such a 
term enforces the vanishing of *w*(r) at the singularity, 
in which case it simulates a hard core potential. The last 
term in curly braces in (10.1) can be expressed as 


{—2(E+(14+S a.) F P+ (2/9) (14S 0s)? —F?} 
(dF /dr)? 


x———. 
(E— F?)? 


(10.4) 


A sufficient condition for the corresponding potential to 
be repulsive is 


1> (2/9)(14+Sa»)*. 


For J=L this condition is not satisfied because in this 
case S,,=2. However, in this case the first of the two 
factors in (10.4) is 


—}(E+F)(E+5F). 


If F>0, the potential corresponding to (10.4) is there- 
fore always repulsive and there is no difficulty regarding 
the existence of an acceptable solution. If F <0, there is 
also no difficulty, because at the value r=ro for which 
E+F=0, the singularity in the potential is of the type 
1/(r—ro). This potential energy term changes sign at 
r=ro. Taken literally, it calls for a special consideration 
at r=ro, being similar to the Coulomb function at r=0 
for L=0. For the Coulomb function, one has solutions 
one of which is regular and the other irregular at r=0. 
The irregular solution behaves at small r like 


const X [1+ (2r/a) In(2r/a) ], 


where a is the Bohr length, the dependence being written 
here for the case of repulsive fields only. In the case of 
Coulomb functions, the three-dimensional wave func- 
tion corresponding to the above form is infinite since it 
is obtained from the usual Coulomb functions as F9/r or 
Go/r. In the present case, however, r of the Coulomb 
function is replaced by r—ro and one has to divide 
essentially by ro. There are thus two acceptable linearly 
independent solutions for r>r9 and for r<ro which can 
be matched. 

Equations (8) and (10.1) have been writtea for the 
uncoupled case; i.e., for J/=L. If there is coupling be- 
tween states with different L, two equations instead of 
one have to be used. These can be written in the form 
of a matrix containing differential operators, the matrix 
multiplying a two-component wave function. The di- 
agonal terms of this matrix determine the properties of 
the radial functions if one uncouples the functions by 
setting the off-diagonal elements equal to zero. The 
diagonal terms contain in this sense equivalent po- 
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tentials in the decoupled form. These equivalent poten- 
tials are reproduced by Eqs. (8) and (10.1), only (7.3) 
entering in this case. For these potentials one has in the 
(?L) 141 case 


1+S.,=1—2L/(2L+3)<1, 
(2/9)(14+Sa»)’<1. 


The expression in (10.4) gives rise to a repulsive po- 
tential. No difficulty involving too much attraction at 
r=rp arises in this case. 

For (*L)z_; states, 


1+S.,.=—3 ((*L) 1-1). 


The absolute value of the right-hand side is less than 1 
for L>1 and the 1/(r—ro)* terms are repulsive. For 
L=1, 1+S,a,.=—3 and the quantity in curly braces in 
Eq. (10.4) is 


{ }=—2(E- 


If F<0, this is negative for all r and one deals with a 
repulsive potential. If F>O, there is a 1/(E—F) 
singularity so that no divergence difficulty arises. The 
’P, state corresponds only to T=1 so that for it F>0. 
The hard core cases arising under some conditions are 
likely to need modification in a more complete theory. 


((@L)141) (10.5) 


(2L—1), (10.6) 


F)(E—5F), (*Po). (10.7) 


IV. PROPERTIES OF THE POTENTIAL 


The potential differs from those ordinarily dealt with 
in the following respects. 

(a) It is related to the four-component function ¥ 
only indirectly. For the triplet case the function *u*(r) 
is connected with ¥+® by means of Eq. (10). For the 
singlet case the analogous relationship is given by (9.1) 
and (9.2). The significance of the potential is somewhat 
different, therefore, from the usual one which refers 
either to y or to ¥. The entrance of the Coulomb po- 
tential in the final equations can also be expected to be 
somewhat different from the usual one because e’/r 
occurs with E in (4.2) and (4.3) while E occurs in 
various places in (9), (9.4), and (10.1) '° ¢/r were 
treated as part of E, the latter would have to 1 _ treated 
as a function of r and differentiations of E+e?/r would 
have to take place. Tests of charge independence by 
comparing p-p and p-n interactions may be expecied to be 
affected by the occurrence of additional terms having 
their origin in e/r. 

(b) The effective potentials entering (9) and (10.1) 
contain some velocity dependence, the total energy E 
entering in various terms. The presence of 1/(E+F), 
1/(#°—F*), 1/(#—F°) in the equations gives strong 
variations of the effective potential whenever the de- 
nominator in one of these expressions is close to zero. 
Some of this velocity dependence originates in the 
operators T,5+, Tas which enter £; through (6.3), 
(6.4), (6.5) and (6.6). The (L-S) terms originate in 
Ts and their velocity dependence needs no special 
discussion so far as this operator is concerned. The 
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operator 7',,* is seen to have a structure related to that 
of the familiar tensor interaction S,». It contains how- 
ever a p in place of one of the r. A term in the Hamil- 
tonian containing 7,,+ directly would destroy sym- 
metry under time reversal if it had a real coefficient. 
Actually T,,* does not occur directly in the Hamil- 
tonian and enters the calculations with a pure imaginary 
coefficient as in (6.5), (6.6). No contradiction to time- 
reversal invariance is involved therefore. 

The occurrence of different velocity-dependent opera- 
tors depends on the way in which the result is expressed. 
Thus, referring to (4.6) and (4.7), there occurs also the 
operator 

T an? =6(s- p)*>—2s*p’, (11) 


which enters these formulas for £; and £2 through 


1 
alles (3?+2°)— = (3°+7°) 
E+F 


eye —Ld—199 9° 37 a0? ] 
Chr dF / (dr 
3 —3T 
(11.1) 
—4s°)(r- p)+4ih(s-L) ], 


(3r°*—7)— —(r°—7°) 
E-F 
ChrodF/dr 


$8°p°+2T ay? |+—___ 
=H P 0”) i(E—F)* 


X(§T ast +37 av + $8"(r- p) |. 


The operators T,,” were mentioned in a preliminary 
account of this work.* They enter the coupled equations 
between WV and 9, and in this form 7 ,,* is not needed. 
Velocity-dependent potentials of related types have 
been considered by Moshinsky” and by Marshak and 
Okubo," although the reasons for their consideration 
were only those of consistency with general invariance 
requirements. 

It will be noted from (10.2) that V,1.s) is also velocity 
dependent, there being the factor E?—F°* in its de- 
nominator. Locally the velocity dependence is pro- 
nounced close to the value of r for which E°= F*. This 
does not mean, however, that the approximation by a 
velocity-independent V,z.s) term is necessarily poor. 
Similarly the other terms in the effective potentials 
which involve 1/(E’?—F*) and 1/(£°—F*)*, while for- 
mally showing large energy dependence close to E=F, 
need not necessarily cause a strong velocity dependence 
of a phenomenologically dependent potential. The local 


2M. Moshinsky, Phys. Rev. 106, 117 (1957). 
18 R. E. Marshak and S. Okubo, Bull. Am. Phys. Soc. Ser. II, 3, 
11 (1958). 
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velocity dependence caused by such terms is doubtless 
exaggerated, some rounding off of F at r=0 being 
probable as previously mentioned. 

(c) The effective potentials appearing in (9.4) and 
(10.1) contain a repulsive potential 


F’/(4M@), 


which is large at small r. It provides a contribution to a 
soft core for the interaction. This term increases at small 
r as 1/r°. The increase is not strong enough to outweigh 
the strong attraction resulting from virtual pair forma- 
tion which appears in the Lévy" type calculation. As 
pointed out by Brueckner and Watson,'® there are 
reasons for believing that the effect of virtual pair 
formation should be suppressed. In the present note, no 
attempt js being made to calculate the effect of virtual 
pair formation. Adopting the general viewpoint of 
Brueckner and Watson, one would expect, however, 
that virtual pair formation is suppressed inside the soft 
core. The soft core may be supposed then to remain a 
permanent part of the effective potential. This view is, 
of course, somewhat speculative and conclusions reached 
by means of it cannot be precise, but if one adopts it an 
easy explanation of the cores, which are desirable 
phenomenologically, is seen to be arrived at. According 
to (4.3), x* and x° are for large F of the order of (1/F) 
when expressed in terms of ¥ and ®. The probability of 
finding the nucleons close together thus depends on the 
latter quantities. It has not been shown rigorously that 
the probability of finding the nucleons within the cores 
is negligible in this approximation, but it appears 
possible that this is the case if F?/ (4Mc*) is large enough ; 
i.e., if the interaction constant /* is made sufficiently 
large. The repulsive potential F*/(4Mc*) becomes then 
similar at small r to a repulsive centrifugal potential 
with a sufficiently large L, and the functions are then 
like r’+! at small r. If the probability of finding the 
nucleons close together is small as a result of the 
largeness of the core, then virtual pair formation inside 
the cores may be expected to be small also. If this is the 
case, the attraction caused by virtual pair formation 
may be supposed to be small in comparison with the 
repulsive potential so that the cores would retain their 
repulsive character. 

(d) The effective potential contains the previously 
referred to spin-orbit interaction terms as in Eq. (10.2). 
For | F| <£, these terms have the same sign as indicated 
by nuclear shell structure theory. In this case the ap- 
proximate form in (10.2) applies. The coefficient of 
(L-S) is therefore negative, making terms with large 7 
fall lower. This sign of V,1.s) is such that small phase 
shifts are larger for larger 7. The spin-orbit interaction 


4M. Lévy, Phys. Rev. 88, 725 (1952); the phenomenologic 
introduction of hard and soft cores was advocated by H. A. Bethe 
and H. A. Kramers, Ann Arbor Summer Physics Symposium, 1935 
(unpublished), and in connection with high-energy data it was 
used first by R. Jastrow, Phys. Rev. 79, 389 (1950) ; 81, 165 (1951). 
1K, Brueckner and K. Watson, Phys. Rev. 92, 1023 (1953). 
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listed in (10.2) changes sign at E=|F|. For energies 
that are not too large, this means for | F| }2Mc? which 
corresponds to a repulsive core height F?/4M°?=Mc’. 
The point at which reversal of the sign of V;1.s) takes 
place may be expected therefore to lie in the range of 
values of r which are shielded by the repulsive core, and 
the sign to be such as corresponds to (10.2) for large r. 
The absolute magnitude | V;z.s)| at large r depends on 
F* and is thus proportional to 


T=1, 
T=0. 


(2%. 2°) +=}. 


= 9, 


a, b) — 
(state, (11.2) 


(2%: 2°)=—3, 


This spin-orbit interaction should therefore be larger in 
absolute value for triplet-even than for triplet-odd 
states. The latter correspond to p-p scattering and are 
the ones for which the presence of V1.s) is especially 
suggested by experimental data. Evidence for spin- 
orbit interaction in triplet even states does not seem to 
be clearly established but will be discussed later on. 
The spin-orbit interaction term obtained in the ap- 
proximation considered so far is not likely to be the 
whole spin-orbit interaction, because the attractive 
potential which must exist in addition to that calculated 
above is probably associated with an additional spin- 
orbit interaction. Since the additional potential is at- 
tractive, its parts for larger r give the inverted order 
indicated by shell theory provided one assumes that the 
Thomas-term sign holds. This assignment of the sign 
corresponds in the case of two-particle interactions” to 
the second-order interaction through a scalar field. The 
virtual pair production may perhaps behave relativ- 
istically as though each of the particles were producing 
a scalar field which is absorbed by the other nucleon. If 
the sign of the additional (L-S) terms should be as just 
supposed, there are two sources of the (L-S) interaction 
combining to give effects in the same direction and 
capable perhaps of making it large enough. If, however, 
the virtual pair potential turns out to have transforma- 
tion properties similar to those caused by electromag- 
netic field interactions, the effect of the potential (10.2) 
would be opposed and there might be difficulty in 
obtaining the large V,1.s) potential suggested by shell 
theory. A similarity to the transformation property of 
the electromagnetic field appears unlikely, however. 
Therefore, in a purely speculative manner, some of the 
numbers involved will be considered on the supposition 
that the potential in (10.2) is either helped by an addi- 
tional Thomas term arising from the pair formation 
term or is at least not counteracted by additional terms. 
It will be noted that the range constant of the (L-S) 
potential is expected to be 1/(2u) rather than 1/y. In 
(10.2) this follows from the occurrence of F*. For the 
virtual pair formation potential the range may be ex- 
pected to be 3 of that of the second-order part. In both 
cases, the range constant is seen to be in agreement with 
expectation'® from dispersion relations. The asymptotic 


6 Goldberger, Nambu, and Oehme, Ann. Phys. 2, 226 (1957). 
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rate of decrease of the spin-orbit potential at r= is 
seen to be steeper than that of Marshak and Signell’ 
and to resemble the potential obtained by Gammel and 
Thaler* somewhat more in this respect, as will be dis- 
cussed more fully presently. 

Regarding, for the present, the fits obtained by 
Signell and Marshak as furnishing a phenomenologic 
potential and considering the soft repulsive core in the 
singlet-even case as furnishing F?/(4Mc*), one obtains 
on reproducing the Gartenhaus'’ potential at x=yr 
=().1 the approximate value 


F?/4M??'=17(e**/x*) Mev, (x=0.1,T=1), (12) 


which when used in (10.2) gives 


Be 
Va.seeoa(—+-)e* x” Mev. (12.1) 


2 
aS @& 


A fit to the spin-orbit poteatial used by Marshak and 
Signell in the region x=0.2 to 0.4, where the potential is 
large, can be obtained by changing the 0.4 Mev in 
(12.1) to 4 Mev. This way of trying to fit the (L-S) 
interaction is unsuccessful, giving an interaction of 
~yo of the empirically required magnitude. The dis- 
agreement is not significant, however, for the following 
reasons. In the first place, the identification of the term 
F*/(4Mc*) by comparison with the singlet-even potential 
cannot be carried out uniquely. A larger value for 
F*/(4Mc*) would have been obtained had one postulated 
the existence of an attractive pair-formation potential. 
Similarly, part of the phenomenologic potential may 
be caused by the Thomas term of the pair-formation 
potential. In addition to these causes, the factor 
(1—F*/E’)~ present in (10.2) and neglected in (12) is 
estimated to be 2.26 for x=0.3 and 1.34 at «=0.4. 

Another view on the comparison is obtained by ad- 
justing F*/(4Mc*) to be 10 times larger than the value 
in (12) and thus more than accounting for the desired 
spin-orbit interaction. This gives 


F=800(e-*/x) Mev, (L-S). (13) 


The Lévy potential'‘ in the modification of Blatt and 
Kalos'* gives a second-order part, 


m,\? 
VO= (m,c?/3) ( 1° 2) (g*/ 4rr) (= ) 
2M 


3. 2a 
nse) 


(13.1) 


x x 


which when compared with the corresponding term 
contained in (5) gives 


g/4e= f2/he. (13.2) 


7S. Gartenhaus, Phys. Rev. 100, 900 (1955). 
8 J. M. Blatt and M. H. Kalos, Phys. Rev. 92, 1563 (1953). 
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Employing the low-energy fits of Blatt and Kalos, it 
appears reasonable to use (g*/4a) =9 which gives 


F1300(e-*/x) Mev, (Blatt and Kalos). (13.3) 
With this adjustment the proportionality constant in 
V1.s) is more than accounted for, the factor to spare 
being at least (1300/800)? = 2.6. 

For large r, the spin-orbit interaction arising as the 
anti-Thomas term of F?/4Mc is 9 times larger for T=0 
than for T=1. There appears to be no phenomenological 
evidence for considering the whole triplet-even (T=0) 
interaction to be stronger than the triplet-odd (T=1). 
However, for T=0 the value of r at which the spin- 
orbit term changes sign is larger than for T=1. Thus, if 
one uses the rough phenomenologic value of F in Eq. 
(13), the sign reversal for T=0 takes place when e~7/x 
=2M*/(2400 Mev) =0.78 which corresponds to «0.7, 
while for T=1 the sign reversal takes place for e~7/x 
= 2.35 which corresponds to x0.3. The much larger x 
for T=0 should decrease appreciably the effectiveness 
of the V,1.s). The fact that x=0.3 is close to the usual 
core radii appears to fit in with the speculative origin of 
cores in the expressions of the type considered in (10.4). 
The presence in (10.1) of terms quadratic in Sq» indi- 
cates that usual calculations may give incorrect con- 
clusions regarding V,1.s). In the usual considerations 
the nucleon-spin polarization produced by scattering 
owes its origin mainly to V,z.s). The term in Sq,’ 
produces an effect on phase-shift differences which is 
neither of a pure S,, nor of a pure V,1.s) type. In 
principle these terms make phenomenological con- 
clusions regarding V;..s) more difficult, and effects of 
this type make conclusions arrived at phenomenologi- 
cally regarding V,1.s) more questionable than in a 
theory without such terms. The effect under discussion 
is caused by the transition from a wave equation con- 
taining d/dr linearly and quadratically to one without 
the linear term and is thus a typical velocity-dependence 
effect. 


V. ERRORS CAUSED BY NEGLECTING THE 
POPULATION OF NEGATIVE- 
ENERGY STATES 


The calculations in this paper have been made as 
though there were only two nucleons in the physical 
system. This procedure neglects the fact that negative- 
energy states of protons must be considered as occupied 
by protons forming a Dirac sea of particles in negative- 
energy states and that a similar Dirac sea must be 
pictured for neutrons. The problem is somewhat similar 
to that of considering the interaction of two electrons in 
the presence of two closed electron shells. Some of the 
essential features of the problem are manageable with 
the aid of the Bethe-Salpeter'® equation, which should 
furnish relativistic answers provided one neglects the 
emission of real pions. The work involved in reductions 


‘WE. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951). 
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of the Bethe-Salpeter equation is laborious in the case 
of the nucleon-nucleon problem, however. Since the 
potential obtained provides repulsive cores, a relativistic 
treatment does not appear to be imperative for bom- 
barding energies below the pion production threshold. 
Nonrelativistically there is a similarity to the ordinary 
spectroscopic treatment of electron shells. 

The problem of taking into account the filled states 
is simple if the states are known. In the present case, 
however, the states occupied are themselves determined 
by the interaction. This circumstance can be seen 
simply in the case of the interaction of an electron with 
a proton. In the limit of infinite proton mass the electron 
moves in a time-independent field. One can consider the 
problem in terms of plane-wave states which will be 
denoted for brevity by 


u™ (ru). (14) 


Here m labels the state, u is the Dirac spin index, and r 
is the electron’s position vector. The vacuum polariza- 
tion is well known to be directly obtainable from the 
distorted wave functions 


v™ (ry), (14.1) 


the solutions of Dirac’s equation in the field of a point 
charge. The functions » rather than the plane wave 
functions “” are in this limit the simpler to deal with. 
They can similarly be used for the description of a state 
with total charge —e, not counting the proton charge 
+e. Writing in the Dirac notation 


vo” (ru) =| m), (14.2) 


the antisymmetric wave function for which all negative- 
energy states m;, my, --~ as well as a positive-energy 
state mo* are filled may be represented as 


( |mot); |mi-), |ms), «°° =|! mot)), (14.3) 


the functions separated by commas in parentheses being 
used for the formation of a normalized Slater determi- 
nant. The state ||m *)) describes a condition in which 
one electron is physically present in state mo* and for 
which there exists, besides, the vacuum polarization 
charge. The interaction of the vacuum polarization 
charge with | mot) is not taken into account in (14.3) 
and radiative effects are not considered in it either. The 
correctness of the above statement may be seen if one 
calculates contributions to particle density, which are 
then seen to arise from the states | mot), |my-), | ms) 
separately. The result of the consideration after taking 
into account the symmetry of density contributions for 
positive- and negative-energy states for the field-free 
functions is 


p=p(mot)+p(vac. pol.) (14.4) 


For many problems one could, in this limiting case, 
forget the population of the negative-energy states and 
use only the distorted functions ». It would be wrong to 
remove from |mo*) its projection on the subspace of all 
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the plane wave states u”™ having negative energies. The 
error in such a procedure lies in the fact that the 
negative-energy states “” are themselves distorted by 
the proton field. If the proton field is switched on 
adiabatically, the orthonormal set «” changes to the 
orthonormal set v which makes the direct construction 
of the Slater determinant (14.3) possible. It is essential 
for the simplicity cf the result that the »™ are 
orthonormal. 

For a finite but large proton mass, the problem of 
mass motion effects has been treated for bound states 
by means of the Bethe-Salpeter equation by Salpeter.” 
This treatment is characterized by its essen‘ial sym- 
metry in space-time. In the stage called by Salpeter “‘the 
instantaneous interaction,” this method of making the 
calculation has the appearance of yielding a very differ- 
ent result from that which would be obtained by con- 
sidering just two particles. In this “instantaneous 
approximation” there appears a projection operator 


A,*A,®—A_*A_?, 


Here A,* is the projection operator on the positive- 
energy subspace for particle a with the plane wave 
rather than the v™ meaning of energy states. At this 
stage, in the plane wave sense, the whole wave function 
contains only the components ¢;+(p) and ¢__(p) in the 
center-of-mass system. 

Were one to usé the instantaneous interaction ap- 
proximation in the above sense for the nucleon-nucleon 
interaction problem, the results would be entirely differ- 
ent from those obtained in the preceding sections. The 
equation in momentum space can then be transformed 
to coordinate space only in a symbolic sense, there being 
no simple coordinate space indicated by the problem 
itself. The transformation to coordinate space carried 
out by the usual Fourier transform procedure leads to a 
complicated integral equation. Approximating in it 
quantities such as (M°c*+ p’)! by the first two terms and 
thus introducing usual differential operator forms, one 
does not obtain the interaction forms which have 
followed from the consideration of two particles without 
pair (hole) theory, there being some changes in the sign 
of the effective coordinate space interactions. However, 
the ‘instantaneous interaction” approximation does not 
lead directly to the static wave function solutions (14.2) 
or (14.3) in the proton-electron problem. To obtain 
these solutions it is necessary to include the effect of the 
G.- diagram of Salpeter’s paper,” as shown by 
Salpeter. At this stage of the calculation he obtains also 
a correction term for the motion of the proton which is 
not obvious from more elementary considerations. The 
correction term is small in the hydrogen problem. The 
fact that G,-°) has to be included shows that the 
“instantaneous interaction” approximation cannot be 
used for the derivation of the effective interaction po- 
tential in the nucleon-nucleon problem unless it is 
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supplemented by the calculation of higher approxima- 
tions. These would have to include terms in A,*A,°, 
A,*A_°, A_*A_° in addition to the A_*A,° combination 
in Salpeter’s Eq. (34). The results of such calculations 
would give terms which would have to be supplemented 
by further terms in the expansion in powers of the 
interaction constant. The value of such work would not 
be clear, however, because the starting point of the 
calculation involves approximations of uncertain final 
significance. Since, on the other hand, the considerations 
of Eqs. (14) to (14.4) show that in the limit in which one 
mass becomes very great the elimination cf the plane 
wave negative-energy parts is incorrect and since the 
Bethe-Salpeter equation leads to a similar result in the 
hydrogen problem if terms beyond the “instantaneous 
approximation” are included, there appears so far no 
special reason for doubting the qualitative aspects of 
conclusions obtained neglecting the difference between 
the interaction using pair theory and the interaction in 
the absence of the population of negative-energy states. 
To be sure, the pseudoscalar interaction differs con- 
siderably from the electromagnetic one with respect to 
the possibility of obtaining a static interaction. Pseudo- 
scalar coupling between particles of unequal masses M, 
m gives no interaction in the relativistic limit for 
M/m-—~ if the coupling constant is kept fixed. But one 
obtains a nonvanishing interaction if F?/M is kept at a 
constant value in the limit of M—>~. The wave function 
distortion described for the electromagnetic case in con- 
nection with Eqs. (14), (14.4) is present also for the PS 
interaction with the above understanding. The limit 
just discussed does not correspond to actual conditions 
and does not directly prove the reality of the terms 
derived by the naive procedure of the preceding section. 
It indicates only that the difference between the 
pseudoscalar and electromagnetic interaction does not 
destroy the similarity of treatment of E<0 states in the 
limit of one mass becoming infinite, provided the limit 
is taken in the manner described. 

It is believed, therefore, that the omission of the 
consideration of the occupation of E<0 states does not 
prevent the employment of Eq. (4) from having a 
meaning as furnishing an interaction which can be 
improved on through the inclusion of virtual pair 
formation, field quantization, and other omitted effects. 
The occurrence of repulsive cores and of the spin-orbit 
interaction is in qualitative agreement with experiment. 
The correspondence of empirical indications with sug- 
gestions arising from the model is difficult to discuss 
quantitatively, not only because of the incompleteness 
of the theory but also because it is not clear whether 
such fits to experimental data as have been obtained’ 
by means of potentials are the only ones. The potentials 
used are not the same and they differ in different 
editions of the same work. Thus the potential used in 
the work on deuteron photodisintegration by de Swart, 
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Bilhorn, and Marshak” does not contain a spin-orbit 
interaction for triplet-even states, this change having 
given better agreement with the photodisintegration 
data. A fit of this type is described in a preprint of the 
longer paper by Marshak and Signell.’ The possibility 
of using no spin-orbit interaction in the triplet-even 
states (T=0) appears at first sight to disagree with 
(10.2) because according to (11.3) it should be stronger 
for triplet even states. This conclusion does not neces- 
sarily follow, however. The reversal of sign for the spin- 
orbit potential occurs at larger r when r=0 and it may 
therefore become effectively weaker, even though for 
sufficiently large r it might be stronger. According to 
the estimates at the end of the preceding section, the 
reversal of sign might occur at x=yr=0.7 for 7=0 and 
at a much smaller value for r=1. If the sign reversal 
may be considered as taking place at these large values, 
the spin-orbit interaction appears to be in qualitative 
agreement with the phenomenological analyses. Thus, 
according to Fig. 7 of Signell and Marshak, the phe- 
nomenologic (L-S) potentials of the Rochester as well 
as the Los Alamos workers are much smaller for «>0.7 
than for «<0.7. The centrifugal barrier for L=1 at 
x=0.7 is ~90 Mev and this region is thus well accessible 
to the particles in the experimental range which has 
been mainly considered in making the phenomenological 
fits. The Gammel-Thaler spin-orbit interaction potential 
is stronger in odd than in even states by a factor of 
~1.4. This difference in the interactions is in the direc- 
tion just discussed and may be accountable for by the 
sign reversal just discussed. 

According to the considerations in the present paper 
as well as the dispersion theoretic considerations of 
Goldberger, Nambu, and Oehme,'* the asymptotic form 
of Vi..s) must be e~?“", The potentials compare as 
follows regarding the exponential factors determining 
their asymptotic behavior: 


Marshak-Signell 
Gammel-Thaler 
Theory 


exp(—0.93r), 
exp(—3.7r), 
exp(—1.46r), 


where r is expressed in fermis (1 fermi=1/=10~ cm). 
The theoretical form has a meaning only asymptotically 
and the above comparison may not be too meaningful 
therefore. It appears to be in reasonable agreement 
with the empirical indications, however. The Signell- 
Marshak fit is concerned with adjustment of *P wave 
effects more than with effects of higher L. The Gammel- 
Thaler fit, being concerned with higher energies, is 
relatively more sensitive to higher ZL. The short-range 
character of the spin-orbit interaction in their fit pre- 
sumably has been caused by the desirability to have 
small effects of V.1.s) on the F waves and has con- 
siderable chance of being right. The fact that the 


%1de Swart, Bilhorn, and Marshak, Bull. Am. Phys. Soc. 
Ser. IT, 3, 48 (1958). 
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theoretical dependence is intermediate between the two 
empirical ones appears to be not accidental therefore. 
The adjustment of phenomenologic spin-orbit poten- 
tials depends on the central and tensor potentials used 
with them and is therefore not unique even apart from 
the question of choice of phase shifts. The very small 
value of the range of the V...s) potential of Gammel and 
Thaler may accordingly have a number of explanations 
without implying a real disagreement with the theo- 
retical asymptotic form. There is of course a slight 
chance that the leading term in the dispersion theoretic 
form cancels or is accidentally small and_ that 
the Gammel-Thaler result should be interpreted as 
exp(—2.92r). There is also the possibility that the 
V1-s) is not a truly meaningful concept. This view is 
partially supported by there being a difference in these 
potentials for even and odd states in the formulas of the 
present paper. Some indication of this is also furnished 
by the occurrence of S,,? terms in Eq. (10.1). A 
physically complete theory may make the literal em- 
ployment of V1.s) even less meaningful. The introduc- 
tion of V.1.s) has produced useful effects mainly on P 
waves. It is possible therefore that its physical character 
has more to do with the production of P-wave phase 
shifts, which produce effects somewhat like those caused 
by (L-S) but have no such interpretation in other 
states. The experimental evidence has not been shown 
to point to anything more specific regarding V(1.s) so 
far, although at least a slight deviation from the pure 


tensor pattern of phase shifts for *F terms is probably 


necessary. 
The fact that the Gammel-Thaler fit gives a wholly 


repulsive 'V~ while their 'V*+ has an attractive part 
appears to be not in contradiction with the larger value 
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of F? for T=0. Although the Gartenhaus potential has a 
deep attractive 'V~ part, the second paper of Signell and 
Marshak shows that a bound 'P; state is the result of 
this attraction, and it is therefore necessary to modify 
the Gartenhaus potential as already modified by the 
Case-Pais (L-S) term by the inclusion of an additional 
repulsion such as a repulsive core. 

Evidence from the *V +, *V=- (c¢ here stands for 
central) appears undecisive. The Rochester and the Los 
Alamos groups agree in giving mostly repulsion for *V = 
which corresponds to T=1. Strong repulsion in the 
model of the present paper: is characteristic of T=0, 
however. Figure 3 of the second paper of Signell and 
Marshak’ shows that a strong repulsion may be used for 
3V +(T=0), the upward trend beginning at about 
x=0.5 and increasing toward small x. For *V~ Gammel 
and Thaler used a hard core radius with «~0.3 and no 
further interaction. There is thus no apparent contradic- 
tion with the expectation of a greater value of the 
repulsive F?/4Mc term in the T=0 state. This com- 
parison is complicated by the presence of spin depend- 
ence such as in (13.1) and the strong effect which the 
tensor interaction may have on the binding energy of 
the deuteron. There appears therefore no special reason 
for doubting the potential calculated here on the basis 
of the comparison of *V.*+ and *V~. This comparisen 
may hardly be considered as giving special support to 
the view, however, the number of possible adjustments 
being too great to be convincing. 
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